
REVERSE INEQUALITIES OF HÖLDER TYPE FOR
QUADRATIC WEIGHTED GEOMETRIC MEAN OF BOUNDED

LINEAR OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR1;2

Abstract. In this paper we consider the quadratic weighted geometric mean

Ts�V :=
����V T�1��� T ��2

for bounded linear operators T; V in the Hilbert space H with T invertible
and � 2 [0; 1]. If T; V are invertible operators and 0 < m < M <1 are such
that m kTxk � kV xk � M kTxk for any x 2 H; then we show among others
that

kV xk1=p kTxk1=q

� min
(
S1=2

 �
M

m

�2!
;K

1
2
maxf1=p;1=qg

 �
M

m

�2!)

Ts1=pV x; x

�1=2
for any x 2 H; where p; q > 1 with 1

p
+ 1

q
= 1; S is Specht�s ratio and K

is Kantorovich�s constant. Applications for the classical weighted operator
geometric mean introduced by Kubo and Ando in 1980 are also provided.

1. Introduction

Assume that A; B are positive operators on a complex Hilbert space (H; h�; �i) :
The weighted operator arithmetic mean for the pair (A;B) is de�ned by

Ar�B := (1� �)A+ �B:

In 1980, Kubo & Ando, [18] introduced the weighted operator geometric mean for
the pair (A;B) with A positive and invertible and B positive by

A]�B := A
1=2
�
A�1=2BA�1=2

��
A1=2:

If A; B are positive invertible operators then we can also consider the weighted
operator harmonic mean de�ned by (see for instance [18])

A!�B :=
�
(1� �)A�1 + �B�1

��1
:

We have the following fundamental operator means inequalities, or Young�s in-
equalities

(1.1) A!�B � A]�B � Ar�B; � 2 [0; 1]

for any A; B positive invertible operators. For � = 1
2 ; we denote the above means

by ArB; A]B and A!B:
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For some new reverses and re�nements of Young�s inequality see [4]-[5], [16]-[17],
[19] and [24].
We denote by B�1 (H) the class of all bounded linear invertible operators on

H: For T 2 B�1 (H) and V 2 B (H) we de�ne the quadratic weighted operator
geometric mean of (T; V ) by [7]

(1.2) Ts�V :=
�����V T�1��� T ���2

for � � 0: For V 2 B�1 (H) we can also extend the de�nition (1.2) for � < 0:
By the de�nition of operator modulus, i.e. we recall that jU j :=

p
U�U where

2 B (H) ; we also have

(1.3) Ts�V = T
� ��V T�1��2� T = T � �(T �)�1 V �V T�1�� T

for any T 2 B�1 (H) and V 2 B (H) : For � = 1
2 we denote

TsV :=
�����V T�1��1=2 T ���2 = T � ��V T�1��T = T � �(T �)�1 V �V T�1�1=2 T:

It has been shown in [7] that the following representation holds

(1.4) Ts�V = jT j2 ]� jV j2

for T; V 2 B�1 (H) and any real �:
We have the following fundamental inequalities extending (1.1):

(1.5) jT j2r� jV j2 � Ts�V � jT j2!� jV j2

for T; V 2 B�1 (H) and for � 2 [0; 1]. In particular, we have

(1.6) jT j2r jV j2 � TsV � jT j2! jV j2

for T; V 2 B�1 (H) :
We have the following identities [8] as well

(1.7) (Ts�V )
�1
= (T �)

�1s� (V
�)
�1 and Ts1�tV = VstT

for any T; V 2 B�1 (H) and � 2 [0; 1] :
We also obtained the following Hölder type inequality:

Theorem 1 (Dragomir, 2016, [9]). Let T 2 B�1 (H) and V 2 B (H) : Then for p;
q > 1 with 1

p +
1
q = 1 we have that

(1.8)


Ts1=pV x; x

�
�
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
for any x 2 H:
In particular, we have

(1.9) hTsV x; xi �
D
jV j2 x; x

E1=2 D
jT j2 x; x

E1=2
for any x 2 H:

Motivated by the above results, we establish in this paper several multiplicative
reverses of Hölder type inequality (1.8) under appropriate boundedness assumptions
for the operators involved. These are done via some recent reverses of scalar Young�s
inequality obtained in [24], [19], [4] and [5]. Applications for the classical weighted
operator geometric mean introduced by Kubo and Ando in 1980 are also provided
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2. The Main Results

We need the following simple fact:

Lemma 1. Let T; V 2 B�1 (H) and the numbers m; M with 0 < m < M < 1:
The following statements are equivalent:
(i) The inequality

(2.1) m kTxk � kV xk �M kTxk
holds for any x 2 H;
(ii) We have the operator inequality

(2.2) m1H �
��V T�1�� �M1H :

Proof. The inequality (2.1) is equivalent to

m2 kTxk2 � kV xk2 �M2 kTxk2

for any x 2 H; namely
m2 hT �Tx; xi � hV �V x; xi �M2 hT �Tx; xi

for any x 2 H; which can be written in the operator order as
(2.3) m2T �T � V �V �M2T �T:

Since T 2 B�1 (H), then the inequality (2.3) is equivalent to
m21H �

�
T�1

��
V �V T�1 �M21H ;

namely
m21H �

��V T�1��2 �M21H ;

which in its turn is equivalent to (2.2). �

We recall that Specht�s ratio [23] is de�ned by

S (h) :=

8>><>>:
h

1
h�1

e ln

�
h

1
h�1

� if h 2 (0; 1) [ (1;1) ;

1 if h = 1:

It is well known that limh!1 S (h) = 1; S (h) = S
�
1
h

�
> 1 for h > 0; h 6= 1. The

function S is decreasing on (0; 1) and increasing on (1;1) :
Tominaga [24] had proved a reverse Young inequality with the Specht�s ratio [23]

as follows:

(2.4)
�
a1��b� �

�
(1� �) a+ �b � S

�a
b

�
a1��b�

for any a; b > 0 and � 2 [0; 1] :
We have the following result for operators:

Theorem 2. Let T; V 2 B�1 (H) and 0 < m < M < 1 such that either the
condition (2.1) or, equivalently (2.2) is true. Then for p; q > 1 with 1

p +
1
q = 1 we

have that

(2.5)
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
� S

 �
M

m

�2!

Ts1=pV x; x

�
for any x 2 H:
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In particular, we have

(2.6)
D
jV j2 x; x

E1=2 D
jT j2 x; x

E1=2
� S

 �
M

m

�2!
hTsV x; xi

for any x 2 H:

Proof. Assume that � 2 (0; 1) : Let a; b 2 [k;K] � (0;1), then k
K � a

b �
K
k with

k
K < 1 < K

k : If
a
b 2

�
k
K ; 1

�
then S

�
a
b

�
� S

�
k
K

�
= S

�
K
k

�
. If ab 2

�
1; Kk

�
then also

S
�
a
b

�
� S

�
K
k

�
: Therefore for any a; b 2 [k;K] we have by (2.4) that

(2.7) (1� �) a+ �b � S
�
K

k

�
a1��b� :

Using the functional calculus for the operator A with k1H � A � K1H , we have
from (2.7) that

(1� �) aI + �A � S
�
K

k

�
a1��A�

for any a 2 [k;K] and � 2 (0; 1) ; that is equivalent to

(2.8) (1� �) a+ � hAu; ui � S
�
K

k

�
a1�� hA�u; ui

for any u 2 H with kuk = 1:
If u 2 H with kuk = 1 then hAu; ui 2 [k;K] and by taking a = hAu; ui in (2.8)

we get

hAu; ui � S
�
K

k

�
hAu; ui1�� hA�u; ui

and by dividing with hAu; ui1�� > 0 we deduce

(2.9) hAu; ui� � S
�
K

k

�
hA�u; ui

for any u 2 H with kuk = 1:
Let y 2 H with y 6= 0 and take u = y

kyk in (2.9) to get

(2.10) hAy; yi� hy; yi1�� � S
�
K

k

�
hA�y; yi ;

for any y 2 H:
Since m21H �

��V T�1��2 � M21H ; then by taking A =
��V T�1��2 ; k = m2 and

K =M2 in (2.10), we get

(2.11)
D��V T�1��2 y; yE� hy; yi1�� � S  �M

m

�2!D���V T�1��2�� y; yE ;
for any y 2 H:
If we take y = Tx with x 2 H; then we getD��V T�1��2 Tx; TxE� hTx; Txi1�� � S  �M

m

�2!D���V T�1��2�� Tx; TxE ;
that is equivalent toD

jV j2 x; x
E� D

jT j2 x; x
E1��

� S
 �

M

m

�2!D
T �
���V T�1��2�� Tx; xE ;
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and by taking � = 1
p 2 (0; 1) ; with the desired inequality (2.5). �

Remark 1. Let T; V 2 B�1 (H) and 0 < m < M < 1 such that either the
condition (2.1) or, equivalently (2.2) is true. The inequalities (2.5) and (2.6) may
be written in an equivalent form for p; q > 1 with 1

p +
1
q = 1 as

(2.12) kV xk1=p kTxk1=q � S1=2
 �

M

m

�2!

Ts1=pV x; x

�1=2
for any x 2 H:
In particular, we have

(2.13) kV xk kTxk � S
 �

M

m

�2!
hTsV x; xi

for any x 2 H:

Corollary 1. Let A; B be two invertible positive operators and k; K > 0 such that

(2.14) kA � B � KA:

Then for p; q > 1 with 1
p +

1
q = 1 we have that

(2.15) hBx; xi1=p hAx; xi1=q � S
�
K

k

�

A]1=pBx; x

�
for any x 2 H:
In particular, we have

(2.16) hBx; xi1=2 hAx; xi1=2 � S
�
K

k

�
hA]Bx; xi

for any x 2 H:

Proof. By multiplying both sides of (2.14) byA�1=2 we have k1H � A�1=2BA�1=2 �
K1H : If we take T = A1=2 and V = B1=2 then��V T�1��2 = (T �)�1 V �V T�1 = A�1=2BA�1=2;
which satisfy the condition (2.2) with m =

p
k and M =

p
K:

By applying Theorem 2 for this selection we get the desired results (2.15) and
(2.16). �

We consider the Kantorovich�s constant de�ned by

(2.17) K (h) := (h+ 1)
2

4h
; h > 0:

The function K is decreasing on (0; 1) and increasing on [1;1) ; K (h) � 1 for any
h > 0 and K (h) = K

�
1
h

�
for any h > 0:

The following multiplicative re�nement and reverse of Young inequality in terms
of Kantorovich�s constant holds

(2.18) (1� �) a+ �b � Kmaxf1��;�g
�a
b

�
a1��b� ;

where a; b > 0, � 2 [0; 1]:
This inequality has been obtained by Liao et al. in [19].
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Theorem 3. With the assumptions of Theorem 2 we have we have that

(2.19)
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
� Kmaxf1=p;1=qg

 �
M

m

�2!

Ts1=pV x; x

�
for any x 2 H:
In particular, we have

(2.20)
D
jV j2 x; x

ED
jT j2 x; x

E
� K

 �
M

m

�2!
hTsV x; xi2

for any x 2 H:

Proof. Assume that � 2 (0; 1) and put R = max f1� �; �g : Let a; b 2 [k;K] �
(0;1), then k

K � a
b �

K
k with

k
K < 1 < K

k : If
a
b 2

�
k
K ; 1

�
then KR

�
a
b

�
� KR

�
k
K

�
=

KR
�
K
k

�
. If ab 2

�
1; Kk

�
then also KR

�
a
b

�
� KR

�
K
k

�
: Therefore for any a; b 2 [k;K]

we have by (2.18) that

(1� �) a+ �b � KR
�
K

k

�
a1��b� :

Now, on making use of a similar argument to the one from Theorem 2, we get
(2.19). We omit the details. �

Remark 2. Let T; V 2 B�1 (H) and 0 < m < M < 1 such that either the
condition (2.1) or, equivalently (2.2) is true. The inequalities (2.19) and (2.20)
may be written in an equivalent form for p; q > 1 with 1

p +
1
q = 1 as

(2.21) kV xk1=p kTxk1=q � K 1
2 maxf1=p;1=qg

 �
M

m

�2!

Ts1=pV x; x

�1=2
for any x 2 H:
In particular, we have

(2.22) kV xk2 kTxk2 � K
 �

M

m

�2!
hTsV x; xi2

for any x 2 H:

Corollary 2. With the assumptions of Corollary 1 we have that

(2.23) hBx; xi1=p hAx; xi1=q � Kmaxf1=p;1=qg
�
K

k

�

A]1=pBx; x

�
for any x 2 H:
In particular, we have

(2.24) hBx; xi hAx; xi � K
�
K

k

�
hA]Bx; xi2

for any x 2 H:
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3. Related Results

In the recent paper [4] we obtained the following exponential reverse of Young�s
inequality

(3.1)
(1� �) a+ �b
a1��b�

� exp
h
4� (1� �)

�
K
�a
b

�
� 1
�i
;

where a; b > 0, � 2 [0; 1]:
By the use of this inequality we can state the following result as well:

Theorem 4. With the assumptions of Theorem 2 we have thatD
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
(3.2)

� exp
 
4

pq

"
K
 �

M

m

�2!
� 1
#!


Ts1=pV x; x
�

for any x 2 H:
In particular, we have

(3.3)
D
jV j2 x; x

ED
jT j2 x; x

E
� exp

"
2K
 �

M

m

�2!
� 1
#
hTsV x; xi2

for any x 2 H:

Proof. For any a; b 2 [k;K] � (0;1) we have from (3.1) that

(1� �) a+ �b � a1��b� exp
�
4� (1� �)

�
K
�
K

k

�
� 1
��
;

where a; b > 0, � 2 [0; 1]:
On making use of a similar argument to the one in the proof of Theorem 2 and

we omit the details. �

We observe that the inequality (3.2) can be written in an equivalent form as

(3.4) kV xk1=p kTxk1=q � exp
 
2

pq

"
K
 �

M

m

�2!
� 1
#!


Ts1=pV x; x
�1=2

;

for any x 2 H; while (3.3) as

(3.5) kV xk kTxk � exp
"
K
 �

M

m

�2!
� 1
#
hTsV x; xi

for any x 2 H:

Corollary 3. With the assumptions of Corollary 1 we have that

(3.6) hBx; xi1=p hAx; xi1=q � exp
�
4

pq

�
K
�
K

k

�
� 1
�� 


A]1=pBx; x
�

for any x 2 H:
In particular, we have

(3.7) hBx; xi1=2 hAx; xi1=2 � exp
�
K
�
K

k

�
� 1
�
hA]Bx; xi

for any x 2 H:
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In [5] we also proved the following inequality

(3.8) (1� �) a+ �b � a1��b� exp
"
1

2
� (1� �)

�
max fa; bg
min fa; bg � 1

�2#
;

for any a; b > 0 and � 2 [0; 1] :
A similar result has been obtained independently in [1] for a < b.
By the use of this inequality we can state the following result as well:

Theorem 5. With the assumptions of Theorem 2 we have that

(3.9)
D
jV j2 x; x

E1=p D
jT j2 x; x

E1=q
� exp

24 1

2pq

 �
M

m

�2
� 1
!235
Ts1=pV x; x

�
for any x 2 H:
In particular, we have

(3.10)
D
jV j2 x; x

ED
jT j2 x; x

E
� exp

241
4

 �
M

m

�2
� 1
!235 hTsV x; xi2

for any x 2 H:

Proof. If a; b 2 [k;K] � (0;1) and since

0 <
max fa; bg
min fa; bg � 1 �

K

k
� 1;

hence �
max fa; bg
min fa; bg � 1

�2
�
�
K

k
� 1
�2
:

By using (3.8) we have

(1� �) a+ �b � a1��b� exp
"
1

2
� (1� �)

�
K

k
� 1
�2#

;

for any a; b 2 [k;K] � (0;1) and � 2 [0; 1] :
On making use of a similar argument to the one in the proof of Theorem 2 we

deduce the desired result (3.9) and we omit the details. �

We observe that the inequality (3.9) can be written in an equivalent form as

(3.11) kV xk1=p kTxk1=q � exp

24 1
pq

 �
M

m

�2
� 1
!235
Ts1=pV x; x

�1=2
;

for any x 2 H; while (3.10) as

(3.12) kV xk kTxk � exp

241
2

 �
M

m

�2
� 1
!235 hTsV x; xi

for any x 2 H:
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Corollary 4. With the assumptions of Corollary 1 we have that

(3.13) hBx; xi1=p hAx; xi1=q � exp
"
1

2pq

�
K

k
� 1
�2# 


A]1=pBx; x
�

for any x 2 H:
In particular, we have

(3.14) hBx; xi1=2 hAx; xi1=2 � exp
"
1

8

�
K

k
� 1
�2#

hA]Bx; xi

for any x 2 H:

If from the inequalities (2.5), (2.19), (3.2) and (3.9) we consider the bounds

S
 �

M

m

�2!
; Kmaxf1=p;1=qg

 �
M

m

�2!
; exp

 
4

pq

"
K
 �

M

m

�2!
� 1
#!

and

exp

24 1

2pq

 �
M

m

�2
� 1
!235 ;

where 0 < m < M <1 and p; q > 1 with 1
p +

1
q = 1; then by denoting

1
p = � and

x =
�
M
m

�2
> 1 we should consider the functions of two variables

B1 (�; x) := S (x) , B2 (�; x) := Kmaxf�;1��g (x) ,

B3 (�; x) := exp (4� (1� �) [K (x)� 1])
and

B4 (�; x) := exp

�
1

2
� (1� �) (x� 1)2

�
in order to study which of the inequalities (2.5), (2.19), (3.2) and (3.9) is best and
when. Some numerical experiments have been conducted in the recent work [10]
showing that, in general, these bounds do not compare, meaning that some time
one is better then the other for di¤erent selection of the parameters (�; x) : The
details are left to the interested reader.
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