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KWARA NANTOMAH∗

Abstract. The purpose of this study is twofold. The first is, to point out
drawbacks of some recent results concerning analogues the Polygamma func-
tion. The second is to resolve the drawbacks by providing improvements of the
previous results.

1. Introduction

We begin by recalling the following definitions which will be used in the sequel.

The Polygamma function, ψ(m)(x) is defined for m ∈ N and x > 0 by

ψ(m)(x) =
dm

dxm
ψ(x) = (−1)m+1

∞∑
n=0

m!

(n+ x)m+1

= (−1)m+1

∫ ∞
0

tme−xt

1− e−t
dt

where ψ(0)(x) ≡ ψ(x), and ψ(x) is the Digamma function.

The p-analogue of the Polygamma function, ψ
(m)
p (x) or in short, the p-Polygamma

function is defined for p ∈ N and x > 0 by (See [2], [4])

ψ(m)
p (x) = (−1)m−1

p∑
n=0

m!

(n+ x)m+1

= (−1)m+1

∫ ∞
0

tme−xt

1− e−t
(1− e−(p+1)t) dt (1)

where ψ
(m)
p (x)→ ψ(m)(x) as p→∞.

The q-Polygamma function, ψ
(m)
q (x) is also defined for q ∈ (0, 1) and x > 0 by

(See [1], [8] and the references therein)

ψ(m)
q (x) = (ln q)m+1

∞∑
n=1

nmqnx

1− qn

= (−1)m+1

∫ ∞
0

tme−xt

1− e−t
dµq(t) (2)
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where ψ
(m)
q (x)→ ψ(m)(x) as q → 1, µq(t) = − ln q

∑∞
k=1 δ(t+ k ln q) is a discrete

measure and δ(t) is the Dirac delta function.

Then the (p, q)-Polygamma function, ψ
(m)
p,q (x) is also defined for q ∈ (0, 1), k > 0

and x > 0 by (See [5], [7])

ψ(m)
p,q (x) = (ln q)m+1

p∑
n=1

nmqnx

1− qn

= (−1)m+1

∫ ∞
0

tme−xt

1− e−t
(1− e−(p+1)t) dµq(t) (3)

where ψ
(m)
p,q (x)→ ψ

(m)
q (x) as p→∞, and ψ

(m)
p,q (x)→ ψ

(m)
p (x) as q → 1.

Also, the (q, k)-Polygamma function, ψ
(m)
q,k (x) is defined for q ∈ (0, 1), k > 0 and

x > 0 by (See [6])

ψ
(m)
q,k (x) = (ln q)m+1

∞∑
n=1

(nk)mqnkx

1− qnk
(4)

where ψ
(m)
q,k (x)→ ψ

(m)
k (x) as q → 1, and ψ

(m)
q,k (x)→ ψ

(m)
q (x) as k → 1.

Recently, the following results were established among others for the various
analogues of the Polygamma function.

Theorem 1.1 ([9], Theorem 2.2). For n = 1, 2, 3, . . . ,

ψ
(m
a
+n

b
)

q

(x
a

+
y

b

)
≤
(
ψ(m)
q (x)

) 1
a
(
ψ(n)
q (y)

) 1
b

where m+n
2

is an integer, a > 1, 1
a

+ 1
b

= 1.

Theorem 1.2 ([9], Theorem 2.3). For n = 1, 2, 3, . . . ,(
ψ(m)
q (x) + ψ(n)

q (y)
) 1

u ≤
(
ψ(m)
q (x)

) 1
u +

(
ψ(n)
q (y)

) 1
u

where m+n
2

is an integer, u ≥ 1.

Theorem 1.3 ([4], Theorem 2.1). For n = 1, 2, 3, . . . ,

ψ
(m
a
+n

b
)

p

(x
a

+
y

b

)
≤
(
ψ(m)
p (x)

) 1
a
(
ψ(n)
p (y)

) 1
b

where m+n
2

is an integer, a > 1, 1
a

+ 1
b

= 1.

Theorem 1.4 ([4], Theorem 2.3). For n = 1, 2, 3, . . . ,(
ψ(m)
p (x) + ψ(n)

p (y)
) 1

u ≤
(
ψ(m)
p (x)

) 1
u +

(
ψ(n)
p (y)

) 1
u

where m+n
2

is an integer, u ≥ 1.

Theorem 1.5 ([5], Theorem 2.1). For n = 1, 2, 3, . . . ,

ψ
(m
a
+n

b
)

p,q

(x
a

+
y

b

)
≤
(
ψ(m)
p,q (x)

) 1
a
(
ψ(n)
p,q (y)

) 1
b

where m+n
2

is an integer, a > 1, 1
a

+ 1
b

= 1.
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Theorem 1.6 ([5], Theorem 2.2). For n = 1, 2, 3, . . . ,(
ψ(m)
p,q (x) + ψ(n)

p,q (y)
) 1

u ≤
(
ψ(m)
p,q (x)

) 1
u +

(
ψ(n)
p,q (y)

) 1
u

where m+n
2

is an integer, u ≥ 1.

Theorem 1.7 ([6], Theorem 2.1). For n = 1, 2, 3, . . . ,

ψ
(m
a
+n

b
)

q,k

(x
a

+
y

b

)
≤
(
ψ

(m)
q,k (x)

) 1
a
(
ψ

(n)
q,k (y)

) 1
b

where m+n
2

is an integer, a > 1, 1
a

+ 1
b

= 1.

Theorem 1.8 ([6], Theorem 2.3). For n = 1, 2, 3, . . . ,(
ψ

(m)
q,k (x) + ψ

(n)
q,k (y)

) 1
u ≤

(
ψ

(m)
q,k (x)

) 1
u

+
(
ψ

(n)
q,k (y)

) 1
u

where m+n
2

is an integer, u ≥ 1.

Nonetheless, these elegant inequalities do have some drawbacks. They do not
hold for even m and n. Notice from (1), (2), (3) and (4) that, for even m,

ψ(m)
q (x) < 0, ψ(m)

p (x) < 0, ψ
(m)
q,k (x) < 0 and ψ(m)

p,q (x) < 0.

Consequently, if a = b = u = 2 in particular, the quantities

(
ψ(m)
q (x)

) 1
2 ,

(
ψ(m)
p (x)

) 1
2 ,

(
ψ

(m)
q,k (x)

) 1
2

and
(
ψ(m)
p,q (x)

) 1
2

are not defined since they have to be real. Also, since m
a

+ n
b

is an order of a
derivative, there is the need to add to the hypotheses of Theorems 1.1, 1.3, 1.5
and 1.7 that m

a
+ n

b
∈ N. Furthermore, in the proofs of Theorems 1.2, 1.4, 1.6

and 1.8, the authors relied on the fact that αu + βu ≤ (α+ β)u, for α, β ≥ 0 and
u ≥ 1. However, for even m and n, the requirement that α, β ≥ 0 was overlooked
in the proofs.

In the following section, we resolve these challenges by providing improvements
of the above results. We utilize the techniques of the previous authors.

2. Improvements

Theorem 2.1. Let m,n ∈ N, a > 1, 1
a

+ 1
b

= 1 such that m
a

+ n
b
∈ N. Then, the

inequality ∣∣∣ψ(m
a
+n

b
)

p,q

(x
a

+
y

b

)∣∣∣ ≤ ∣∣ψ(m)
p,q (x)

∣∣ 1a ∣∣ψ(n)
p,q (y)

∣∣ 1b (5)

holds for x, y > 0.
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Proof. We use the Hölder’s inequality for integrals. Then by (3) we obtain∣∣∣ψ(m
a
+n

b
)

p,q

(x
a

+
y

b

)∣∣∣ =

∫ ∞
0

1− e−(p+1)t

1− e−t
t(

m
a
+n

b
)e−(

x
a
+ y

b
)t dµq(t)

=

∫ ∞
0

(
1− e−(p+1)t

1− e−t

) 1
a

t
m
a e−

xt
a

(
1− e−(p+1)t

1− e−t

) 1
b

t
n
b e−

yt
b dµq(t)

≤
(∫ ∞

0

1− e−(p+1)t

1− e−t
tme−xt dµq(t)

) 1
a

×
(∫ ∞

0

1− e−(p+1)t

1− e−t
tne−yt dµq(t)

) 1
b

=
∣∣ψ(m)

p,q (x)
∣∣ 1a ∣∣ψ(n)

p,q (y)
∣∣ 1b .

Theorem 2.2. Let m,n ∈ N and u ≥ 1. Then, the inequality(∣∣ψ(m)
p,q (x)

∣∣+
∣∣ψ(n)

p,q (y)
∣∣) 1

u ≤
∣∣ψ(m)

p,q (x)
∣∣ 1u +

∣∣ψ(n)
p,q (y)

∣∣ 1u (6)

holds for x, y > 0.

Proof. We used the fact that αu + βu ≤ (α + β)u, for α, β ≥ 0, u ≥ 1, and the
Minkowski’s inequality for integral. Then by (3), we obtain(∣∣ψ(m)

p,q (x)
∣∣+
∣∣ψ(n)

p,q (y)
∣∣) 1

u

=

(∫ ∞
0

1− e−(p+1)t

1− e−t
tme−xt dµq(t) +

∫ ∞
0

1− e−(p+1)t

1− e−t
tne−yt dµq(t)

) 1
u

=

(∫ ∞
0

[((
1− e−(p+1)t

1− e−t

) 1
u

t
m
u e

−xt
u

)u

+

((
1− e−(p+1)t

1− e−t

) 1
u

t
n
u e

−yt
u

)u]
dµq(t)

) 1
u

≤

(∫ ∞
0

[((
1− e−(p+1)t

1− e−t

) 1
u

t
m
u e

−xt
u

)
+

((
1− e−(p+1)t

1− e−t

) 1
u

t
n
u e

−yt
u

)]u
dµq(t)

) 1
u

≤
(∫ ∞

0

1− e−(p+1)t

1− e−t
tme−xt dµq(t)

) 1
u

+

(∫ ∞
0

1− e−(p+1)t

1− e−t
tne−yt dµq(t)

) 1
u

=
∣∣ψ(m)

p,q (x)
∣∣ 1u +

∣∣ψ(n)
p,q (y)

∣∣ 1u .
Theorem 2.3. Let m,n ∈ N, a > 1, 1

a
+ 1

b
= 1 such that m

a
+ n

b
∈ N. Then, the

inequality ∣∣∣ψ(m
a
+n

b
)

q,k

(x
a

+
y

b

)∣∣∣ ≤ ∣∣∣ψ(m)
q,k (x)

∣∣∣ 1a ∣∣∣ψ(n)
q,k (y)

∣∣∣ 1b (7)

holds for x, y > 0.
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Proof. By (4) and the Hölder’s inequality for sums, we obtain∣∣∣ψ(m
a
+n

b
)

q,k

(x
a

+
y

b

)∣∣∣ = |ln q|(
m
a
+n

b
)+1

∞∑
s=1

(sk)(
m
a
+n

b
)qsk(

x
a
+ y

b
)

1− qsk

= |ln q|
m+1
a |ln q|

n+1
b

∞∑
s=1

(sk)
m
a q

skx
a

(1− qsk)
1
a

· (sk)
n
b q

sky
b

(1− qsk)
1
b

≤

(
|ln q|m+1

∞∑
s=1

(sk)mqskx

1− qsk

) 1
a
(
|ln q|n+1

∞∑
s=1

(sk)nqsky

1− qsk

) 1
b

=
∣∣∣ψ(m)

q,k (x)
∣∣∣ 1a ∣∣∣ψ(n)

q,k (y)
∣∣∣ 1b .

Theorem 2.4. Let m,n ∈ N and u ≥ 1. Then, the inequality(∣∣∣ψ(m)
q,k (x)

∣∣∣+
∣∣∣ψ(n)

q,k (y)
∣∣∣) 1

u ≤
∣∣∣ψ(m)

q,k (x)
∣∣∣ 1u +

∣∣∣ψ(n)
q,k (y)

∣∣∣ 1u (8)

holds for x, y > 0.

Proof. Here too, we use the Minkowski’s inequality for sums and the fact that
αu + βu ≤ (α + β)u, for α, β ≥ 0, u ≥ 1. Then from (4) we obtain(∣∣∣ψ(m)

q,k (x)
∣∣∣+
∣∣∣ψ(n)

q,k (y)
∣∣∣) 1

u

=

(
|ln q|m+1

∞∑
s=1

(sk)mqskx

1− qsk
+ |ln q|n+1

∞∑
s=1

(sk)nqsky

1− qsk

) 1
u

=

(
∞∑
s=1

[(
|ln q|

m+1
u

(sk)
m
u q

skx
u

(1− qsk)
1
u

)u

+

(
|ln q|

n+1
u

(sk)
n
u q

sky
u

(1− qsk)
1
u

)u]) 1
u

≤

(
∞∑
s=1

[(
|ln q|

m+1
u

(sk)
m
u q

skx
u

(1− qsk)
1
u

)
+

(
|ln q|

n+1
u

(sk)
n
u q

sky
u

(1− qsk)
1
u

)]u) 1
u

≤

(
|ln q|m+1

∞∑
s=1

(sk)mqskx

1− qsk

) 1
a

+

(
|ln q|n+1

∞∑
s=1

(sk)nqsky

1− qsk

) 1
b

=
∣∣∣ψ(m)

q,k (x)
∣∣∣ 1u +

∣∣∣ψ(n)
q,k (y)

∣∣∣ 1u .
Theorem 2.5. Let m,n ∈ N, a > 1, 1

a
+ 1

b
= 1 such that m

a
+ n

b
∈ N. Then, the

inequality ∣∣∣ψ(m
a
+n

b
)

q

(x
a

+
y

b

)∣∣∣ ≤ ∣∣ψ(m)
q (x)

∣∣ 1a ∣∣ψ(n)
q (y)

∣∣ 1b (9)

holds for x, y > 0.

Proof. Let p→∞ in Theorem 2.1 or let k → 1 in Theorem 2.3.
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Theorem 2.6. Let m,n ∈ N and u ≥ 1. Then, the inequality(∣∣ψ(m)
q (x)

∣∣+
∣∣ψ(n)

q (y)
∣∣) 1

u ≤
∣∣ψ(m)

q (x)
∣∣ 1u +

∣∣ψ(n)
q (y)

∣∣ 1u (10)

holds for x, y > 0.

Proof. Let p→∞ in Theorem 2.2 or let k → 1 in Theorem 2.4.

Theorem 2.7. Let m,n ∈ N, a > 1, 1
a

+ 1
b

= 1 such that m
a

+ n
b
∈ N. Then, the

inequality ∣∣∣ψ(m
a
+n

b
)

p

(x
a

+
y

b

)∣∣∣ ≤ ∣∣ψ(m)
p (x)

∣∣ 1a ∣∣ψ(n)
p (y)

∣∣ 1b (11)

holds for x, y > 0.

Proof. Let q → 1 in Theorem 2.1.

Theorem 2.8. Let m,n ∈ N and u ≥ 1. Then, the inequality(∣∣ψ(m)
p (x)

∣∣+
∣∣ψ(n)

p (y)
∣∣) 1

u ≤
∣∣ψ(m)

p (x)
∣∣ 1u +

∣∣ψ(n)
p (y)

∣∣ 1u (12)

holds for x, y > 0.

Proof. Let q → 1 in Theorem 2.2.

3. Conclusion

In this paper, drawbacks of some recent results concerning analogues of the
Polygamma function are pointed out and some improved results provided to re-
solve the drawbacks.
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