
SOME INEQUALITIES OF HÖLDER TYPE FOR QUADRATIC
WEIGHTED GEOMETRIC MEAN OF BOUNDED LINEAR

OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR1;2

Abstract. In this paper we consider the quadratic weighted geometric mean

Ts�V :=
����V T�1��� T ��2

for bounded linear operators T; V in the Hilbert space H with T invertible
and � 2 [0; 1]. Using the celebrated McCarthy�s inequality we show that


Ts1=pV x; x
�
�
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
for any x 2 H; where p; q > 1 with 1

p
+ 1

q
= 1: We also provide some norm

inequalities such as






nX
j=1

pjTjs1=pVj







 �







nX
j=1

pj jVj j2







1=p 







nX
j=1

pj jTj j2







1=q

for any n-tuples of invertible operators (T1; : : : ; Tn) ; (V1; : : : ; Vn) and any n-
tuple of positive weights. (p1; :::; pn).

1. Introduction

Let A be a nonnegative operator on the complex Hilbert space (H; h�; �i), namely
hAx; xi � 0 for any x 2 H: We write this as A � 0:
By the use of the spectral resolution of A and the Hölder inequality, C. A.

McCarthy [18] proved that

(1.1) hAx; xip � hApx; xi ; p 2 (1;1)
and

(1.2) hApx; xi � hAx; xip ; p 2 (0; 1)
for any x 2 H with kxk = 1:
For various related inequalities, see [1], [2], [8]-[12] and [16]-[17].
Assume that A; B are positive operators on a complex Hilbert space (H; h�; �i) :

The weighted operator arithmetic mean for the pair (A;B) is de�ned by

Ar�B := (1� �)A+ �B:
In 1980, Kubo & Ando, [15] introduced the weighted operator geometric mean for
the pair (A;B) with A positive and invertible and B positive by

A]�B := A
1=2
�
A�1=2BA�1=2

��
A1=2:
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If A; B are positive invertible operators then we can also consider the weighted
operator harmonic mean de�ned by (see for instance [15])

A!�B :=
�
(1� �)A�1 + �B�1

��1
:

We have the following fundamental operator means inequalities, or Young�s in-
equalities

(1.3) A!�B � A]�B � Ar�B; � 2 [0; 1]

for any A; B positive invertible operators. For � = 1
2 ; we denote the above means

by ArB; A]B and A!B:
For some new reverses and re�nements of Young�s inequality see [3]-[4], [13]-[14],

[19] and [21].
We denote by B�1 (H) the class of all bounded linear invertible operators on

H: For T 2 B�1 (H) and V 2 B (H) we de�ne the quadratic weighted operator
geometric mean of (T; V ) by [6]

(1.4) Ts�V :=
�����V T�1��� T ���2

for � � 0: For V 2 B�1 (H) we can also extend the de�nition (1.4) for � < 0:
By the de�nition of modulus, we also have

(1.5) Ts�V = T
� ��V T�1��2� T = T � �(T �)�1 V �V T�1�� T

for any T 2 B�1 (H) and V 2 B (H) : For � = 1
2 we denote

TsV :=
�����V T�1��1=2 T ���2 = T � ��V T�1��T = T � �(T �)�1 V �V T�1�1=2 T:

It has been shown in [6] that the following representation holds

(1.6) Ts�V = jT j2 ]� jV j2

for T; V 2 B�1 (H) and any real �:
We have the following fundamental inequalities extending (1.3):

(1.7) jT j2r� jV j2 � Ts�V � jT j2!� jV j2

for T; V 2 B�1 (H) and for � 2 [0; 1]. In particular, we have

(1.8) jT j2r jV j2 � TsV � jT j2! jV j2

for T; V 2 B�1 (H) :
We have the following identities [7] as well

(1.9) (Ts�V )
�1
= (T �)

�1s� (V
�)
�1 and Ts1�tV = VstT

for any T; V 2 B�1 (H) and � 2 [0; 1] :
In this paper we establish some Hölder type inequalities for the quadratic weighted

operator geometric mean for both a pair and two n-tuples of invertible operators on
the Hilbert space H: Re�nements, reverses and norm inequalities with applications
to the usual weighted operator geometric mean are also given.
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2. Some Hölder�s Type Inequalities

We have the following result:

Theorem 1. Let T 2 B�1 (H) and V 2 B (H) : Then for p; q > 1 with 1
p +

1
q = 1

we have that

(2.1)


Ts1=pV x; x

�
�
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
for any x 2 H:
In particular, we have

(2.2) hTsV x; xi �
D
jV j2 x; x

E1=2 D
jT j2 x; x

E1=2
for any x 2 H:

Proof. By the inequality (1.2) we have

(2.3) hA�u; ui � hAu; ui� ; � 2 (0; 1)

for any u 2 H with kuk = 1:
If we take in (2.3) u = y= kyk for y 6= 0; then we have

(2.4) hA�y; yi � hAy; yi� hy; yi1��

for any y 2 H:
Let T 2 B�1 (H) and V 2 B (H) : If we take in (2.4)A =

��V T�1��2 = (T �)�1 V �V T�1
and � = 1

p 2 (0; 1) ; then we have

(2.5)
D��V T�1��2=p y; yE � D(T �)�1 V �V T�1y; yE1=p hy; yi1=q

for any y 2 H:
Now, if we take in (2.5) y = Tx; x 2 H; then we getD��V T�1��2=p Tx; TxE � D(T �)�1 V �V T�1Tx; TxE1=p hTx; Txi1=q

that is equivalent toD
T �
��V T�1��2=p Tx; xE � hV �V x; xi1=p hT �Tx; xi1=q

for any x 2 H; which proves (2.1). �

If we assume that A; B are positive invertible operators, then by taking T = A1=2

and V = B1=2 in (2.1) and (2.2) we get for p; q > 1 with 1
p +

1
q = 1 that

(2.6)


A]1=pBx; x

�
� hAx; xi1=p hBx; xi1=q

for any x 2 H:
In particular, we have

(2.7) hA]Bx; xi � hAx; xi1=2 hBx; xi1=2

for any x 2 H:
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Remark 1. If we use the inequality (1.7) for � = 1
p and take the inner product,

then we get

(2.8)


Ts1=pV x; x

�
� 1

p

D
jV j2 x; x

E
+
1

q

D
jT j2 x; x

E
for any x 2 H:
By the elementary inequality

a1=pb1=q � 1

p
a+

1

q
b;

that holds for a; b > 0 and 1
p +

1
q = 1 with p; q > 1; we haveD

jV j2 x; x
E1=p D

jT j2 x; x
E1=q

� 1

p

D
jV j2 x; x

E
+
1

q

D
jT j2 x; x

E
and by (2.1) we deduce


Ts1=pV x; x
�
�
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
(2.9)

� 1

p

D
jV j2 x; x

E
+
1

q

D
jT j2 x; x

E
for any x 2 H; which provides a re�nement of (2.8).
Since D

jV j2 x; x
E
= kV xk2 and

D
jT j2 x; x

E
= kTxk2

then (2.1) is equivalent to

(2.10)


Ts1=pV x; x

�1=2 � kV xk1=p kTxk1=q ;
for any x 2 H; where p; q > 1 with 1

p +
1
q = 1, while (2.2) is equivalent to

(2.11) hTsV x; xi � kV xk kTxk
for any x 2 H:
Since


Ts1=pV x; x
�
=

������V T�1��1=p T ���2 x; x� = 


��V T�1��1=p Tx


2 ; x 2 H
then the inequality (2.10) can also be written as

(2.12)



��V T�1��1=p Tx


 � kV xk1=p kTxk1=q ; x 2 H

while the inequality (2.11), as

(2.13)



��V T�1��1=2 Tx


2 � kV xk kTxk ; x 2 H:

Corollary 1. With the assumptions of Theorem 1 we have the norm inequalities

(2.14)


Ts1=pV



1=2 � kV k1=p kTk1=q and kTsV k � kV k kTk :
Equivalently, we have

(2.15)



��V T�1��1=p T


 � kV k1=p kTk1=q and 


��V T�1��1=2 T


2 � kV k kTk :
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The proof follows by (2.10) and (2.11) on taking the supremum over x 2 H;
kxk = 1:
If we assume that A; B are positive invertible operators, then by taking T = A1=2

and V = B1=2 in (2.14) we get for p; q > 1 with 1
p +

1
q = 1 that

(2.16)


A]1=pB

 � kAk1=p kBk1=q and kA]Bk2 � kAk kBk :

Further on, consider the Cartesian product B�1;(n) (H) := B�1 (H) � � � � �
B�1 (H) ; where B�1 (H) denotes the class of all bounded linear invertible oper-
ators on H:

Corollary 2. Let (T1; : : : ; Tn) ; (V1; : : : ; Vn) 2 B�1;(n) (H) and (p1; :::; pn) 2 R�n+
be an n-tuple of nonnegative weights not all of them equal to zero. Then we have

(2.17)

*
nX
j=1

pjTjs1=pVjx; x

+
�
*

nX
j=1

pj jVj j2 x; x
+1=p* nX

j=1

pj jTj j2 x; x
+1=q

for any x 2 H; where p; q > 1 with 1
p +

1
q = 1; and, in particular

(2.18)

*
nX
j=1

pjTjsVjx; x
+
�
*

nX
j=1

pj jVj j2 x; x
+1=2* nX

j=1

pj jTj j2 x; x
+1=2

for any x 2 H:

Proof. From inequality (2.1) we have

(2.19)


Tjs1=pVjx; x

�
�
D
jVj j2 x; x

E1=p D
jTj j2 x; x

E1=q
for any j 2 f1; :::; ng and x 2 H:
If we multiply by pj � 0; j 2 f1; :::; ng and sum over j from 1 to n; then we get

(2.20)

*
nX
j=1

pjTjs1=pVjx; x

+
�

nX
j=1

pj

D
jVj j2 x; x

E1=p D
jTj j2 x; x

E1=q

for any x 2 H:
Now, on making use of the weighted Hölder discrete inequality

nX
j=1

pjajbj �

0@ nX
j=1

pja
p
j

1A1=p0@ nX
j=1

pjb
q
j

1A1=q

; p; q > 1;
1

p
+
1

q
= 1;
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where (a1; :::; an) ; (b1; :::; bn) 2 Rn+ and choose aj =
D
jVj j2 x; x

E1=p
while bj =D

jTj j2 x; x
E1=q

; then we get

nX
j=1

pj

D
jVj j2 x; x

E1=p D
jTj j2 x; x

E1=q
(2.21)

�

0@ nX
j=1

pj

�D
jVj j2 x; x

E1=p�p1A1=p0@ nX
j=1

pj

�D
jTj j2 x; x

E1=q�q1A1=q

=

0@ nX
j=1

pj

D
jVj j2 x; x

E1A1=p0@ nX
j=1

pj

D
jTj j2 x; x

E1A1=q

=

*
nX
j=1

pj jVj j2 x; x
+1=p* nX

j=1

pj jTj j2 x; x
+1=q

for any x 2 H:
On using (2.20) and (2.21) we deduce (2.17). �

Corollary 3. With the assumptions of Theorem 2 we have the norm inequalities

(2.22)








nX
j=1

pjTjs1=pVj







 �







nX
j=1

pj jVj j2







1=p 







nX
j=1

pj jTj j2







1=q

and

(2.23)








nX
j=1

pjTjsVj







 �







nX
j=1

pj jVj j2







1=2 







nX
j=1

pj jTj j2







1=2

where p; q > 1 with 1
p +

1
q = 1:

Remark 2. If (A1; : : : ; An) ; (B1; : : : ; Bn) are positive invertible operators, then by
taking Tj = A

1=2
j ; Vj = B

1=2
j in (2.17) and (2.18) we get

(2.24)

*
nX
j=1

pjAj]1=pBjx; x

+
�
*

nX
j=1

pjAjx; x

+1=p* nX
j=1

pjBjx; x

+1=q
and, in particular

(2.25)

*
nX
j=1

pjAj]Bjx; x

+
�
*

nX
j=1

pjAjx; x

+1=2* nX
j=1

pjBjx; x

+1=2
for any x 2 H; where p; q > 1 with 1

p +
1
q = 1:

By the use of (2.22) and (2.23) we get the norm inequalities

(2.26)








nX
j=1

pjAj]1=pBj







 �







nX
j=1

pjAj








1=p 







nX
j=1

pjBj








1=q
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and, in particular

(2.27)








nX
j=1

pjAj]Bj







 �







nX
j=1

pjAj








1=2 







nX
j=1

pjBj








1=2

;

where p; q > 1 with 1
p +

1
q = 1:

3. Refinements and Reverses

We need the following lemma that is of interest in itself, [5]:

Lemma 1. Let A be a positive operator, namely hAy; yi > 0 for any y 2 H; y 6= 0
and � 2 (0; 1) n

�
1
2

	
. Then for any y 2 H with kyk = 1; we have

2r hAy; yi��
1
2

�
hAy; yi1=2 �

D
A1=2y; y

E�
(3.1)

� hAy; yi� � hA�y; yi

� 2R hAy; yi��
1
2

�
hAy; yi1=2 �

D
A1=2y; y

E�
;

where r := min f1� �; �g and R := max f1� �; �g :

Proof. We use the following double inequality obtained by Kittaneh and Manasrah
[13], [14] that provide a re�nement and an additive reverse for Young�s inequality
as follows:

(3.2) r
�p
a�

p
b
�2
� (1� �) a+ �b� a1��b� � R

�p
a�

p
b
�2

where a; b � 0, � 2 [0; 1]; r = min f1� �; �g and R = max f1� �; �g :
This is equivalent to

(3.3) r
�
a� 2

p
a
p
b+ b

�
� (1� �) a+ �b� a1��b� � R

�
a� 2

p
a
p
b+ b

�
for any a; b � 0, � 2 [0; 1]:
Fix a � 0 and by using the continuous functional calculus, we have by replacing

b with the operator A � 0 that

r
�
aI � 2

p
aA1=2 +A

�
� (1� �) aI + �A� a1��A�(3.4)

� R
�
aI � 2

p
aA1=2 +A

�
:

Therefore, by (3.4) we have

r
�
a� 2

p
a
D
A1=2y; y

E
+ hAy; yi

�
� (1� �) a+ � hAy; yi � a1�� hA�y; yi(3.5)

� R
�
a� 2

p
a
D
A1=2y; y

E
+ hAy; yi

�
for any y 2 H with kyk = 1 and any a � 0:
Now, if we take a = hAy; yi with y 2 H and kyk = 1; then by (3.5) we get

2r hAy; yi1=2
�
hAy; yi1=2 �

D
A1=2y; y

E�
� hAy; yi1�� (hAy; yi� � hA�y; yi)

� 2R hAy; yi1=2
�
hAy; yi1=2 �

D
A1=2y; y

E�
and, by dividing with hAy; yi1�� > 0; we get the desired result (3.1). �
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Theorem 2. Let T; V 2 B�1 (H) and p; q > 1 with 1
p +

1
q = 1; then we have that

2min

�
1

p
;
1

q

�D
jV j2 x; x

E 2�p
2p
D
jT j2 x; x

E 2�q
2q

(3.6)

�
�D
jV j2 x; x

E1=2 D
jT j2 x; x

E1=2
� hTsV x; xi

�

�
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
�


Ts1=pV x; x

�

� 2max
�
1

p
;
1

q

�D
jV j2 x; x

E 2�p
2p
D
jT j2 x; x

E 2�q
2q

�
�D
jV j2 x; x

E1=2 D
jT j2 x; x

E1=2
� hTsV x; xi

�
for any x 2 H; x 6= 0;

Proof. If we take y = u= kuk for u 2 H; u 6= 0 in (3.1), then we get

2r
hAu; ui��

1
2

kuk2��1

 
hAy; yi1=2

kuk �


A1=2u; u

�
kuk2

!

� hAu; ui�

kuk2�
� hA

�u; ui
kuk2

� 2R hAu; ui
�� 1

2

kuk2��1

 
hAy; yi1=2

kuk �


A1=2u; u

�
kuk2

!
;

that is equivalent to

2r
hAu; ui��

1
2

kuk2��1

 
hAu; ui1=2 kuk �



A1=2u; u

�
kuk2

!

� hAu; ui� kuk2(1��) � hA�u; ui
kuk2

� 2R hAu; ui
�� 1

2

kuk2��1

 
hAu; ui1=2 kuk �



A1=2u; u

�
kuk2

!
;

or to

2r hAu; ui��
1
2 hu; ui

1
2��

�
hAu; ui1=2 hu; ui1=2 �

D
A1=2u; u

E�
(3.7)

� hAu; ui� hu; ui1�� � hA�u; ui

� 2R hAu; ui��
1
2 kuk1�2�

�
hAu; ui1=2 hu; ui1=2 �

D
A1=2u; u

E�
;

where � 2 (0; 1) n
�
1
2

	
:
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Let T 2 B�1 (H) and V 2 B (H) : If we take in (3.7)A =
��V T�1��2 = (T �)�1 V �V T�1;

then we have

2r
D
(T �)

�1
V �V T�1u; u

E�� 1
2 hu; ui

1
2��(3.8)

�
�D
(T �)

�1
V �V T�1u; u

E1=2
hu; ui1=2 �

��
(T �)

�1
V �V T�1

�1=2
u; u

��
�
D
(T �)

�1
V �V T�1u; u

E�
hu; ui1�� �

D�
(T �)

�1
V �V T�1

��
u; u

E
� 2R

D
(T �)

�1
V �V T�1u; u

E�� 1
2 hu; ui

1
2��

�
�D
(T �)

�1
V �V T�1u; u

E1=2
hu; ui1=2 �

��
(T �)

�1
V �V T�1

�1=2
u; u

��
;

for any u 2 H; u 6= 0:
If we take in (3.8) u = Tx; x 2 H; x 6= 0; then we get

2r
D
(T �)

�1
V �V T�1Tx; Tx

E�� 1
2 hTx; Txi

1
2��

�
�D
(T �)

�1
V �V T�1Tx; Tx

E1=2
hTx; Txi1=2 �

��
(T �)

�1
V �V T�1

�1=2
Tx; Tx

��
�
D
(T �)

�1
V �V T�1Tx; Tx

E�
hTx; Txi1�� �

D�
(T �)

�1
V �V T�1

��
Tx; Tx

E
� 2R

D
(T �)

�1
V �V T�1Tx; Tx

E�� 1
2 hTx; Txi

1
2��

�
�D
(T �)

�1
V �V T�1Tx; Tx

E1=2
hTx; Txi1=2 �

��
(T �)

�1
V �V T�1

�1=2
Tx; Tx

��
;

namely

2r hV �V x; xi��
1
2 hT �Tx; xi

1
2��

�
�
hV �V x; xi1=2 hT �Tx; xi1=2 �

�
T �
�
(T �)

�1
V �V T�1

�1=2
Tx; x

��
� hV �V x; xi� hT �Tx; xi1�� �

D
T �
�
(T �)

�1
V �V T�1

��
Tx; x

E
� 2R hV �V x; xi��

1
2 hT �Tx; xi

1
2��

�
�
hV �V x; xi1=2 hT �Tx; xi1=2 �

�
T �
�
(T �)

�1
V �V T�1

�1=2
Tx; x

��
;

which, for � = 1
p 2 (0; 1) ; is equivalent to the desired result (3.6). �

Remark 3. The inequality (3.6) can be written as

2min

�
1

p
;
1

q

�
kV xk

2�p
p kTxk

2�q
q (kV xk kTxk � hTsV x; xi)(3.9)

� kV xk2=p kTxk2=q �


Ts1=pV x; x

�
� 2max

�
1

p
;
1

q

�
kV xk

2�p
p kTxk

2�q
q (kV xk kTxk � hTsV x; xi)

for any x 2 H; x 6= 0:
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If we divide (3.9) by kV xk2=p kTxk2=q ; x 2 H; x 6= 0, then we get

2min

�
1

p
;
1

q

��
1� hTsV x; xi

kV xk kTxk

�
� 1�



Ts1=pV x; x

�
kV xk2=p kTxk2=q

(3.10)

� 2max
�
1

p
;
1

q

��
1� hTsV x; xi

kV xk kTxk

�
where T; V 2 B�1 (H) and p; q > 1 with 1

p +
1
q = 1:

Finally, if we assume that A; B are positive invertible operators, then by taking
T = A1=2 and V = B1=2 in (3.10) we get for p; q > 1 with 1

p +
1
q = 1 that

2min

�
1

p
;
1

q

� 
1� hA]Bx; xi

A1=2x



B1=2x



!
(3.11)

� 1�


A]1=pBx; x

�

A1=2x

2=p 

B1=2x

2=q
� 2max

�
1

p
;
1

q

� 
1� hA]Bx; xi

A1=2x



B1=2x



!
for any x 2 H; x 6= 0:
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