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REFINEMENTS AND REVERSES OF HOLDER’S INEQUALITY
FOR ISOONIC FUNCTIONALS VIA A RESULT OF
CARTWRIGHT AND FIELD

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some refinements and reverses of Holder’s
inequality for isotonic linear functionals by the use of a Cartwright and Field
result from 1978. Applications for integrals and sequences of real numbers are
also given.

1. INTRODUCTION

Let L be a linear class of real-valued functions g : £ — R having the properties

(L1) f, g € L imply (af + Bg) € L for all a, 5 € R;

(L2) 1€ L, ie.,if fo(t)=1,t € E then fy € L.

An isotonic linear functional A : L — R is a functional satisfying

(A1) A(af+Bg)=aA(f)+BA(g) forall f, g€ L and o, § € R.

(A2) If fe Land f >0, then A(f) > 0.

The mapping A is said to be normalised if

(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analy-
sis which enjoy a number of convenient properties. Thus, they provide, for example,
Jessen’s inequality, which is a functional form of Jensen’s inequality (see [3], [15]
and [16]). For other inequalities for isotonic functionals see [2], [4]-[14] and [17]-[19].

We note that common examples of such isotonic linear functionals A are given
by

Atg) = [ gduor 4(9)= 3 ma
E keE
where p is a positive measure on E in the first case and F is a subset of the natural
numbers N, in the second (py > 0, k € E).
One of the most important inequalities for positive linear functionals is Hélder’s
inequality, namely

(1.1) A(fg) < AMP(f7) AM9(g%)
provided f, g > 0on E, f?, g, fg € L and p, ¢ > 1 with %"’%:1‘

In particular, if f, g > 0 on E with f2, g%, fg € L then we have the Cauchy-
Bunyakouvsky-Schwarz (CBS) inequality for isotonic functionals

(1.2) A(fg) < AV (f2) A2 (g%).
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We have the following inequality that provides a refinement and a reverse for the
celebrated Young’s inequality

(b—a)’

(1.3) %I/(I—V)M <(1l-v)a+vb- al~vp (l—l/)m

1
max {a, b} 2
for any a, b > 0 and v € [0,1].

This result was obtained in 1978 by Cartwright and Field [1] who established a
more general result for n variables and gave an application for a probability measure
supported on a finite interval.

Motivated by the above facts, we establish in this paper some refinements and
reverses of Holder’s inequality for isotonic linear functionals by the use of Cartwright
and Field inequality (1.3). Applications for integrals and sequences of real numbers
are also given.

2. REFINEMENTS AND REVERSES OF HOLDER’S INEQUALITY

We have the following reverse of Holder’s inequality for isotonic functionals:

Theorem 1. Let A: L — R be a normalised isotonic functional and p, ¢ > 1 with
%‘F % =1.If f, g: E — R are such that fg, f?, g9, g2, f2/, ¢°f? € L and

(2.1) O<m < f<M <oo, 0<mg <g< M, < oo,

for some constants my, My, mo, Mo, then by putting

(2:2) Mpq := max { (Jf) (nﬂf)}

we have
1 (9°9) A(gfr) A
(2.3) 0< 2api, ( A2 (g7) 2A(gq)A(fp) v (f”))
1o A(f9)

[A(f2)]"/7 [A (g)]"*
< M4 (A (ng) 9 A(g9f?) A (f2p)> .

- 2qp -

+
A% (g7)  A(gD) A(fP) - A2(fP)
Proof. Observe that, by (2.1) we have
g < A(f7) < MP and m < A(g") < M},

@1) : A{;m = <Jnf)

Also

and

giving that
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where
. mi P mao B . 1 1
mpg o =ming {7 =min g g T
my mo
1 1
max{(%—i)p, (%—z)q} Myq
Using the inequality (1.3) for v = %, a= %;,), = %;q) we get

1 g4 7\
0= S, <A<gq> B A(fp))
LA S N | g
AP a A9 [A(fR)]YP (A (g9)

<MP,q< g1 . fr )2
~ 2qp \A(g9) A(fr))

which can be written as

1 g% gt f? i
(24) 0= Sepii,, (A2 ) AN Agn T (f,,))
L1y g
TpA(P) g Agn) (AP A (g0
Mp.q g% _ 97 fP fr
= 2 (A2 ) A A A <fp>>‘

If we take the functional A in (2.4), then we get

1 <A<92q> , Al) A(pr)>

A2(g1)  CA(g)A(fr) T A2 (fP)
LA(P) | 1A(gY) A(fg)

SpAUY) T qAlg) A A (g
< Mpyq (A(QZq) 5 AWG'fP) A(f2p)>

< _
2qup,q

=g \A2(g7)  CA(g)A(fr) | A2(f7)

which is equivalent to the desired result (2.3). O

We have the following refinement and reverse of (CBS)-inequality:

Corollary 1. Let A: L — R be a normalised isotonic functional and f, g: E — R
are such that fg, 2, g%, g*f?, g*, f* € L and the condition (2.1) is valid for some
constants my, My, mo, My, then by putting

MlM2}

(2.5) M := max { ,
mi1 Meag
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we have
1 [ AgY) A(gPF) | AUY
(2.6) N YE (Az(gz)_2A(g2)A(f2)+A2(f2)>
A(fg)
[A(F2)]? [A(2)]?
<2 <A<g4> o AT AL ) |

() AR AP T AZ(P)

We also have:

Theorem 2. Let A: L — R be a normalised isotonic functional and p, ¢ > 1 with
% + é =1.1If f, g : E — R are such that fg, f?, g? 9 L ¢ L and the condition

9 Fa gT
(2.1) is valid for some constants my, My, mo, My, then we have
1 A(f?) (g"> A(g) (fp) )
2.7 0< Al= )+ Al— | -2
@7 2qpMp,q (A (99)  \fP) A(fP) \g?
<1- A(fg)

APTAE
< (S () At (5) )

where M, , is defined by (2.2).

Proof. Since ab = min {a, b} max {a, b} for any a, b > 0, then from (1.3) we have

1 b—a)’
7 (1 — v) min {a, b} ( aba)
1 b—a)’
S(l—zx)a—i—ub—al*”bygfu(l—u)max{a,b}( @) ,
2 ab
where v € [0, 1].
This can be written as
1 b
(2.8) SV (1 —v)min{a,b} (a + % - 2)
1 b

§(171/)a+1/b7a1*”b”§§

v (1 — v) max {a, b} (a+22>,

for any a, b > 0.

Using the inequality (2.8) for v = %, a= A{;p), b= A?qu) we get
1 A(FP) g7 A(g?) FP
(2.9) 0< ( U g (g)f—2)
2qpMyq \ A(g9) f2 A(f?) g
L/ 1y f g

SPAG) T qAGD (A (A
1 (AUT g A P
—2qup‘I<A<gq>fp A(f7) g7 2)'
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If we take the functional A in (2.9), then we get

)
0= g, (2 (7)< i () -2)
LAGY) 1A A(fo)

SPAUT) T qAlgh) A A ()

(A () - 240 (2) ).

which is equivalent to (2.7). O

We have the following refinement and reverse of (CBS)-inequality:

Corollary 2. Let A: L — R be a normalised isotonic functional and f, g: E — R
2 2

are such that fg, f%, ¢°, ?—2, ’g% € L and the condition (2.1) is valid for some

constants my, My, ma, My, then we have

eoosgr (G (F) HA (F) 2)

A(fg)
[A(F2)? [A(g2)]"?

(S 3) 4845

where M is defined by (2.5).

<1-

If we write the inequality (1.3) for a = 1 and b = x we get

(2= 1)
S R _av <
max {x,1} ~ vhvr s e s

(z—1)°

1
(211)  GrA-v) min {z, 1}

v(l—v)

N | =

for any « > 0 and for any v € [0,1].
If x € [t,T] C (0,00), then max {z,1} < max{T,1} and min {¢,1} < min {z,1}
and by (2.11) we get

1 in, —-1? 1 —1)°
(2.12) Loy Bitecen @=D° 1 ) @-1)
2 max {T,1} 2 max {7, 1}
<l—-v+ve—2a2"
1 (z— 1)
< Z )
- 2V(1 v) min {¢,1}
2
1 max e[, 7] ( — 1)
< p(l- ’
SgrU=v — e n

for any z € [t,T] and for any v € [0,1].
Observe that
(T-1*ifT <1,
min (z—1°={ 0ift<1<T,
=ElT] t—1)%if1<t
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and
t—1)%ifT <1,
ﬂ%ﬁx—n2= mm{u—1f4T—1f}ﬁtg1gﬂ
zelt,
(T —1)° if1 <t
Then
min,ep g1 (2 — 1) (T-1?2 T <1,
(2.13) c(t,T) = —=ElbT] —{ 0ift<1<T,
max {T,1} -0 <
T
and
T -1 2
(2.14) C(1,T) = 2acit (@ 1)

min {¢,1}
@=D* 4 p <,

t

—{ Lmax (t—1)2,(T—1)2} ift<1<T,
(T —1)? if 1 <t

Using the inequality (2.12) we have

12
(2.15) %u(l—u)c(t,T) < ;V(l—y)n%
<l—-v+4ve—2a"
1 (x—1)°> 1
< il/(lfy)m < iy(lfu)C’(t,T)

for any x € [t,T] and for any v € [0, 1].
Now, if @, b > 0 and assume that g € [t,T], then by (2.15) we get

(2.16) %V(l—l/)c(t,T)a < %l/(l _V)ngi{T,)l}a
<(l-v)a+uvb—b'a'""
1 (b—a)’ 1
< 51/(1—1/)m < §V(1—Z/)C(t,T)CL

for any v € [0,1], where ¢ (¢,T) and C (¢,T) are defined by (2.13) and (2.14),
respectively.

Theorem 3. Let A: L — R be a normalised isotonic functional and p, ¢ > 1 with
2

%Jr % =1.1Iff, g: E— R are such that fg, f?, g9, 5}—; € L and (2.1) is valid for

some constants my, My, ms, Mo, then by putting

we have
@18 0= zpq;zp,q (# (gf> )i [A(fp)]?/f’ﬁ)<gq>1”q

1 - A(fP) 4 (9 1L - e 2
< — <) = < _ )
- 2qup’q <A2 (gQ)A ( fP 1)< 2qup’q (Mp’q 1)
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Proof. Observe that, by (2.1) we have
my < A(fP) < MY and md < A(g7) < MJ.

my p fp ]\41 p Mo q gq M2 q
() =t = () = (52) = 5% = ()

giving that

Also

(5)" _ st _ (%)
(2.19) (Lji)p < A{;p) < (}\%)p.
Since

)

then by (2.19) we have

1 A(g7) ~
7 S i S Mg
pa A
Now by (2.16) for a = A{;p), b= Aggqq), v= %, t= Mi,q and T = M, , we have
1 A(fP) g* 9° 7 )
2.20 0< —— 9" n
(220) 2pqMy.q <A2 (97) /7 Ag?)  A(fP)
N G ) f g

p AR Al A ()7 (4 (g

(AU P )
S opg M <A2 () 7~ 2A(gn T AG)
2
1 -~ 1 N 2 fr
fzqup’qmaX{@p, 1) (W= 1) }A(f”)
P

q
1 2 ¥
= oy (M~ 1) .
2pg PN A(f?)
If we take the functional A in (2.20), then we get

1 A(fP) (%N LAWY AP
0= 2pq M, 4 <A2 (g‘f)A < fr > 214(9‘1) - A(f”))
<1 A(fP) [ 1TA(gY) A(fg)

pPAP) T aAlg)  [A(f2) P [A (g0)]

U (AU, () Al | AG)

< %Mp,q <A2 (gq)A (gfp> B 2A(zq) A(fp)>
1 - (- 2A(fP

< g oo (Mo =1) 10557

which is equivalent to the desired result (2.18).

We have the following refinement and reverse of (CBS)-inequality:
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Corollary 3. Let A: L — R be a normalised isotonic functional and f, g: E — R
4

are such that fg, f?, g°, ?—2 € L and the condition (2.1) is valid for some constants

mq, M1, ma, Ms, then by putting

. My M.
Mo="1"2

mimsa

(2.21)

we have

(2.22) 0< Ve (AQ (QQ)A <f2> 1) <1 (A (fz)]l/Q [A (92)]1/2
g4

(A (1)
3 <A2(<92)>A(f?) ‘1) <)

3. APPLICATIONS FOR INTEGRALS

N

IN

Let (2, A, 1) be a measurable space consisting of a set {2, a o -algebra A of
subsets of 2 and a countably additive and positive measure p on A with values
in RU {oo}. For a p-measurable function w : Q@ — R, with w (z) > 0 for u -a.e.
(almost every) z € Q and p > 1 consider the Lebesgue space

L (Q,u) :={f:Q— R, fis p-measurable and /Q If (2)]” w (z) dp (z) < oo}

For simplicity of notation we write everywhere in the sequel fQ wdp instead of
Jow (x)dp(z). The same for other integrals involved below. We assume that

Jowdp = 1.
Let f, g be py-measurable functions with the property that

(3.1) O<m < f< M <oo, 0<my<g< My < o0,

p-almost everywhere (a.e.) on 2 for some constants my, My, ma, Ms, then by (2.3)
we have

(32) 0<-— ( b wgzqduz Lo Jowetfrdp  Jow/*dp )
2qpMp 4 (fo, wg?dp) Jowgtdp [ wfrdp (Jo wfpdu)2
1 Jowfgdu
S (fQ wfpd/i)l/p (IQ wqup)l/q
T PR
T 2ap \ ([, wqu,u)Q Jowgddp [ wfPdu (f;, wfpdu)Q ’
where

(3.3) Mp.q = max{(ﬁﬁY’ <%j>q}

andp,q>1with%+%:1.
In particular, we have for

(3.4) M = max {Ml M‘Z}

ml’mg
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that

Jowg'dp Jowg? fdu Jowftdu
3.5 0< )
I T e e
B Jowfgdu
(Joywf2dp) ' (fywo2dp) '
M Jo wg4du2 o Jowg'fdp N Jo wf4du2 .
8\ (Jowgdp) Jowg*dn JowfPdu— (f wf2dp)

Let f, g are p-measurable functions with the property (3.1), then by (2.7) we have

(3.6) 0<_ 1 <fﬂwfpd“ wdy Jowg'dn [ 17, —2)

wl
= 2gpMy g \ [ wgldp fp Jowfrdp Jo g s
o1 Jowfgdu
T (Jpwfrde) " (fy wquu) Ve
P
M (b ot ot [ )
2qp \ Jowgldp Jowfrdp Jo g

where M, , is defined by (3.3) and p, ¢ > 1 with 1% + % =1.
In particular, we have

1 ([ Jowf*du [ g qwgldp f2
(B7) 0= on (Ingsz /Qwﬁdu wideu/ )
B Jowfgdu
(Jowfdn)'"” (f, wg?du)l/ i
M? ([ wfdp fg wg?dp f2 B )
<f9 wgdp / f2 fQ wf2dp / 2
where M is defined by (3.4).

Let f, g are p-measurable functions with the property (3.1), then by (2.18) we
have

1 JowfPdp
3.8 0< = d —1
(38) 2pq M, q < fQ UngdM / 7 8 )

B Jowfgdu
(Joywfrdu) " (f, wquu) i

1 - Pd 1 - . 2
S5 My, fQ v / dﬂ 1] <=My, (Mp,q - 1) )
2pq (f, wquu 1P 2pq
where

(3.9) Mpa = (vﬂrﬁ)p (vﬂvﬁ)q

andp7q>lwith%+%:1
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In particular, we have

1 JowfPdp
(3.10) 0< YV ( ngdu / f2 )

B Jowfgdu
(Joywi2du)'" (f,, W"du)”2

- 2d - - 2
§1M2 M 2d §1M2(M2f1> ,
57\ Uy uwgrdn)” Jo S 8
where
(3.11) N = Midy
mimso

4. APPLICATIONS FOR REAL NUMBERS

We consider the n-tuples of positive numbers a = (ay, ...,a,), b = (b1, ...,b,) and
the probability distribution p = (p1,...,pn), i.e. p; > 0 for any i € {1,...,n} with
Z?:l p; = 1. If there exist the constants my, M7, ms, Ms, such that

(4.1) O<my <a; <M <00, 0<mg <b; <My < o0,

for any ¢ € {1,...,n}, then by (3.2) and (3.5) for the counting discrete measure, we
have

n 2 n n 2
(4.2) 0< 1 Zi=1pibiq _ 221 1pz b! p + Zizlpiaip
T 2apMyg \ (X0, pib)? s pibi Xl pial (X0 pial)’
Z;L 1pzazbz
1
(S pia?) M (S, pib?)
Mp,q ( Zi:l pib?q 22¢:1 pibja; i Z?:1pia?p
( )

<1-

IN

2p \ (Si ) Xiapbi Eiiipial (S pial)’

P q
where an:max{(%) ,(@> },p,q>1with%+%:1 and

ma mo

< —
8M* Z?:lpib?)2 Dlim pib? 1 pial (X pia?
Z:L 1pla'7,bz
n 1/2 1/2
(0 paa2) 2 (0, pib?)Y

<W< Siapbl XL ipba? YL paf
) )

(4.3) 0 1 ((Z?_lpib? 22? 1pz b? 2 + Z?:l pia?)2>

<1-

T8\ b)Y pia (X pia?)’

o My, M,
where M := max{m1 e }

From (3.6) and (3.7) we have
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1 Sy piap s~ b Y pibl < af
44)  0< = Pigy S ) Pigy 2
(44) 2qpMp 4 (Zi_ﬂ%bg ; ay Zi:lpiafiz::l b

> i1 Piaib;
1
(S piad) P (S0 mbq) .
Myy [ X, pia] & bq z i=1 Pl

<o (Bpzd S Zhant S ),

2qp 1 i=1 i l’il

<1-

where M), 4 is as above and p, ¢ > 1 with % + E =1
In particular, we have

o ve s (B s
. _8M2 7, lplbsi 1 b 2 ?lpl 121' 1 ?
“1_ >y Diaib;

1/2 1/2

(X, pia >/<zz 1pzb2>/
M? pia pib
< = 112 71 211

where M is as above.
. Y M \P ()9 .
By putting M, , := (—1) (—2> and using (3.8) we have

maq mao
1 piaj
4.6 0< = i=1 2 -1
( ) - 2qup,q (( n_ 2 Z )
<q1_ > 1piaibi

(S, pidt >/”<z b%”q
oL ( Xmpial Z ——1 < L (M —1)2
= 2pqg P (> b) ~n a\2 2 P,q P.q )

i=1PiY%; i=1 Z

Wherep,q>1with%+5:1.
Finally, if M := % then by (3.10) we have

1 = 1p1 _
LR ((2” QZ )
ZZ 1piaibi

(X pia?) 2 (2 b2>”2

< (FRmh S -1) <o (i)
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