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AN EXTENSION OF A CERTAIN SUBCLASS OF STARLIKE FUNCTIONS
WITH NEGATIVE COEFFICIENTS

LE. A. OYEKAN and °B.F. ADEDARA

Abstract

In this paper the authors introduce and investigate certain characterization properties of the class Hy(a, )
of analytic functions with negative coefficients as an extension of the subclass H(a, 8) due to Lashin.
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1. INTRODUCTION

Let A denote the class of functions of the form

f(2)=z+ ) ayz*, (1.1)
kZz .

which are analytic in the unit disk U = {z: |z| < 1}. And let S denote the subclass of A consisting of
univalent functions f(z) in U.

A function f(z) in S is said to be starlike of order « if and only if

zf'(2)
Re(—f(z) ) >a (zel),

for some a (0 < a < 1). We denote by S*(a) the class of all functions in S which are starlike of
order a. Also, it is well known that

S*(a) € 5*(0) =S".

A function f(z) in S is said to be convex of order « in U if and only if

zf"(z)
(1+f’(z))>a (z e l),
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For some a (0 < a < 1). We denote by K («) the class of all functions in S which are convex of order a.
The classes S*(a) and K(a) were first introduced by Robertson [1], and later studied by Schild [2],
MacGregor [3] and Pinchuk [4].

Let T denote the subclass of S whose elements can be expressed in the form:

[ee]

f2) =z z agz®,  (a = 0). (1.2)

k=2
Next we denote by T*(a) and C («) respectively, the classes obtained by taking the intercessions of $*(«)
and K (a) with T,
T"(a) = S"(a)NnTand C(a) = K(a) N T.
The classes T*(a) and C(a) were introduced by silverman [5].
Let H(a, B) denote the class of functions f(z) € A which satisfy the condition

az’f"(z) zf (2)
Re( D +f(2)>>/3 (1.3)

f(2)

for some (a = 0), OSB<1,T¢0andzeU.

The classes H(a, ) and H (a, 0) were introduced and studied by Obraddovic and Joshi [6], Padmanabhan
[7], Li and Owa [8], Xu and Yang [9], Singh and Gupta [10] and others.
Further, we denote by H(a, ) the class obtained by taking intercessions of the class H(«, ) with T, that
IS

H(a,p) = H(a,p)NT. (1.4)
We note that

H(0,8) =T"(B)

The class H(a, B) was introduced by Lashin [11].

We note that the Binomial expansions of the functions f(z) of forms (1.1) and (1.2) are respectively



h2)=(zZ+ ) az)* =2+ ) a,(1)zF* 1 (1.5)

and

oo (0]

F(z) = (z - z a7t = 74 — 2 a()zk21 (1.6)

Following (1.3) and (1.4) by making use of (1.5) and (1.6) we obtain respectively the classes

Hy(a,B) and H,(a,B):

. . _ az*h"(z) zh’(z)
O Hy(wB) ._{ h(z)€A.Re< TR >>ﬁ } €U (1.7)

h(z)

forsome (¢ >0), 0 < < 1,7¢ 0 and 1 € N,,.
(i)
Hy(a,p) = Hy(e, f)NT. (1.8)
We note that
(i) H(ap)=H(p) (Lashin [11]),

() H(0,B)=T*(B) (Silverman [5]).
2. PRELIMINARIES
We shall need the following definition and lemma in the course of this work:
Following the earlier investigations of Goodman [12] and Ruscheweyh [13], we give the following
definition:

Definition 1. The § —neighborhood of function h(z) € T by:

Ny (f) = {F €ET:F(z) =z — Z bk(l)zk”‘l,z klag (1) — be(A)] < 6%,
k=2 k=2

In particular, for the identity function

e(z) =z,



we immediately have

Ns(f) = {F ET:F(z) =7 — Z bk(/l)z"”‘l,z kb (D) < 5}. 2.1)
k=2 k=2

Where

A

F(2) = g*2) = <Z — 2 bkzk> .
k=2

Lemma 1. ([14]). If h and F are analytic in U with h < F, then

2T _ 5 2T ) 5
f IF(re®)[*de < f Ih(re'®)[*de.
0 0

Where § >0,z=rel®and 0 <r < 1.

3. COEFFICIENT ESTIMATES FOR THE CLASS H,(a, B)
Our first theorem in this section is a necessary and sufficient condition for h(z) € T to belong to the
class H;(a, B).
Theorem 3.1 A function h(z) € T is in the class H,(a, 8) if and only if

Z[(k + -2 (ak+at—a+1) + (1 = B)la(D)
k=2

<1-f-(aA+ 1)1 -2 (3.1)

Proof. Assume that the inequality (3.1) holds and let |z] < 1. Then

az?h' (z) zh'(2)
Re( D) + h(z)) > f.

This implies that

az?h' (z) zh'(2) _

D T The L

> p—1 (3.2)

Therefore by substituting for the first and the second derivatives of h(z) in rhs of (3.2) we have

az?*h" (z) + zh'(2) — h(2)
h(z)
4




az?A(A— 1)z*2 —az? T3,k + 1 — 1) (k + A — 2)a, ()23 +
2247z — 230,k + A — Dap(DzFA72 — 22 + 3%, agyz* 40

o0 —_
zA — Y, Ay zk At

ad(A — Dzt — a T,k + 2 — 1) (k + 1 — 2)a, (D21 +
Azt = T (k + A — Da, Dz — 24 + 37, ak(/l)z"”‘1

A ) k+A—1
zh = Y, Az

aA(A—D+aXp,(k+ 21— Dk +21-2)a,Dz1+ 21—
Yice2(k + 4 = Dap Dz — 14 Xip arpz* ™

1 =Y apzht

after dividing through by z# and collecting like terms.
So that a simple computation now yields

(@A + 1A - D)+ [k + 2 —2)(ak + ad — a + D]agpz* 1}

1-2k Olk(/l)Zk_1

>p-1

<(a)l + 1A =D+ 2,k +21—2)(ak + al —a + 1)]ak(,1)}>
= — <1-p
1-27, 237¢))

That is that,
Z[(k+/1—2)(ak+al—a+1)+(1— Blawp <1—B— (ad+ 1)1 — 1)
k=2

This completes the proof of the theorem.

az?h'"(z) = zh'(2)
h(z) + h(z)

This shows that the values of ( ) lie in the circle centred at w = 1 whose radiusis 1 — § —

(a2 + 1)(1 — 2). Hence, h(z) is in the class H,(a, B).

To prove the converse, we assume that h(z) defined by (1.6) is in the class Hy(«, £). Then,

Re (azzh"(z) zh’(z)>

D h2)



R <azz(/12’1"1 — Yok + A — Da ()zF+4-2)
= Re

Z— Y, apzk

L ZAA=1D742 — B (e + 2= Dk + 4 = Da(D7*412)

Z— Y, apzk

) > pB, z€U.

az?’h'' (2) n zh'!(2)

Choose value of z on the real axis so that D ()

is real such that upon rearranging and by

letting z — 1~ through real values, we have

<aA(/'l - D+1-Yp(k+A—-1D(ak+al —2a+ 1)ak(A)> >3

1= X5 Gk
Therefore, a little computation yields
(A + DA -+ XAk +A1=-2)(ak+al—a+ 1D+ (A - Playpy <1- L.
Which obviously is the required result (3.1). Finally, we note that assertion (3.1) of Theorem 3.1 has the
extremal function

1—B8—(adA+1)(1—2)

M@ = G T Dkt ad—at D+ A= B)

]zk”—1 (k=2) (3.3)

Corollary 3.2 Let h(z) € T be in the class H,(a, §)then we have

1-8—(arA+ 1D -2

ak(l)s[(k+/1—2)(ak+al—a:+1)+(1— B)]

(k<2) (3.4)

Equality in (3.4) holds true for the function h(z) given by (3.3).

By taking A = 1 in the Theorem 2.1 we have the following:
Corollary 3.3..
A function f(z) of the form (1.2) is in the class H(a, ) if and only if

Z[(k —D(ak+1)+(1 - f)la,<1—-p Lashin[11]

oo
k=2



4. INCLUSION PROPERTY OF THE FUNCTIONS f2(z) € Hy(a, B)
Theorem 4.1 Let0 < a; < ayand 0 < B < 1. Then Hy(ay, B) € Hy(aq, B).
Proof. It follows from Theorem 3.1 that
Yreallk+A=2)(a1k+ad—a1+ 1)+ (1 — Bla < Yp=alk+ A —2)(ak +azA—ay +1) +
AI-PPlax<1-B—(axA+1D(A -2

for h(z) € H(ay, B). Hence h(z) € H(ay, B).

S. NEIGHBOURHOOD RESULTS

2[1-B-(aA+1)(1-1)]

Theorem 5.1 Hy(a, B) < Ns(e), where § = =——"——=="—

Proof. Let h(z) € Hy(a, B). Then, in view of Theorem 3.1, since (k + A — 2)(ak + adl —a + 1) +

(1 — B)isan increasing function of k (k > 2), we have

o)

(@ +ad+2+1= ) ) () < ) [(k+A-2)(ak+ai—a+ D+ (1~ f)la
k=2 k=2

<1-f—(ad+1)(1—-2) and

hence,

= 1-B— (a2 + 1)1 -2
kZz“kW = T DO+ =p) -1

We find from (3.1) on the other hand that

(ad+1)(A+1)
2

Yi=akar(D) = B iz ax(D) <1 =-B —(ad+ DA - A) (5.2)

From (5.2) and (5.1), we have

(ar+1)(A+1)

o 2k kar(D) < [1 =B = (ad + DA = D] + B L=z ax (D)

—B—(ak -2
<SMN1-B—-(aA+1D)A-D]+ B (l(aii?(;jl))(i ﬁ)))

< [1_[3—(a/1+1)(1—l)][1+m]



<[1-f— (a2 + 1)1 — )] [ oD |

(a2+1)(2+1)-B)

That is

zkak(/l)SZ[l_ﬁ_(WH_l)(l_/D]:& 53)
k=2

(ar+1D)A+1) - B

End of proof in view of the definition (2.1) of the definition 1.
6. INTEGRAL MEANS INEQUALITIES
Applying lemma 1 and (3.1), we prove the following theorem.

Theorem 6.1. Let § > 0. If h(2) € Hy(a, B), thenfor z = re’?, 0 < r < 1, we have

2T ] 5 2T ] 5
f Ih(rei®))’ a0 < j Iy (re®)|* s,
0 0

Where

[1-8 - (ad+ 11— 2)]
(@A+DA+D - B

hy(z) = z* — z*+1 (6.1)

Proof. Let h(z) defined by (1.6) and h,(z) be given by (6.1). We must show that

fOZH 1-— i ap(D)zk1t

k=2
By Lemma 1, it suffices to show that

8 2T _ _ _ )
20 Sf [1-B—-(ar+ 1)1 -2)]
0

Y Tarnarn-g Y

o)

B [1-8—(ad+ 1)1 - 2)]
1—Zak(/1)2" D % BTRE 5 B

k=2
Setting
= L [=B—(aA+ DI - 1]
1_;‘1"(’”2’( =l T Dar =g
we have

= L [1=B=(aa+ DA -D]
Z“"(’Dzk T T @+DGA+D-B

w(z) (6.2)

k=2



ag (1) zk1

v (@+DA+D- B
W@ = ) T (a T D=

k=2
From (6.2) and (3.1), we obtain

I~ @+na+n-p )
lw(z)| = ‘Z [1—/3—(a/1+1)(1—1)]a"(/1)zk 1

k
(@ +1D)A+1)— B
1-B - (@t + DA =D

a,(D)| < |z|.

< |Z|‘[

This completes the proof of the theorem.
Letting A = 1 in the Theorem 6.1 above, we have:
Corollary 6.2.

Let 6 > 0.If f(z) € H(a,B), thenfor z=re'®, 0 <r < 1, we have

2w ] s 2m ] s
[ 1re)do < [ Ip(re) s,
0 0

Where

a-p .,

f2(2) = (2a+—2—ﬁ)z

Letting @ = 0 in the above corollary, we have the following:

Corollary 6.3.

Let§ = 0.1f f(z) € T"(B), then for z = re’?,0 < r < 1, we have

2T ] s 2T ] s
[ 1rGe) a0 < [ |p(re®) as,
0 0

Where

a-p ,
2-p

f2(2) =

(See [11]).




7.  PARTIAL SUMS

In this section, we will examine the ratio of a function of the form (1.6) to its sequence of partial sums

defined by h,(z) = z* and h,,(2) = z — ¥}*_, a, (1) z***=1 when the coefficients of h are sufficiently

small to satisfy the condition (3.1) we will determine sharp lower bounds for Re (:((ZZ))) Re (h;((zz))).

In what follows, we will use the well-known result that

1-w(2)

R - 7
“T+w@)

>0, zeU,

if and only if

(0]

w(z) = 2 CrzkA1

k=2
satisfy the inequality
lw(2)| < |zl.
Theorem 7.1. If f(z) € H,(a, ), then
h(2) 1
Re( )21— zeUneN 7.1
@) = ( ) D
and
hn(2) Cn+1
R > € EN 2
e(h(z)>_1+cn+1 (zeUnen, (7.2)
_. (k+2-2)(ak+ar—a+1)+(1- B) . .
where (ck = @ DD ) The estimates in (7.1) and (7.2) are sharp.

Proof. We employ the same technique used by Silverman [15]. From (7.1), we may write
fA(@) 1
Cn+1 ) 7 x (1 - )
fi (2) Cn+1

o <fl<z) o 1 )

fnl(Z) Chn+1  Cn+1

10



Cn+1(Z/1 — Y, a ()2 ) - Cn+1(Z)L — ¥ a(A)zk A1 )\
| 47 = Sy (D7
n+1 Cnr1(Zh — X1, ap (D) A1) )

24 Ch1 = Cpia Y a (D — z4Chiq + Cpia D=2 Ax (D)zk+A1

+2% — Ty a2
Z)l — Z;{l=2 ay (A)Zk-l_/l_l

_ 7zt — Dh=2 Ak (A)Zk-u_l + Cnt1 D=2 ak(/l)zk-u_l — Cn+1 Dz ak()l)zk“_l

Zl — Z;{l=2 ay (/’Dzk+2.—1

1=k a2 = ey T (D2 1+ H(2)

1-31_, a,(A)zk-1 T 14+1(2)
Where
H(2) = = Xhoo (D2 — cpiq Tiensr a(D)zF?
and
1(z) = -YF_,a,(D)zF?
Set
1+H(z) 1-w(2)
1+1(z) 1+w(2)
So that
(o O —HE)
Y E0THR) + 1(2)
Then
w(z) = - 22:2 ak(l)zk_l + Zgzz ak(/DZk_l + Cny1 Zlio:n+1 ak(/l)zk‘l
2= YiaDzF1 =i X e (DzF = ¥R a (D) zk1
W(Z) _ Cn+1 Zl?:n+1 ag (A)Zk_l
2—2 Zﬁ:z ak(/DZk_l — Cn+1 Zl?=n+1 ak(l)zk_l
Cn+1 Zl?=n+1 ak(/l)zk_l
lw(2)| < n k—1 0 k-1
2 — 22]{:2 ak(/l)z — Cn+1 Zk=n+1 ak(/DZ
and

11



Cn+1 Zl?:n+1 ak(/l)
2—2 ZZ:Z ap (1) — cpy1 Zl?:n+1 a, (1)

lw(2)| <

To see that |w(z)| < 1ifand only if

0 n
Cn+1 Z a, (1) +Z a,(D) <1
k=n+1 k=2
we note that
n (o)
D 1= ) a4
k=2 k=n+1

and

T 2-2(1 —cpy1 Zpens1 @k D) — cpg1 Zpengr (D)

Cn+1 Zkent1 (D)
—2+2 Z}?:n+1 ag (/D — Cn+t1 Z}?:n-m ak(l)

w(2)] <5

|W(Z)| < Cn+1 ZE=n+1 ak(l) <1
Cn+1 Zken+1 A (D)

This readily yields assertion (7.1) of Theorem 7.1
Similarly, we take f(z) = z — Yo, aiz® and f,(z) = z — X%, a,z® to get

fn/l(z) Chn+1
fiz) 1+ cn+1>

1 +Cn+1<

—14c zh = Yoy a(D)zF A1 _ Ctha1
"z - Yoo a(DzFHA1 14 gy

(1 + cpy) (2 = X0, ar D2 — ¢ (24 — Ty (D) ZF A1 >

S C"*”( (1 + eny) (24 = Ly ax (24471

_ 24 = Ve a2+ zep g — Cngt Tiemp e (D271 — 261 + Cppy Xy @ (D241

- (Z/l _ Z;?:z ak(/l)zk”l‘l )

_ 7zt — D=2 ax Dz 4 ¢y Yk=n+1 Ak (D)zk+A-1
(2% — X2, ap(M)zF+A1)

_ 1- 2}::2 ak(l)zk_l + Cny1 Zl?:n+1 ak(/l)zk_l)
(1= Xpo, ar(DzF1)

12



1= 3, a2+ i B (D) 14 ()

(1 =X a(Dz) “1+L(2
Where
k-1
J(2) ==Y, a, Mz + cpp 2 Y Dz
and
L(z) = - X, ar(Dz"?

Again, set

1+](2) 1-w(2)

1+L(z) 1+w(z)
We have

PG Ll ()
2+]J(z) + L(2)
ey = Dk D+ By 6~ i B a2
2 = Yk=2 U DzE1 + iy Xieper D zk1 = ¥, a (D) zF1
w(z) = — Sient1 G2 — g Bilpi a2
2 = YR axDzF 1+ cpyg Xpenyr (D zK1 =30 ae(DzF1 = ¥R, ap (D) zF1

and

(1 + Cn+1) Zlciozn+1 ag (A)Zk_l
2= 2% ax(DzF1 4+ (1 = cpyg) Xiensr e (D21

lw(2)| = |-

(1 + Cn+1) Zlciozn+1 ag (/1)
2-2 2113=z ag (A) + (1 - Cn+1)) Zl?:n+1 ag (A)

lw(2)| =

To see that |w(z)| < 1ifand only if

0 n
e ). @)+ @) <1
k=n+1 k=2
We note that
(o) n
i ) G <1- ) @)
k=n+1 k=2

13



and

Yhen+1 e (D) +1 =Y »a,(D)
2-2%pa,(D) =1+ 2R, a (D) + X1 a(A)
Yhen+1 (D) +1 =X, a, ()

W = DT IS4 D~

lw(z)| =

This immediately yields assertion (7.2) of Theorem 7.1.

Following similar argument, the ratios , Re (:, ((?)) and Re (';1’}((22))) involving derivatives may be obtained

as well.
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