
REPRESENTATION OF OPERATOR PERSPECTIVES FOR
CONTINUOUSLY DIFFERENTIABLE FUNCTIONS IN TERMS

OF WEIGHTED MEANS WITH APPLICATIONS

S. S. DRAGOMIR1;2

Abstract. In this paper we obtain some representations of operator perspec-
tives for continuously di¤erentiable functions in terms of weighted means. Ap-
plications for weighted operator geometric mean and relative operator entropy
are also provided.

1. Introduction

Let f be a continuous function de�ned on the interval I of real numbers, B a
selfadjoint operator on the Hilbert space H and A a positive invertible operator on
H: Assume that the spectrum Sp

�
A�1=2BA�1=2

�
� �I; the interior of I: Then by

using the continuous functional calculus, we can de�ne the perspective Pf (B;A) by
setting

Pf (B;A) := A1=2f
�
A�1=2BA�1=2

�
A1=2:

If A and B are commutative, then

Pf (B;A) = Af
�
BA�1

�
provided Sp

�
BA�1

�
� �I:

It is well known that (see [9] and [8] or [10]), if f is an operator convex function
de�ned in the positive half-line, then the mapping

(B;A) 7! Pf (B;A)

de�ned in pairs of positive de�nite operators, is operator convex.
In the recent paper [2] we established the following reverse inequality for the

perspective Pf (B;A) :
Let f : [m;M ]! R be a convex function on the real interval [m;M ], A a positive

invertible operator and B a selfadjoint operator such that

(1.1) mA � B �MA;
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then we have

0 � 1

M �m [f (m) (MA�B) + f (M) (B �mA)]� Pf (B;A)(1.2)

�
f 0� (M)� f 0+ (m)

M �m

�
MA1=2 �BA�1=2

��
A�1=2B �mA1=2

�
� 1

4
(M �m)

�
f 0� (M)� f 0+ (m)

�
A:

Let f : J � R ! R be a twice di¤erentiable function on the interval �J , the
interior of J . Suppose that there exists the constants d; D such that

(1.3) d � f 00 (t) � D for any t 2 �J:
If A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.1) is valid with [m;M ] � �J; then we have the following result as well
[3]

1

2
d
�
MA1=2 �BA�1=2

��
A�1=2B �mA1=2

�
(1.4)

� 1

M �m [f (m) (MA�B) + f (M) (B �mA)]� Pf (B;A)

� 1

2
D
�
MA1=2 �BA�1=2

��
A�1=2B �mA1=2

�
:

If d > 0; then the �rst inequality in (1.6) is better than the same inequality in
(1.5).
In order to provide some new inequalities for the Pf (B;A) in terms of integral

and discrete means, we recall some representation results for absolutely continuous
functions as follow.
Let L be a linear class of real-valued functions, g : E ! R having the properties
(L1) f; g 2 L imply (�f + �g) 2 L for all �; � 2 R;
(L2) 1 2 L; i.e., if f (t) = 1, t 2 E; then f 2 L:
An isotonic linear functional � : L! R is a functional satisfying the properties:
(A1) � (�f + �g) = �� (f) + �� (g) for all f; g 2 L and �; � 2 R;
(A2) If f 2 L and f � 0, then � (f) � 0:
The mapping � is said to be normalised if

(A3) � (1) = 1:

Usual examples of isotonic linear functional that are normalised are the following
ones

� (f) :=
1

� (X)

Z
X

f (x) d� (x) ; if � (X) <1
or

�w (f) :=
1R

X
w (x) d� (x)

Z
X

w (x) f (x) d� (x) ;

where w (x) � 0,
R
X
w (x) d� (x) > 0; X is a measurable space and � is a positive

measure on X:
In particular, for �x := (x1; : : : ; xn) ; �w := (w1; : : : ; wn) 2 Rn with wi � 0;

Wn :=
Pn

i=1 wi > 0 we have

� (�x) :=
1

n

nX
i=1

xi and � �w (�x) :=
1

Wn

nX
i=1

wixi;
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are normalised isotonic linear functionals on Rn:
In 2002, we obtained the following representation result for absolutely continuous

functions.

Theorem 1 (Dragomir, 2002, [1]). Let f : [a; b] ! R be an absolutely continuous
function on [a; b] and de�ne e (t) = t, t 2 [a; b], g (t; x) =

R 1
0
f 0 [(1� �)x+ �t] d�;

t 2 [a; b] and x 2 [a; b] : If � : L ! R is a normalised linear functional on a linear
class L of absolutely continuous functions de�ned on [a; b] and (x� e) g (�; x) 2 L;
then we have the representation

(1.5) f (x) = � (f) + � [(x� e) g (�; x)] ;
for x 2 [a; b] :
The following particular cases are of interest:

Corollary 1. Let f : [a; b] ! R be an absolutely continuous function on [a; b] :
Then we have the representation:

f (x) =
1R b

a
w (t) dt

Z b

a

w (t) f (t) dt(1.6)

+
1R b

a
w (t) dt

Z b

a

w (t) (x� t)
�Z 1

0

f 0 [(1� �)x+ �t] d�
�
dt

for any x 2 [a; b] ; where w : [a; b] ! R is a Lebesgue integrable function withR b
a
w (t) dt 6= 0:
In particular, we have

(1.7) f (x) =
1

b� a

Z b

a

f (t) dt+
1

b� a

Z b

a

(x� t)
�Z 1

0

f 0 [(1� �)x+ �t] d�
�
dt

for each x 2 [a; b] :
The proof is obvious by Theorem 1 applied for the normalised linear functionals

�w (f) :=
1R b

a
w (t) dt

Z b

a

w (t) f (t) dt; � (f) :=
1

b� a

Z b

a

f (t) dt

de�ned on

L := ff : [a; b]! R; f is absolutely continuous on [a; b]g :
The following discrete case also holds.

Corollary 2. Let f : [a; b] ! R be an absolutely continuous function on [a; b] :
Then we have the representation:

(1.8) f (x) =
1

Wn

nX
i=1

wif (xi) +
1

Wn

nX
i=1

wi (x� xi)
Z 1

0

f 0 [(1� �)x+ �xi] d�

for any x 2 [a; b] ; where xi 2 [a; b] ; wi 2 R , i = f1; : : : ; ng with Wn :=
Pn

i=1 wi 6=
0:
In particular, we have

(1.9) f (x) =
1

n

nX
i=1

f (xi) +
1

n

nX
i=1

(x� xi)
Z 1

0

f 0 [(1� �)x+ �xi] d�

for any x 2 [a; b] :
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It is obvious that, with the same argument, the above identities also hold for
complex valued functions f; w : [a; b]! C.
Motivated by the above results, we obtain in this paper some representations of

operator perspectives for continuously di¤erentiable functions in terms of weighted
means. Applications for weighted operator geometric mean and relative operator
entropy are also provided.

2. Representation Results

We have the following perturbed identity:

Lemma 1. Let f : [a; b] ! C be an absolutely continuous function on [a; b] and
w : [a; b] ! C a Lebesgue integrable function with

R b
a
w (t) dt 6= 0: Then for any

continuous function � : [a; b]! C and x 2 [a; b] we have

f (x) =
1R b

a
w (t) dt

Z b

a

w (t) f (t) dt+

 
x� 1R b

a
w (t) dt

Z b

a

w (t) tdt

!
� (x)(2.1)

+
1R b

a
w (t) dt

Z b

a

w (t) (x� t)
�Z 1

0

(f 0 [(1� �)x+ �t]� � (x)) d�
�
dt

and, in particular

f (x) =
1

b� a

Z b

a

f (t) dt+ �

�
x� a+ b

2

�
(2.2)

+
1

b� a

Z b

a

(x� t)
�Z 1

0

(f 0 [(1� �)x+ �t]� � (x)) d�
�
dt:

The proof follows by the equality (1.6) by calculating the integralZ b

a

w (t) (x� t)
�Z 1

0

(f 0 [(1� �)x+ �t]� � (x)) d�
�
dt

for x 2 [a; b] :
The discrete case is as follows:

Lemma 2. Let f : [a; b]! R be an absolutely continuous function on [a; b] and xi 2
[a; b] ; wi 2 R, i = f1; : : : ; ng with Wn :=

Pn
i=1 wi 6= 0: Then for any continuous

function � : [a; b]! C and x 2 [a; b] we have

f (x) =
1

Wn

nX
i=1

wif (xi) +

 
x� 1

Wn

nX
i=1

wixi

!
� (x)(2.3)

+
1

Wn

nX
i=1

wi (x� xi)
Z 1

0

(f 0 [(1� �)x+ �xi]� � (x)) d�

and, in particular

f (x) =
1

n

nX
i=1

f (xi) +

 
x� 1

n

nX
i=1

xi

!
� (x)(2.4)

+
1

n

nX
i=1

(x� xi)
Z 1

0

(f 0 [(1� �)x+ �xi]� � (x)) d�:

We have:
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Theorem 2. Let f : I ! C be a continuously di¤erentiable function on �I: If T is
a selfadjoint operator such that the spectrum Sp (T ) � [m;M ] � �I; for some real
numbers m; M with m < M and for any continuous function � : [m;M ] ! C we
have

f (T ) =
1RM

m
w (t) dt

Z M

m

w (t) f (t) dt1H(2.5)

+

 
T � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
� (T )

+
1RM

m
w (t) dt

�
Z M

m

w (t) (T � t1H)
�Z 1

0

(f 0 [(1� s)T + st1H ]� � (T )) ds
�
dt;

where w : [m;M ]! C is a Lebesgue integrable function with
RM
m
w (t) dt 6= 0:

In particular, we have

f (T ) =
1

M �m

Z M

m

f (t) dt1H +

�
T � m+M

2
1H

�
� (T )(2.6)

+
1

M �m

Z M

m

(T � t1H)
�Z 1

0

(f 0 [(1� s)T + st1H ]� � (T )) ds
�
dt:

Proof. If fE�g�2R is the spectral family of the operator T , then by the spectral
representation theorem (SRT) [15, p. 263-p.266] we have

f (T ) =

Z M

m�0
f (�) dE� := lim

"!0+

Z M

m�"
f (�) dE�;

where the integral is taken in the Riemann-Stieltjes sense.
Let " > 0 small enough such that [m� ";M ] � �I, then by integrating the

equality (2.1) written for a = m and b =M on the interval [m� ";M ] we haveZ M

m�"
f (�) dE�(2.7)

=
1RM

m
w (t) dt

Z M

m

w (t) f (t) dt

Z M

m�"
dE�

+

 Z M

m�"
�dE� �

1RM
m
w (t) dt

Z M

m

w (t) tdt

Z M

m�"
dE�

!Z M

m�"
� (�) dE�

+
1RM

m
w (t) dt

Z M

m�"

�
 Z M

m

w (t) (�� t)
�Z 1

0

(f 0 [(1� s)�+ st]� � (�)) ds
�
dt

!
dE�:
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Using Fubini�s theorem, we can interchange the integration and then we haveZ M

m�"

 Z M

m

w (t) (�� t)
�Z 1

0

(f 0 [(1� s)�+ st]� � (�)) ds
�
dt

!
dE�

=

Z M

m

w (t)

 Z 1

0

 Z M

m�"
(�� t) (f 0 [(1� s)�+ st]� � (�)) dE�

!
ds

!
dt;

which gives, by (2.7) thatZ M

m�"
f (�) dE�(2.8)

=
1RM

m
w (t) dt

Z M

m

w (t) f (t) dt

Z M

m�"
dE�

+

 Z M

m�"
�dE� �

1RM
m
w (t) dt

Z M

m

w (t) tdt

Z M

m�"
dE�

!Z M

m�"
� (�) dE�

+
1RM

m
w (t) dt

�
Z M

m

w (t)

 Z 1

0

 Z M

m�"
(�� t) (f 0 [(1� s)�+ st]� � (�)) dE�

!
ds

!
dt

for small " > 0 such that [m� ";M ] � �I:
Since, by SRT we have

lim
"!0+

Z M

m�"
f (�) dE� = f (T ) ; lim

"!0+

Z M

m�"
dE� = 1H ;

lim
"!0+

Z M

m�"
�dE� = T

and Z M

m�"
(�� t) (f 0 [(1� s)�+ st]� � (�)) dE�(2.9)

= (T � t1H) (f 0 [(1� s)T + st1H ]� � (T ))
then by taking the limit over "! 0+ in (2.8) and using the properties of integrals,
we obtain the desired result (2.5). �
We also have:

Theorem 3. Let f : I ! C be a continuously di¤erentiable function on �I the
interior of I: If T is a selfadjoint operator such that the spectrum Sp (T ) � [m;M ] �
�I; for some real numbers m; M with m < M and xi 2 [m;M ] ; wi 2 R, i =
f1; : : : ; ng with Wn :=

Pn
i=1 wi 6= 0 and for any continuous function � : [m;M ]!

C we have

f (T ) =
1

Wn

nX
i=1

wif (xi) 1H +

 
T � 1

Wn

nX
i=1

wixi1H

!
� (T )(2.10)

+
1

Wn

nX
i=1

wi (T � xi1H)
Z 1

0

(f 0 [(1� �)T + �xi1H ]� � (T )) d�



REPRESENTATION OF OPERATOR PERSPECTIVES 7

and, in particular

f (T ) =
1

n

nX
i=1

f (xi) 1H +

 
T � 1

n

nX
i=1

xi1H

!
� (T )(2.11)

+
1

n

nX
i=1

(T � xi1H)
Z 1

0

(f 0 [(1� �)T + �xi1H ]� � (T )) d�:

We have:

Theorem 4. Let f : I ! C be a continuously di¤erentiable function on �I: Assume
that A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.1) holds for some real numbers m < M with the property that [m;M ] �
�I: Then for any continuous function � : [m;M ] ! C and any w : [m;M ] ! C a
Lebesgue integrable function with

RM
m
w (t) dt 6= 0, we have

Pf (B;A) =
1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(2.12)

+

 
BA�1 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
P� (B;A)

+
1RM

m
w (t) dt

Z M

m

w (t)
�
BA�1 � t1H

�
�
�Z 1

0

[Pf 0 (Brs (tA) ; A)� P� (B;A)] ds
�
dt:

If xi 2 [m;M ] and wi 2 R, i = f1; : : : ; ng with Wn :=
Pn

i=1 wi 6= 0; then we
also have

Pf (B;A) =
1

Wn

nX
i=1

wif (xi)A(2.13)

+

 
BA�1 � 1

Wn

nX
i=1

wixi1H

!
P� (B;A)

+
1

Wn

nX
i=1

wi
�
BA�1 � xi1H

�
�
Z 1

0

[Pf 0 (Brs (xiA) ; A)� P� (B;A)] ds:
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Proof. If we take T = A�1=2BA�1=2; then Sp (T ) � [m;M ] � �I and by (2.1) we
have

f
�
A�1=2BA�1=2

�
(2.14)

=
1RM

m
w (t) dt

Z M

m

w (t) f (t) dt1H

+

 
A�1=2BA�1=2 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
�
�
A�1=2BA�1=2

�
+

1RM
m
w (t) dt

Z M

m

w (t)
�
A�1=2BA�1=2 � t1H

�
�
�Z 1

0

�
f 0
h
(1� s)A�1=2BA�1=2 + st1H

i
� �

�
A�1=2BA�1=2

��
ds

�
dt:

If we multiply both sides of (2.14) by A1=2 then we get

(2.15) A1=2f
�
A�1=2BA�1=2

�
A1=2 =

1RM
m
w (t) dt

Z M

m

w (t) f (t) dtA

+A1=2

 
A�1=2BA�1=2 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
� �

�
A�1=2BA�1=2

�
A1=2

+
1RM

m
w (t) dt

Z M

m

w (t)A1=2
�
A�1=2BA�1=2 � t1H

�
�
Z 1

0

�
f 0
h
(1� s)A�1=2BA�1=2 + st1H

i
� �

�
A�1=2BA�1=2

��
dsA1=2dt:

Since

A1=2

 
A�1=2BA�1=2 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
�
�
A�1=2BA�1=2

�
A1=2

= A1=2

 
A�1=2BA�1=2 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
A�1=2

�A1=2�
�
A�1=2BA�1=2

�
A1=2

=

 
BA�1 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
A1=2�

�
A�1=2BA�1=2

�
A1=2

=

 
BA�1 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
P� (B;A)
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and

Z M

m

w (t)A1=2
�
A�1=2BA�1=2 � t1H

�
�
�Z 1

0

�
f 0
h
(1� s)A�1=2BA�1=2 + st1H

i
� �

�
A�1=2BA�1=2

��
ds

�
A1=2dt

=

Z M

m

w (t)A1=2
�
A�1=2BA�1=2 � t1H

�
A�1=2

�A1=2
�Z 1

0

�
f 0
h
A�1=2 ((1� s)B + stA)A�1=2

i
� �

�
A�1=2BA�1=2

��
ds

�
A1=2dt

=

Z M

m

w (t)A1=2
�
A�1=2BA�1=2 � t1H

�
A�1=2

�A1=2
�Z 1

0

�
f 0
h
A�1=2 (Brs (tA))A�1=2

i
� �

�
A�1=2BA�1=2

��
ds

�
A1=2dt

=

Z M

m

w (t)
�
BA�1 � t1H

��Z 1

0

[Pf 0 (Brs (tA) ; A)� P� (B;A)] ds
�
dt;

then by (2.15) we obtain the desired result (2.12). �

If we take in (2.12) w (t) = 1; t 2 [m;M ] ; then we get the simpler representation

Pf (B;A) =
1

M �m

Z M

m

f (t) dtA+

�
BA�1 � m+M

2
1H

�
P� (B;A)(2.16)

+
1

M �m

Z M

m

�
BA�1 � t1H

�
�
�Z 1

0

[Pf 0 (Brs (tA) ; A)� P� (B;A)] ds
�
dt;

for any continuous function � : [m;M ]! C.
The unweighted discrete case that follows by (2.13) produces the representation

Pf (B;A) =
1

n

nX
i=1

f (xi)A+

 
BA�1 � 1

n

nX
i=1

xi1H

!
P� (B;A)(2.17)

+
1

n

nX
i=1

�
BA�1 � xi1H

�
�
Z 1

0

[Pf 0 (Brs (xiA) ; A)� P� (B;A)] ds;

for any continuous function � : [m;M ]! C.
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Remark 1. If we assume that � is a constant, then from (2.12) and (2.13) we get

Pf (B;A) =
1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(2.18)

+ �

 
B � 1RM

m
w (t) dt

Z M

m

w (t) tdtA

!

+
1RM

m
w (t) dt

Z M

m

w (t)
�
BA�1 � t1H

�
�
�Z 1

0

[Pf 0 (Brs (tA) ; A)� �A] ds
�
dt

and

Pf (B;A) =
1

Wn

nX
i=1

wif (xi)A+ �

 
B � 1

Wn

nX
i=1

wixiA

!
(2.19)

+
1

Wn

nX
i=1

wi
�
BA�1 � xi1H

�
�
Z 1

0

[Pf 0 (Brs (xiA) ; A)� �A] ds;

which in the particular case � = 0 reduce to the simpler representations

Pf (B;A) =
1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(2.20)

+
1RM

m
w (t) dt

�
Z M

m

w (t)
�
BA�1 � t1H

��Z 1

0

Pf 0 (Brs (tA) ; A) ds
�
dt

and

Pf (B;A) =
1

Wn

nX
i=1

wif (xi)A(2.21)

+
1

Wn

nX
i=1

wi
�
BA�1 � xi1H

� Z 1

0

Pf 0 (Brs (xiA) ; A) ds:

From (2.20) we have for w (t) = 1 that

Pf (B;A) =
1

M �m

Z M

m

f (t) dtA(2.22)

+
1

M �m

Z M

m

�
BA�1 � t1H

��Z 1

0

Pf 0 (Brs (tA) ; A) ds
�
dt
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while from (2.21) we get for wi = 1; i 2 f1; :::; ng that

Pf (B;A) =
1

n

nX
i=1

f (xi)A(2.23)

+
1

n

nX
i=1

�
BA�1 � xi1H

� Z 1

0

Pf 0 (Brs (xiA) ; A) ds:

The following particular case is also natural to consider.

Remark 2. Is useful to provide error bounds in the case that � = f 0 with f 0

continuous on [m;M ] : In this situation we get the identities of interest

Pf (B;A) =
1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(2.24)

+

 
BA�1 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
Pf 0 (B;A)

+
1RM

m
w (t) dt

Z M

m

w (t)
�
BA�1 � t1H

�
�
�Z 1

0

[Pf 0 (Brs (tA) ; A)� Pf 0 (B;A)] ds
�
dt

and

Pf (B;A) =
1

Wn

nX
i=1

wif (xi)A(2.25)

+

 
BA�1 � 1

Wn

nX
i=1

wixi1H

!
Pf 0 (B;A)

+
1

Wn

nX
i=1

wi
�
BA�1 � xi1H

�
�
Z 1

0

[Pf 0 (Brs (xiA) ; A)� Pf 0 (B;A)] ds:

Moreover, the unweighted case for integrals can be stated as

Pf (B;A) =
1

M �m

Z M

m

f (t) dtA+

�
BA�1 � m+M

2
1H

�
Pf 0 (B;A)(2.26)

+
1

M �m

Z M

m

�
BA�1 � t1H

�
�
�Z 1

0

[Pf 0 (Brs (tA) ; A)� Pf 0 (B;A)] ds
�
dt;
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while the unweighted discrete case is as follows

Pf (B;A) =
1

n

nX
i=1

f (xi)A+

 
BA�1 � 1

n

nX
i=1

xi1H

!
Pf 0 (B;A)(2.27)

+
1

n

nX
i=1

wi
�
BA�1 � xi1H

�
�
Z 1

0

[Pf 0 (Brs (xiA) ; A)� Pf 0 (B;A)] ds:

3. Inequalities for Bounded Derivatives

Now, for �; � 2 C and I an interval of real numbers, de�ne the sets of complex-
valued functions (see for instance [7])

�UI (�;�)

:=
n
g : I ! CjRe

h
(�� g (t))

�
g (t)� �

�i
� 0 for almost every t 2 I

o
and

��I (�;�) :=

�
g : I ! Cj

����g (t)� �+�2
���� � 1

2
j�� �j for a.e. t 2 I

�
:

The following representation result may be stated [7].

Proposition 1. For any �; � 2 C, � 6= �; we have that �UI (�;�) and ��I (�;�)
are nonempty, convex and closed sets and

(3.1) �UI (�;�) = ��I (�;�) :

On making use of the complex numbers �eld properties we can also state that:

Corollary 3. For any �; � 2 C, � 6= �; we have that
�UI (�;�) = fg : I ! C j (Re�� Re g (t)) (Re g (t)� Re�)(3.2)

+(Im�� Im g (t)) (Im g (t)� Im�) � 0 for a.e. t 2 Ig :

Now, if we assume that Re (�) � Re (�) and Im (�) � Im (�) ; then we can de�ne
the following set of functions as well:

�SI (�;�) := fg : I ! C j Re (�) � Re g (t) � Re (�)(3.3)

and Im (�) � Im g (t) � Im (�) for a.e. t 2 Ig :

One can easily observe that �SI (�;�) is closed, convex and

(3.4) ; 6= �SI (�;�) � �UI (�;�) :

We need the following lemma [6]:

Lemma 3. Let T be a selfadjoint operator and A � 0: Then we have
(3.5) �A1=2 jT jA1=2 � A1=2TA1=2 � A1=2 jT jA1=2

in the operator order, where jT j is the absolute value of T:
We also have

(3.6)
A1=2TA1=2 � A1=2 jT jA1=2 :
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Proof. For the sake of completeness we give here a short proof.
If we use Jensen�s operator inequality for the convex function f (t) = jtj ; then

we have

jhTy; yij � hjT j y; yi

for any y 2 H:
If we take in this inequality y = A1=2x; x 2 H; then we get���DTA1=2x;A1=2xE��� � DjT jA1=2x;A1=2xE

that is equivalent to

(3.7)
���DA1=2TA1=2x; xE��� � DA1=2 jT jA1=2x; xE

or to

�
D
A1=2 jT jA1=2x; x

E
�
D
A1=2TA1=2x; x

E
�
D
A1=2 jT jA1=2x; x

E
for any x 2 H; which proves the inequality (3.5).
By taking the supremum over x 2 H; kxk = 1 in (3.7) we obtain the desired

inequality (3.6). �

Theorem 5. Assume that A is a positive invertible operator and B a selfadjoint
operator such that the condition (1.1) holds for some real numbers m < M with the
property that [m;M ] � �I and f : I ! C is a continuously di¤erentiable function
on �I and such that f 0 2 ��[m;M ] (�;�) for some �; � 2 C, � 6= �: Then for any

w : [m;M ]! C a Lebesgue integrable function with
RM
m
w (t) dt 6= 0, we havePf (B;A)� 1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(3.8)

��+�
2

 
B � 1RM

m
w (t) dt

Z M

m

w (t) tdtA

!
� 1

2
j�� �j kAk 1���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H dt:

If xi 2 [m;M ] and wi 2 C,i = f1; : : : ; ng with Wn :=
Pn

i=1 wi 6= 0; then we also
have Pf (B;A)� 1

Wn

nX
i=1

wif (xi)A�
�+�

2

 
B � 1

Wn

nX
i=1

wixiA

!(3.9)

� 1

2
j�� �j kAk 1

jWnj

nX
i=1

jwij
BA�1 � xi1H :
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Proof. Assume that f is such that f 0 2 ���I (�;�) : If we use the identity (2.18) for
the constant �+�2 ; then we have

Pf (B;A)�
1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA

� �+�
2

 
B � 1RM

m
w (t) dt

Z M

m

w (t) tdtA

!

=
1RM

m
w (t) dt

Z M

m

w (t)
�
BA�1 � t1H

� Z 1

0

�
Pf 0 (Brs (tA) ; A)�

�+�

2
A

�
dsdt:

By taking the operator norm in this inequality and using the properties of integral
and norm, we havePf (B;A)� 1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(3.10)

��+�
2

 
B � 1RM

m
w (t) dt

Z M

m

w (t) tdtA

!
� 1���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H

�
�Z 1

0

Pf 0 (Brs (tA) ; A)� �+�2 A

 ds� dt:
Observe that

Sp
�
A�1=2 (Brs (tA))A�1=2

�
= Sp

�
(1� s)A�1=2BA�1=2 + st1H

�
� [m;M ]

for any t 2 [m;M ] and s 2 [0; 1] :
Since f 0 2 ��[m;M ] (�;�) ; then for any u 2 [m;M ] we have

(3.11)

����f 0 (u)� �+�2
���� � 1

2
j�� �j

and by the continuous functional calculus we get from (3.11) that

(3.12)

����f 0 �A�1=2 (Brs (tA))A�1=2�� �+�2 1H

���� � 1

2
j�� �j 1H

for any t 2 [m;M ] and s 2 [0; 1] :
Now, multiplying both sides of (3.12) by A1=2; we get

A1=2
����f 0 �A�1=2 (Brs (tA))A�1=2�� �+�2 1H

����A1=2 � 1

2
j�� �jA

and by taking the norm in this inequality, we get

(3.13)

A1=2 ����f 0 �A�1=2 (Brs (tA))A�1=2�� �+�2 1H

����A1=2 � 1

2
j�� �j kAk

for any t 2 [m;M ] and s 2 [0; 1] :
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Using Lemma 3 we getPf 0 (Brs (tA) ; A)� �+�2 A


=

A1=2�f 0 �A�1=2 (Brs (tA))A�1=2�� �+�2 1H

�
A1=2


�
A1=2 ����f 0 �A�1=2 (Brs (tA))A�1=2�� �+�2 1H

����A1=2 � 1

2
j�� �j kAk

for any t 2 [m;M ] and s 2 [0; 1] :
Therefore

1���RMm w (t) dt
���
Z M

m

jw (t)j
BA�1 � t1H

�
�Z 1

0

Pf 0 (Brs (tA) ; A)� �+�2 A

 ds� dt
� 1

2
j�� �j kAk 1���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H dt

and by (3.10) we deduce the desired result (3.8).
The discrete inequality (3.9) follows in a similar way and we omit the details. �

We observe that if f : [m;M ]! R is a convex function and if f 0+ (m) and f 0+ (M)
are �nite, then from the above inequalities we can state the following inequalities
that provide a large number of examples:Pf (B;A)� 1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(3.14)

�
f 0+ (m) + f

0
+ (M)

2

 
B � 1RM

m
w (t) dt

Z M

m

w (t) tdtA

!
� 1

2

�
f 0+ (M)� f 0+ (m)

�
kAk 1���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H dt:

If xi 2 [m;M ] and wi 2 C, i = f1; : : : ; ng with Wn :=
Pn

i=1 wi 6= 0; then we also
have Pf (B;A)� 1

Wn

nX
i=1

wif (xi)A(3.15)

�
f 0+ (m) + f

0
+ (M)

2

 
B � 1

Wn

nX
i=1

wixiA

!
� 1

2

�
f 0+ (M)� f 0+ (m)

�
kAk 1

jWnj

nX
i=1

jwij
BA�1 � xi1H :
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If we take in (3.14) w (t) = 1, then we get

(3.16)

Pf (B;A)� 1

M �m

Z M

m

f (t) dtA

�
f 0+ (m) + f

0
+ (M)

2

�
B � m+M

2
A

�
� 1

2

�
f 0+ (M)� f 0+ (m)

�
kAk 1

M �m

Z M

m

BA�1 � t1H dt:
From (3.16) we get for wi = 1; i = f1; : : : ; ng thatPf (B;A)� 1

n

nX
i=1

f (xi)A�
f 0+ (m) + f

0
+ (M)

2

 
B � 1

n

nX
i=1

xiA

!(3.17)

� 1

2

�
f 0+ (M)� f 0+ (m)

�
kAk 1

n

nX
i=1

BA�1 � xi1H :
4. Inequalities for Lipschitzian Derivatives

We have:

Theorem 6. Assume that A is a positive invertible operator and B a selfadjoint
operator such that the condition (1.1) holds for some real numbers m < M with the
property that [m;M ] � �I and f : I ! C is a continuously di¤erentiable function on
�I and such that f 0 is Lipschitzian on [m;M ] with the constant L > 0; i.e.

(4.1) jf 0 (t)� f 0 (s)j � L jt� sj

for any t; s 2 [m;M ]. Then for any w : [m;M ]! C a Lebesgue integrable function
with

RM
m
w (t) dt 6= 0, we havePf (B;A)� 1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(4.2)

�
 
BA�1 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
Pf 0 (B;A)


� 1

2

L kAk3=2
A�11=2���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H2 dt:

If xi 2 [m;M ] and wi 2 C, i = f1; : : : ; ng with Wn :=
Pn

i=1 wi 6= 0; then we also
have Pf (B;A)� 1

Wn

nX
i=1

wif (xi)A�
 
BA�1 � 1

Wn

nX
i=1

wixi1H

!
Pf 0 (B;A)

(4.3)

� 1

2

L kAk3=2
A�11=2

jWnj

nX
i=1

jwij
BA�1 � xi1H2 :
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Proof. We use the identity (2.24) in the form

Pf (B;A)�
1RM

m
w (t) dt

Z M

m

w (t) f (t) dtA(4.4)

�
 
BA�1 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
Pf 0 (B;A)

=
1RM

m
w (t) dt

Z M

m

w (t)
�
BA�1 � t1H

�
�
�Z 1

0

[Pf 0 (Brs (tA) ; A)� Pf 0 (B;A)] ds
�
dt:

By taking the norm in this equality and using the properties of the integral we havePf (B;A)� 1RM
m
w (t) dt

Z M

m

w (t) f (t) dtA(4.5)

�
 
BA�1 � 1RM

m
w (t) dt

Z M

m

w (t) tdt1H

!
Pf 0 (B;A)


� 1���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H

�
�Z 1

0

kPf 0 (Brs (tA) ; A)� Pf 0 (B;A)k ds
�
dt:

By the fact that f 0 is Lipschitzian we have

jf 0 [(1� s)x+ st1H ]� f 0 (x)j � Ls jx� tj

for any x; t 2 [m;M ] and s 2 [0; 1] :
Using the continuous functional calculus for the selfadjoint operator X with

Sp (T ) � [m;M ] we have

jf 0 [(1� s)X + st1H ]� f 0 (X)j � Ls jX � t1H j

for any t 2 [m;M ] and s 2 [0; 1] :
By taking in this inequality X = A�1=2BA�1=2 we get���f 0 h(1� s)A�1=2BA�1=2 + st1Hi� f 0 �A�1=2BA�1=2���� � Ls ���A�1=2BA�1=2 � t1H ���

for any t 2 [m;M ] and s 2 [0; 1] :
If we multiply both sides of this inequality by A1=2 we get

A1=2
���f 0 h(1� s)A�1=2BA�1=2 + st1Hi� f 0 �A�1=2BA�1=2����A1=2

� LsA1=2
���A�1=2BA�1=2 � t1H ���A1=2;

for any t 2 [m;M ] and s 2 [0; 1] :
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If we take the norm in this inequality, we getA1=2 ���f 0 h(1� s)A�1=2BA�1=2 + st1Hi� f 0 �A�1=2BA�1=2����A1=2(4.6)

� Ls
A1=2 ���A�1=2BA�1=2 � t1H ���A1=2

= Ls
A1=2 ���A�1=2BA�1=2 � t1H ���A1=2

= Ls
A1=2 ���A�1=2 �BA�1 � t1H�A1=2���A1=2

� Ls
A1=2���A�1=2 �BA�1 � t1H�A1=2��� A1=2

= Ls
A1=2A�1=2 �BA�1 � t1H�A1=2A1=2

� Ls kAk1=2
A�11=2 BA�1 � t1H kAk1=2 kAk1=2

= Ls kAk3=2
A�11=2 BA�1 � t1H

for any t 2 [m;M ] and s 2 [0; 1] :
By Lemma 3 and by (4.6) we get

kPf 0 (Brs (tA) ; A)� Pf 0 (B;A)k

=
A1=2 hf 0 h(1� s)A�1=2BA�1=2 + st1Hi� f 0 �A�1=2BA�1=2�iA1=2

�
A1=2 ���f 0 h(1� s)A�1=2BA�1=2 + st1Hi� f 0 �A�1=2BA�1=2����A1=2

� Ls kAk3=2
A�11=2 BA�1 � t1H

for any t 2 [m;M ] and s 2 [0; 1] :
Therefore,

1���RMm w (t) dt
���
Z M

m

jw (t)j
BA�1 � t1H

�
�Z 1

0

kPf 0 (Brs (tA) ; A)� Pf 0 (B;A)k ds
�
dt

� 1���RMm w (t) dt
���
Z M

m

jw (t)j
BA�1 � t1H

�
�Z 1

0

s kAk3=2
A�11=2 BA�1 � t1H ds� dt

=
L kAk3=2

A�11=2
2
���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H2 dt

and by (4.5) we get the desired result (4.2).
The discrete inequality (4.3) can be proved in a similar way, however the details

are omitted. �
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If we take in (4.2) w (t) = 1; then we getPf (B;A)� 1

M �mf (t) dtA�
�
BA�1 � M +m

2
1H

�
Pf 0 (B;A)

(4.7)

� 1

2

L kAk3=2
A�11=2

M �m

Z M

m

BA�1 � t1H2 dt;
while from (4.3) we getPf (B;A)� 1

n

nX
i=1

f (xi)A�
 
BA�1 � 1

n

nX
i=1

xi1H

!
Pf 0 (B;A)

(4.8)

� 1

2

L kAk3=2
A�11=2
n

nX
i=1

BA�1 � xi1H2 :
5. Applications for Relative Operator Entropy

Kamei and Fujii [11], [12] de�ned the relative operator entropy S (AjB) ; for
positive invertible operators A and B; by

(5.1) S (AjB) := A 1
2

�
ln
�
A�

1
2BA�

1
2

��
A

1
2 ;

which is a relative version of the operator entropy considered by Nakamura-Umegaki
[26].
In general, we can de�ne for positive operators A; B

S (AjB) := s- lim
"!0+

S (A+ "1H jB)

if it exists, here 1H is the identity operator.
Consider the logarithmic function ln : Then the relative operator entropy can be

interpreted as the perspective of ln, namely

Pln (B;A) = S (AjB) ;

for positive invertible operators A; B:
For some recent results on relative operator entropy see [4]-[5], [19]-[20] and

[22]-[23].
If we use the inequality (3.14) for the convex function f = � ln t and the positive

invertible operators A; B that satisfy condition (1.1) with M > m > 0 we haveS (AjB)� 1RM
m
w (t) dt

Z M

m

w (t) ln tdtA(5.2)

�m+M
2mM

 
B � 1RM

m
w (t) dt

Z M

m

w (t) tdtA

!
� M �m

2mM
kAk 1���RMm w (t) dt

���
Z M

m

jw (t)j
BA�1 � t1H dt;

for any w : [m;M ]! C a Lebesgue integrable function with
RM
m
w (t) dt 6= 0:
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De�ne the identric mean of a; b > 0 by

I (a; b) :=

8>><>>:
a if a = b;

1

e

�
bb

aa

� 1
b�a

if a 6= b
a; b > 0:

We observe that

I (a; b) =
1

b� a

Z b

a

ln tdt for a 6= b:

If we take in (5.2) w (t) = 1 for t 2 [m;M ] ; then we get the norm inequalityS (AjB)� I (m;M)A� m+M2mM

�
B � m+M

2
A

�(5.3)

� 1

2mM
kAk

Z M

m

BA�1 � t1H dt;
for any positive invertible operators A; B that satisfy condition (1.1) with M >
m > 0:
We de�ne the logarithmic mean as

L (a; b) :=

8<:
a if a = b

b�a
ln b�ln a if a 6= b

a; b > 0

and the geometric mean as G (a; b) :=
p
ab:

If we take in (5.2) w (t) = 1
t ; t > 0; and since

1RM
m

1
t dt

Z M

m

ln t

t
dt =

ln2M � ln2m
2 (lnM � lnm) = lnG (m;M) ;

then we get the norm inequalityS (AjB)� lnG (m;M)A� m+M2mM
(B � L (m;M)A)

(5.4)

� L (m;M)

2mM
kAk

Z M

m

1

t

BA�1 � t1H dt;
for any positive invertible operators A; B that satisfy condition (1.1) with M >
m > 0:
If we use the inequality (3.15) for the convex function f = � ln t and positive

invertible operators A; B that satisfy condition (1.1) with M > m > 0; we have for
xi 2 [m;M ] ; wi > 0 with i 2 f1; :::; ng thatS (AjB)� lnGn (�x; �w)A� m+M2mM

(B �An (�x; �w)A)
(5.5)

� 1

2

M �m
mM

kAk 1

Wn

nX
i=1

wi
BA�1 � xi1H ;

where

An (�x; �w) :=
1

Wn

nX
i=1

wixiA
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is the weighted arithmetic mean and

Gn (�x; �w) :=

 
nY
i=1

xwii

! 1
Wn

is the weighted geometric mean.

6. Applications for Operator Geometric Mean

Assume that A; B are positive invertible operators on a complex Hilbert space
(H; h�; �i) : We use the following notations for operators [21]

Ar�B := (1� �)A+ �B;

the weighted operator arithmetic mean and

A]�B := A
1=2
�
A�1=2BA�1=2

��
A1=2;

the weighted operator geometric mean, where � 2 [0; 1] : When � = 1
2 we write

ArB and A]B for brevity, respectively.
The de�nition A]�B can be extended accordingly for any real number �:
The following inequality is well known as the operator Young inequality or op-

erator �-weighted arithmetic-geometric mean inequality :

(6.1) A]�B � Ar�B for all � 2 [0; 1] :

For recent results on operator Young inequality see [13]-[17], [18] and [27]-[28].
If we consider the continuous function f� : [0;1) ! [0;1), f� (x) = x� then

the operator �-weighted geometric mean can be interpreted as the perspective
Pf� (B;A), namely

Pf� (B;A) = A]�B:

Since, for � 2 (0; 1), f� : [0;1) ! [0;1), f� (x) = x� is operator concave and
positive on [0;1); then we have that (see [24, p. 146])

(6.2) (tA+ (1� t)C) ]� (tB + (1� t)D) � tA]�B + (1� t)C]�D

and we also have that (see [24, p. 146])

(6.3) (A+ C) ]� (B +D) � A]�B + C]�D

for any positive invertible operators A; B; C; D and � 2 [0; 1] :
For positive invertible operators A; B; C; D such that A > C and B > D; then

we have (see also [24, p. 139])

(6.4) A]�B � C]�D:

Moreover, if KC � A � kC and KD � B � kD for some positive constants k; K
then we also have that

(6.5) KC]�D � A]�B � kC]�D:
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If we use the inequality (3.14) for the convex function f (x) = �x� ; x > 0; � 2 [0; 1] ;
then we haveA]�B � 1RM

m
w (t) dt

Z M

m

w (t) t�dtA(6.6)

�1
2
�
m1�� +M1��

m1��M1��

 
B � 1RM

m
w (t) dt

Z M

m

w (t) tdtA

!
� 1

2
�
M1�� �m1��

m1��M1�� kAk 1���RMm w (t) dt
���
Z M

m

jw (t)j
BA�1 � t1H dt

for positive invertible operators A; B that satisfy condition (1.1) with M > m > 0

and any w : [m;M ]! C a Lebesgue integrable function with
RM
m
w (t) dt 6= 0:

If we take in (6.6) w (t) = 1; then we getA]�B � M�+1 �m�+1

(� + 1) (M �m)A�
1

2
�
m1�� +M1��

m1��M1��

�
B � m+M

2
A

�(6.7)

� 1

2
�

M1�� �m1��

m1��M1�� (M �m) kAk
Z M

m

BA�1 � t1H dt
for positive invertible operators A; B that satisfy condition (1.1) with M > m > 0:
If we use the inequality (3.15) for the convex function f = �x� ; x > 0; � 2 [0; 1]

and positive invertible operators A; B that satisfy condition (1.1) withM > m > 0;
then we have for xi 2 [m;M ] ; wi > 0 with i 2 f1; :::; ng thatPf (B;A)� 1

Wn

nX
i=1

wix
�
iA�

1

2
�
m1�� +M1��

m1��M1��

 
B � 1

Wn

nX
i=1

wixiA

!(6.8)

� 1

2
�
M1�� �m1��

m1��M1�� kAk 1

Wn

nX
i=1

wi
BA�1 � xi1H :
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