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HERMITE-HADAMARD TYPE INEQUALITIES FOR CONFORMABLE
FRACTIONAL INTEGRALS

M. ADIL KHAN!, T. ALI', S. S. DRAGOMIR?, AND M. Z. SARIKAYA?3

ABSTRACT. In this paper, first we prove an identity for conformable fractional integrals.
Second by using this identity we will present some integral inequalities connected with
the left hand side of the Hermite-Hadamard type inequalities for conformable fractional
integral. At the end applications to some special means and error estimates for the
midpoint formula are discussed.

1. INTRODUCTION

The following class of functions is well known in the literature and is usually defined in
the following way: a function f: I — R, I C R, is said to be convex on [ if the inequality

fOz+ (1= Ny) <Af(z)+ (1= f(y) (1)

holds for all z,y € I and X € [0, 1]. Also we say that f is concave, if the inequality in (1) is
reversed. Many important inequalities have been obtained for this class of functions but
here we will present only one of them in following;:

If f: 1 — Ris a convex function on the interval I, then for any a,b € I with a # b, we
have the following double inequality:

a b a
f< ;b><bia/af(t)dt<W- (2)

Both inequalities hold in the reversed direction if f is concave. This remarkable result
was given in ([13], 1893) and is well known in the literature as the Hermite-Hadamard
inequality. Since, its discovery this inequality has become the center of interest for many
prolific researchers and has received a considerable attention. Also a number of extensions,
generalizations and variants of (2) have been appeared in the theory of Mathematical
inequalities, for example see [1,4-6,8-12,19-24,26] and the references cited therein.

In [7] Dragomir and Agarwal proved the following results connected with the right hand
part of H-H inequality.
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Lemma 1 ([7]). Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with
a<b If f' € L[a b] then the following identity holds:

fla) + 2 _a/ f(x b_“/o (1 —2t)f' (ta+ (1 —t)b)dt. (3)

Theorem 1. Let f:I°CR — R be a differentiable mapping on I°, a,b € I° with a < b.
If f" € La,b] and |f'| is convex on [a,b], then we have the followmg inequality:

‘f ) +/(0) _a/f ' 2 (s W

In [18], U. S. Kirmaci gave the following results.

Lemma 2 ([18]). Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with
a <b. If f' € L[a,b], then the following equality holds:

ia/abf(@dx—f (a;”’)

= (b—a) [/2 tf'(ta+ (1 —t)b)dt + /1(t — 1) f'(ta+ (1 — t)b)dt] : (5)

1
0 2

Theorem 2 ([18]). Let f: I° CR — R be a differentiable mapping on I°, a,b € I° with
a <b. If f' € Lla,b] and |f’| is convezx on [a,b], then we have the following inequality:

I a+b (b—a)(/(a)] + [//(B)])
- _ R | B .
i [ w1 (150 < ‘ ©
The following definitions and theorems with respect to conformable fractional derivative
and integral were referred in [2,14-17].

Definition 1. (Conformable fractional derivative). Given a function f : [0,00) — R.
Then the “conformable fractional derivative” of f of order « is defined by

€ -y _
Da(f)(1) = lim T 2T ()

for all t > 0, € (0,1). If f is a-differentiable in some (0,a), o > 0 lim;_,o+ f*(¢) exist,

then define
f2(0) = Jim (@) )

We can write f(t) for D, (f)(t) to denote the conformable fractional derivatives of f of
order . In addition, if the conformable fractional derivative of f of order a exists, then
we simply say f is a-differentiable.
Theorem 3. Let a € (0,1] and f, g be a-differentiable at a point t > 0. Then

i. doo (") = "=, for alln € R.

it. ja (¢) =0, for all constant functions f(t) =
i, o (af(t) + bg(t)) = adey (f(1)) + bl (6(0)s for all b € .
(f(1)-9(1)) = F(£) 2 (g(t)) + g(t )%(f(t))

w. S

~
—~
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o, da ( @) OF ~1t Q) (OF ~{410))

dat \ g(t) (9(t)?
vi. 3% ((fo9)(t) = f'(g(t)) g2 (9(1)), for f differentiable at g(t).
If in addition f is differentiable, then

da . d
2 @)= t (1), (9)
Also it is important to note the following;:

(1) g=(1)=0.

(2) g (e™) = ax'~e"*,a € R.

(3) %(sin(aw)) = az'~*cos(ax),a € R.

(4) %(cos(aa:)) = —ar'"%sin(azx),a € R.

(5) doo(lto)=1.

(6) do (sin (L)) = cos (&)

(7) % (cos %)) = —sin (%)

(8) g (e(f>) (%)

Theorem 4. (Mean wvalue theorem for conformable fractional differentiable
functions). Let a € (0,1] and f : [a,b] — R be a continuous on [a,b] and an a-fractional
differentiable mapping on (a,b) with 0 < a < b. Then, there exists ¢ € (a,b), such that

Da(f)(0) = U= I),

Definition 2. (Conformable fractional integral). Let a € (0,1 and 0 < a < b. A
function f : [a,b] — R is a-fractional integrable on [a, 8] if the integral

b b
/ f(@)dox = / f(2)z* tda (10)
exists and is finite. All a-fractional integrable functions on [a, b] is indicated by Ll ([a, b]).
Remark 1. .
f(z)

xl—a

Ia(Ht) = {7 f) = dz, (11)

a
where the integral is the usual Riemann improper integral, and « € (0, 1].

Theorem 5. Let f : (a,b) — R be differentiable and 0 < oo < 1. Then, for all t > a we
have

IGDL(F)(E) = f(t) — f(a). (12)

Theorem 6. (Integration by parts) Let f,g : [a,b] — R be two functions such that fg
1s differentiable. Then

b b
/ f(2)D4(9)(x)daz = fyl. —/ 9(x)Dg (f)(z)daz. (13)
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Theorem 7. Assume that f : [a,00) — R such that f™(t) is continuous and o € (n, n+1].
Then, for all t > a we have

Def)I5 = f(1).
Theorem 8. Let a € (0,1] and f : [a,b] = R be a continuous on [a,b] with 0 < a < b.
Then,
(6 () ()] < I3l f|(2).
More recently in [3] D. R. Anderson investigated the following conformable integral version
of Hermite-Hadamard inequality:

Theorem 9 ([3]). If o € (0,1] and f : [a,b] — R is an a-fractional differentiable function
such that Dy f is increasing, then we the following inequality

)+f()

(14)

Moreover if the function f is decreasmg on [a,b], then we have

(%) < ot [ 10000 (15)

If a =1, then this reduces to the classical Hermite-Hadamard inequality.

In this paper, we prove an identity for conformable fractional integrals. Applying this
identity we establish some new Hermite-Hadamard type inequalities for conformable frac-
tional integral connected with the Hermite-Hadamard type inequalities for conformable
fractional integral. The obtained results are further used to get new bounds for the special
means of real numbers and to derive some error estimates for the midpoint formula.

2. MAIN RESULTS

We begin this section with the following lemma associated with the inequality (15),
which is essential for the derivation of our main results.

Lemma 3. Let a,b € R with 0 < a < b, and let f : [a,b] — R be an a-fractional
differentiable function on (a,b) for a € (0,1] . If Do(f) € LL([a,b]), then the following
identity holds:

b b
H("50) - s [ Fohas

_ (b—a) [/2 (1 =t)a+tb)** " —a®((1 — t)a + th)* ")
0

ba_aa

X Do(f)(1 = t)a +th)t “dt + [ (1 —t)a+tb)** 1 —b*((1 — t)a + tb)* 1)

2

X Do(f)(1—t)a +th)t' ™ %d,t|. (16)
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Proof. Integrating by parts, we have

I=

+

1

0

1
2

1

/2 (1 =t)a+tb)™ —a®) f'(1 — t)a + tb)dt
0
/1 (1 =t)a+tb)* —b*) f'((1 — t)a + th)dt

2

-

(((1 —t)a+th)* — aa) f((1—t)a+tb)|?

b—a 0

2 (1 —t)a+th)* (b — a)f((l ; t)a + tb) »
’ —a
(((1 = t)a + th)™ — b) S ;i)zjt th) |1

f (1= a+ th)* 1 (b — q) LU=t t)

b—a
a+b

(R ICSRINER

(= (55) ) () e [ s
b‘;:Z f(a;rb> —bfa/abf(s)das,

/2 (((1 = t)a+ )22 — a®((1 — t)a + t5)* ) Da(f)((1 — t)a + th)dt

/1 (1 =t)a+tb)** 1 —b*((1 — t)a + th)* 1) Da(£)((1 — t)a + th)dt

where, we have used the change of variable s = (1 — ¢)a + tb and then multiplying both
sides by b

= to get the desired result in (16).

Remark 2. By setting o = 1, the identity in (16) reduces to (5).

0

Theorem 10. Let a,b € R with 0 < a < b, and let f : [a,b] — R be an a-differentiable
function on (a,b) for a € (0,1]. If Do(f) € LL([a,b]) and |f'| is convex on [a,b], then we
have the following inequality:

(5 f o

|f'(a)]
192

f(0)]

(17)

(136 — 35a%] +

192 192

[19ba 29&06} —I—(aba_l —i—ao‘_lb) ll‘f/(a)‘ +5|f/(b)‘
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Proof. First of all we consider Lemma 3 and then using the convexity of 2*~! and —z®
(x > 0) for a € (0,1]. Also since the function |f’| is convex, therefore we have

IA

IA

IA

+

(539 [

bfiza[/oz (1 =t)a+tb)* —a®) [f'((1 —t)a + tb)| dt

/11(b — (1 =ta+tb)*) |f((1 t)a+tb)\dt]

[/2 (1 =t)a+th)* " —a®) | £(1 - t)a + tb)| dt

0
/11(b — (1 =t)a+1tb)*) | f( 1—ta+tb\dt]

b—a

ba_aa

[/2 (1= t)a+ ) H((1 — t)a + tb) — a®) | f/(1 — t)a + tb)| dt

0

/11 (6% — (1= t)a® + ) | (1 — t)a + tb)| dt]

[/2 (1= 1)a® ™t + b1 (1 — t)a+ tb) — a®) | /(1 — t)a + tb)| dt
0

ba_aa

/11 (6% — (1= £)a® + ) | (1 — t)a + tb)| dt]

[/02 (1 =t)at + ) (1 — t)a+tb) — a®) [(1 — )| £ (a)| + t|£'(b))|] dt

ba_aa

1
/1 (6% = (1 = )a® + b)) [(1 = )] (a)| + tIf'(0))]] dt] :

Evaluating all the above integrals, we have the following

+

b—a
ba_aoz

[/02 (A =t)at + 0 1) (1 — t)a+tb) — a®) [(1 — )| £ (a)| + t|£'(b))|] dt

1
[0 = (= a0 [0 =015 @)| -+ 1 0)] e

b—a |15 . ., © a1 o1
ba—aa[&;a [F (@)l + 1550 £/ (b)] + + e |f()!+7ab |£'(b)]

192 192
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1]‘ a 5 a— 5 (e ]' ol g/ 1 | gl
e S (@) + roza 1b!f()!+@b @)+ 1 O)] = 0% (@)

e lP O] - 51 )]~ 1P O] - S0l @]~ a6+ 51 )

£

_ @ e 'O g — 9940 a1 a1y | 11f'(a)] + 5]/ (0)]
= oo [13b% — 35a”] + 19 [196" — ]+ (ab® ! + a*1b) 192 .

O
Remark 3. By putting a = 1 in (17), we get the inequality in (6).

Theorem 11. Let a,b € R with 0 < a < b, and let f : [a,b] — R be an a-differentiable
function on (a,b) for o € (0,1]. If Do(f) € LL([a,b]) and |f'|? is convex on [a,b] for
q > 1, then the following inequality holds:

(5 [

V29| (Ar@) {As(@)l (@)l + As(a)l )7}
+ (Bi(a)' s {Ba(a)|f"(a@)|" + Bz (a)|f' ()|}« ] (18)
where
B (a+ b)"‘+1 — (2(1)0”‘1 a® b (2b)0‘+1 — (a+ b)"“*‘1
Aile) = [ 2071 (0 + 1)(b — a) } g Bl =5~ [ 20t (o + 1)(b—a) |’
_ (a+b)ott (b—a)(a+2)— (a+0)
20 = Fertea |t ewrs
aa-i—l (a+b)a+l o (Qa)a—l—l 3a®
(b—a)(a+2) [ 20t (o + 1) (b — a) } -8
Bya) — (0D '2<b—a><a+2>—<a+b>} . pett e
A= 20t a4+ 1)(b—a) | 2(b—a)(a+2) (b—a)a+1)(a+2) 8’
Ay(a) — (a+b)otl [(b—a)(a+2)— (a—i—b)] B a“t? _a®
YT Setia+ D)b—a) | 20— a)(a+2) b-—a2(a+)lat2) 2’
B B (a +b)ot! [2(b—a)(a+2)+ (a+b)
() = G0 -a | 20-a@t2) }
B ba+1 |:(a+b)a+1 _ b:| ﬁ
(b—a)(a+1) [(a+2)(b—a) 2"
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Proof. Using Lemma 3 it follows that

(57 - /abf(S)das

b-a) [ I (((1 ~at ) — a®((1 - t)a + tb)o‘_1>Da(f)((1 — t)a + th)dt
0

ba_aa

1
2a—1 o a1
- /1 (((1—t)a+tb) —bY((1 — t)a + tb) >Da(f)((1—t)a+tb)dt

2

< bf:gi[/j(((1—t)a+tb)a—aa>
+ /11 (ba—((l—t)a+tb)°‘)

2

(- t)a+tb)‘dt

(1 —t)a+ tb)‘dt] )

Now by the power-mean inequality

1

/02 (((1 = t)a +th)* — a®)

(1 —t)a+ tb)‘dt

1

1 -4
< (/O (1 =t)a+tb)™ — aa)dt>

1

x (/2 (1 =t)a+th)™ — a®)

0

=

(1 —t)a + tb)

q q
)

and similarly, we have

[ (5 — (1= )a + th)®)

2

1—
< ([ (b = (1 =t)a+ tb)"‘)dt)

2

f((1- t)a—l—tb)‘dt

IS

1
q

1
« (/ (ba—((1—t)a+tb)a)\f/((1—t)a+tb)yth> .

2

Now by the convexity |f’|? from above, we have

=

/0 (1 =t)a+tb)* —a®) |f/ (1 —t)a+tb)|* dt

D=

< /0 (1 =t)a +1b)* — a®) [(1 = )| f'(a)|* + ¢ £'()|] dt
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— (@) / (1 = t)a + tb)* — a®) (1 — t)dt + | £/ (b)]* / (1 = t)a + tb)* — a®)tdt

0 0

g (a+b)ott (b—a)(a+2)— (a+0)
- <2a+1<a+1><b—a>[ ey

- a®+! [(a )t — (za)aﬂ] ~ 3a® >

(b—a)(a+2)| 22 (a+1)(b—a) 8

e @B [ ae ) @ty
+ [f(b)] <2a+1(a—|—1)(b—a)[ 2(b—a)(a+2) ]

aa+2

(b—a)?(a+1)(a+2) 2)

and

f (b = (1= t)a+th)*) | f/(1 — t)a + tb)|* dt

IN

1
[ 0 =@ =+ ) (1= ol @] + Ol de

’ 1 1
_ |f’(a)|qﬁ (6% — (1 t)a + t)®) (1 — t)dt + |f’(b)|qﬁ (6% — (1 — t)a + th)*)tdt

ba+1

— () (a +b)ott [2(b—a)(oz—|—2)—(a+b)] B
- I e G T D0 a) 2(b— a)(a + 2) (b—a)(a+1)(a+2)

“ a atl —a)(«a a
3b>+\f’<b>rq<2a+f i | s

8 (a+1)(b—a) 2(b—a)(a+2)
B ba-‘rl (a+b)a+1 —b bj
b—a)atl) {(a+2)(b—a)} T 2)’

where, we have also used the facts that

2 o geygr - [ @D = (207
/0 (1 —t)a+ tb) )dt = { 25 (0 T 1)(b- a) ]

2

' e oy gy O [0 = (a4 b)ot!
/é(b —((1 —t)a +tb) )dt_z_[2a+1(a+1)(b—a)]

Hence, we have the result in (18). O
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Remark 4. By setting « = 1 in (18), we get the following inequality:

(232 1

—a 1- 1
< ("8 ) [A(1)]f ()] + As(1)|f/ ()|}

+ {Ba(DIf(@)]7 + Bs()If B)|7} s o)
where
sp(1) = (atBe—20) - aZib(Qb_—iC;Z +2ab) ~ 3a(b —a)®
By1) — (@+0(Eb- 7a)48—<§z)_2(;)2— a) — 18b(b —a)
A1) = @HDAO- 221)(@_ _42?;2_ 12a(b — a)?
By1) = @F b)%(7b — 5a) — ib;(gz:r;)); + 8% — 24b(b— a)?

Theorem 12. Let a,b € R with 0 < a < b, and let f : [a,b] — R be an a-differentiable
function on (a,b) for a € (0,1]. If Do(f) € LL([a,b]) and |f'|? is concave on [a,b] for
q > 1, then the following inequality holds:

f(a+b> /f

(b—a) , ( Cila) ;[ Ca(a)
S o g [Al(a)f (A1<a)) + Bi(a)f (Bl(a)> ] (20)
where

_ (a 4 b)oHrl _ (2a)a+1 a® _ b (2b)a+1 _ (a + b)a+1
Ai(a) = [ 20t (o + 1)(b — a) } T Bi(a) = 5 [ 20+ (a + 1)(b — a) ]»
Cila) = (a+b)? [(a-i—b)a—Q"‘_laa(oz—}-Q)} B aa®t?

WY = 4 —a) 22(a + 2) 2Nat2)b—a)

(a4 b)? [(a+b)* =2 (a +2) abot?

Gale) = 4(b - a) [ 29(ar + 2) ] 2a+2)(b—a)

Proof. By power mean inequality, we have
(tHf @+ Q=GN < tf @]+ Q-1 ®)
< |f'(ta+ (1 —t)b)|?, ( by concavity of |f’|? )
and therefore

|[f'(ta+ (1= 1)b)| > t|f'(a)] + (L =)' (D)],
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which shows that |f’| is also concave. Now taking into consideration Lemma 3 , it follows

that
‘f (a+b> / £(s

[/ (((1 = t)a +tb)** 1 —a®((1 — t)a + th)* 1) Da(f)((1 — t)a + tb)dt
0

+ f (1 = t)a+tb)** 1 —b2((1 — t)a + th)* ) Do (f)((1 — t)a + tb)dt

(b—a) [/02 (@ =t)a+tb)* —a®) |f'((1 —t)a +tb)| dt

1
+ ﬁ(b (1= t)a+th)*) | f'( 1ta+tb|dt]

2

and applying Jensen’s integral inequality, we have

1

[ (=00t me = a7 - 0as )] a

. (/é(((l—t)a—l—tb)o‘— > jo 1—ta+tb) a®) ((1 — t)a + tb)dt
0 fo (1—t)a+th)™ —a®)

= o (i)

Equivalently, we have

ﬁ(b — (A =t)a+tb)*) | f((1 —t)a+tb)|dt

2

e 1 ) g @(ba—((1—t)a+tb)a)((1—t)a+tb)dt
< ( /0 (((1t)a+t))>f (e o
- 207 (Giw)

where, we have also used the following facts that

1

1 . . (aer)oH-l (2a)a+1 a®
/O (1= t)a+1h)* = a)dt = Ay(a) = [2a+1<a+1>(b—a> ]_2

L WVt — By < B [E = @t bt
[ (b = ((1 — t)a + tb) )dt_Bl(a)—g— { 20+t (o + 1)(b — a) ]’

2
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/2 (1= Ba + )™ — a®) (1 — D)a + th)dt
0

(a + b)2 [(a + b)a — 20‘*1a°‘(a + 2)] B aa®T?
4(b—a) 2°(a +2) 2(a +2)(b— a)

and

/11 (b — (1= t)a+ 1)) (1~ t)a + tb)d

2

= (Cqa) =

(a+0b)? [(a +0)* =297 1p¥ (o + 2)] B abt?
4(b — a) 29 (v + 2) 2(a+2)(b—a)

Remark 5. If we set & =1 in (20), then we have the following

1(530) % rom
(b . @[ <(a + by . (?;)aﬁaa—;b)? - 4a3>

<

, { (a+b)* —3b(a + b)% — 4b3
R e )] (21)

3. APPLICATIONS TO SPECIAL MEANS AND MIDPOINT FORMULA

We begin this section by considering some particular means for two positive real numbers
a,b( a # b) and for this purpose we recall the following well-known definitions in literature:
(1) The arithmetic mean:

b
A:A(a,b):%, a,b € RY.

(2) The logarithmic mean:

b—a
L = RT.
(a,b) lnb—lna’a#b’a’be

(3) The generalized logarithmic r-th mean:

a(br+a _ ar—l—a) ,l

L(a,r) (CL, b) = (ba — aa)(,r_ T a) )

a#b r#0,—a, a€(0,1], r € R.

Now, by making use of the results obtained in section 2, we give some applications to
special means of real numbers.
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Proposition 1. Let a,b € R with 0 < a < b, r > 1 and o € (0,1], then the following
holds:

|Ar(a7 b) - L’{a,'r) (a’? b)|

(r—1)(b—a) ||a|""" b)Y
a «a Q@ _ 99q®
< op 1136 — 35a%] + —o— [196% — 29a°]
_ _ 11]al=1 4 5]p|("—1)
a—1 a—1
+ (ab* " 4a*h) { 19 )

Proof. The result follows from Theorem 10 for the convex function f(z) =2",2 > 0. O

Proposition 2. Let a,b € R with 0 < a <b and r > 1. Then for ¢ > 1 and « € (0, 1],
we have the following inequality:

r T (T — 1)(b — CL) %
|A"(a,0) — Li y(a,0))] < ——o——7—

ba_aa

(Ay(a)' s {AQ(Q)M(H)q+A3(a)|b‘<r71)q}

+ (Bi(e)' s {Bz(a)\aﬁHM - Bg(a)by("l)q};

Proof. One can obtain the result from Theorem 11 by using the convex function f(x) =
",z > 0. ]

Proposition 3. Let a,b € R with 0 < a < b and o € (0,1], then we have
|A71(a’7 b) - 7(404,73) (CL, b)’

(b—a) ||al? o]~
136% — 35a” 196% — 29a”
b —ao | 192 | @I+ 1z | @]
_ 4, [11]a]=2 + 5]b| 72
a—1 a—1
b .
+ (ab* " +a ) [ 199
Proof. The statement of results follows from Theorem 10 for the convex function f(x) = %
x> 0. U

Proposition 4. Let a,b € R with 0 < a <b. Then for ¢ > 1 and a € (0, 1], we have

A7 (a,b) — Lf, _s(a,b)| < O=09) | (41(@))'" {Az(@)la| 21 + Ag(a)fpl 20}

- baiaa

+ (Bi(a)' 1 {Ba(a)al 2 + Bs(a)[b| 2} |.

Proof. We can get the inequality from Theorem 11 by using the convex function f(x) = %
x> 0. g
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Let P be the partition of the points a = x¢g < 1 < ... < .1 < x, = b of the interval
[a,b] and consider the quadrature formula

b
/ J(@)doz = Ta(f, P) + Eal/. P), (22)

where

n—1 a _ pa
To(f, P) = Zf (96‘1 + 13i+1> (xi-i-l i ) (23)

«

is the midpoint version and E,(f, P) denotes the associated approximation error. Here,
we are going to derive some new estimates for the midpoint formula.

Proposition 5. Let a,b € R with 0 < a < b, and let f : [a,b] = R be an a-differentiable
function on (a,b) for a € (0,1]. If Do(f) € LL([a,b]) and |f'| is convex on [a,b], then we
have

|Ea(f, P)|
n—1
(2f1 — ) | (@) | (i)
< ;:0 : " : : 922 (1329, — 352 + TR (1928, — 29z

SHEORSIE ] .

+ (mimf‘gll + xf‘_lxi+1) [ 102

Proof. Applying Theorem 10 on the subintervals [z;,z;11] (i = 0,1,...,n — 1) of the par-
tition P, we have

’f <93z +$i+1> (3 —2f) . /Ii+1 f(x)dyx

2 «
o Gy =) [rf'm)r £ (@is1)
- 192

o 192
11|/ ()] + 5\f’<xi+1>r] ]
192 ’

(1328, — 352%] + (1928, — 292]

1 —1
+ (mxfy +af $i+1)[
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hence from above

b
B n—1 Tit1 J Ti+ Tit1 (x?+1 — m?)
= S e ()

i=0 (7T @

-1 .
S n :m+1f(x)dax‘*.f zi+mi ) (2 — 2f)

2 Q
=0 Ti
n—1
(@ — ) | |f ()] | (zit1)]

< 13z, — 35z 2T 119z, — 292
S 4T Top 13 = 3527 ]+ e (1925, — 29a7]

+ (@i +2f T i) [

i

11" (i)| + 5|f’(fcz’+1)|]
192

0

Proposition 6. Let a,b € R with 0 < a < b, and let f : [a,b] = R be an a-differentiable
function on (a,b) for a € (0,1]. If Du(f) € LL([a,b]) and |f'|? is convex on [a,b] with
q > 1, then we have

n—1 ) o L 1
B P < 30 I I (4 0) ' LAl )9+ sl i)}
i=0

1 1
+ (Bu(@)' "7 {Ba(@)| £ (x:)|" + Bs(@)|f (wis1)|"} o |.
Proof. The proof is analogous to that of Proposition 5 only by using Theorem 11. 0
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