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Inequalities of Cebysev Type for Lipschitian
Functions in Banach Algebras
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Abstract. In these paper we give some Cebysev type norm inequali-
ties for two Lipschitian functions on Banach algebras. Some examples
for power function, exponential and the resolvent functions are also pro-
vided.
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1 Introduction

Let B be an algebra. An algebra norm on B is a map ||-|| : B—[0, c0) such
that (B, ]|-]|) is a normed space, and, further

labll < {|all [[bl

for any a,b € B. The normed algebra (B, ||-||) is a Banach algebra if ||-|| is
a complete norm.
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We assume that the Banach algebra is unital, this means that B has an
identity 1 and that ||1]] = 1.

Let B be a unital algebra. An element a € B is invertible if there exists
an element b € B with ab = ba = 1. The element b is unique; it is called
the inverse of a and written a~! or é The set of invertible elements of B

is denoted by InvB. If a,b €lnvB then ab €lnvB and (ab) ™" = b~ 1a" L.
For a unital Banach algebra we also have:

(i) If a € B and lim, 5 |[a”||"/™ < 1, then 1 — a €InvB;
(ii) {a € B: |1 —al <1} CInvB;
(iii) InvB is an open subset of B;

)

(iv) The map InvB 3 a — a~! €InvB is continuous.

For simplicity, we denote A1, where \ € C and 1 is the identity of B, by A.
The resolvent set of a € B is defined by

pla):={AeC: N\—aelnvB};

the spectrum of a is o (a), the complement of p (a) in C, and the resolvent
function of a’is Ry : p (a) =InvB, R, (A) := (A —a) . Foreach A,y € p(a)
we have the identity

Ro(v) = Ra (M) = (A —7) Ra (A) Ra (7) -

We also have that o (a) C {A € C: |\ < |la]|}. The spectral radius of a is
defined as v (a) = sup{|A|: A€o (a)}.
If a,b are commuting elements in B, i.e. ab = ba, then

v(ab) <v(a)v(b) and v(a+b) <v(a)+v(b).

Let f be an analytic functions on the open disk D (0, R) given by the
power series f () == > 72, ajM (Al < R). If v(a) < R, then the series
> 720 aja’ converges in the Banach algebra B because > 720 lay] ||| < oo,
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and we can define f (a) to be its sum. Clearly f (a) is well defined and there
are many examples of important functions on a Banach algebra B that can
be constructed in this way. For instance, the exponential map on B denoted
exp and defined as

o
1 .
expa := E f'a] for each a € B.
— ]
J=0

If B is not commutative, then many of the familiar properties of the ex-
ponential function from the scalar case do not hold. The following key
formula is valid, however with the additional hypothesis of commutativity
for a and b from B

exp (a + b) = exp (a) exp (b) .

In a general Banach algebra B it is difficult to determine the elements in
the range of the exponential map exp (B), i.e. the element which have a
7 logarithm”. However, it is easy to see that if a is an element in B such
that |1 —al| < 1, then a is in exp (B). That follows from the fact that if

we set
1
b=— —1-a)"
>~ (1-a),

n=1

then the series converges absolutely and, as in the scalar case, substituting
this series into the series expansion for exp (b) yields exp (b) = a.

It is known that if x and y are commuting, i.e. xy = yz, then the expo-
nential function satisfies the property

exp (x) exp (y) = exp (y) exp (x) = exp (z + ¥) .

Also, if x is invertible and a,b € R with a < b then

b
/ exp (tx) dt = 271 [exp (bz) — exp (az)].
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Moreover, if x and y are commuting and y — x is invertible, then

1 1
/ exp ((1—8)x+ sy)ds = / exp (s (y — x)) exp (x) ds
0 0

(] exp (s (y — 0)ds ) exp ()

= (y— )" [exp (y — x) — I exp (v)

exp (y) — exp ()]
Inequalities for functions of operators in Hilbert spaces may be found in the
papers [15], [14] and in the recent monographs [35], [36] and the references

therein.
Let «;, be nonzero complex numbers and let

1
R =

L
lim sup |ov, |

Clearly 0 < R < oo, but we consider only the case 0 < R < oo.
Denote by:

AEC:|N <R}, ifR<o
po.;y = { DECMSm Bl

consider the functions:

A= f(A):D(0,R) — C, f(A) :== ian)\"
n=0

and -
A fa(A) i D(0,R) — C, fa(A) := ) om| A™.

n=0
Let B be a unital Banach algebra and 1 its unity. Denote by

reB:|z|| < R}, if R < o0
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We associate to f the map

z— f(z): B(0O,R) — B, f(z) := Zanx".
n=0

Obviously, fis correctly defined because the series ) ° o, 2™ is absolutely
convergent, since Y oo |lanz™|| < 307 o] [Jx]|".
The following result has been obtained in [38].

Theorem 1.1. Let f(X) =3 02 an A" be a power series that is convergent
on the open disk D(0,R), with R > 0. If z,y € B with xy = yx and
x|, |yl <1, then we have for A € C with |A\| < R the inequality:

|70 1) Fay) = F ) FOw)| (1.1)
<l =1l = 1 {Fa (M) [I 4 GNP £ (AD] = [IA £ (AD]*

For other similar results see [37] and [38].
Motivated by the above results, in this paper we consider the similar prob-
lem to provide upper bounds for the CebySev quantity

)

Py piF(2)G(yi) = > piF(zi) Y piGlys)
=1 =1 =1

where F, G are some functions defined on a Banach algebra B, p; > 0 with
P, =" pi>0and z;,y; € C, i =1,2,...,n where € is an appropriate
subset of B.

For various results on Cebysev’s inequality in different settings, see [1]-[15],
[17]-[36] and [39]-[57].

2 Some New Inequalities

We say that the function F' : € C B — B is a Lipschitian with constant
L > 0 on the subset € of the Banach algebra (B, ||.||) if
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[1F(z) = F(y)ll < Lz -y
for any x,y € C.

Theorem 2.1. Let F,G : € C B — B be Lipschitian functions with
constants L > 0 and K > 0. If z;,y; € C, i = 1,2,...,n and p; > 0,
i=1,2,...,n with P, := )" | p; > 0, then we have:

P.Y piF(2)G(yi) = > piF(xi) Y piGlys)
=1 =1 i=1

j—1 j—1
<LK Y pipy )y An| Y] l|Ay| (2.1)
I=i s=1

1<i<j<n
where Ax; is the forward difference, namely: Ax; = i 1—x,0 =1,...,n—1.
Proof. Since F' and G are Lipschitian with the constants L and K we have:
[1F(2i) = F(zj)|| < Lz — 25|

and
1G(yi) — G(y;)|| < K [lyi — sl

for any 4,5 € {1,...,n}. If we multiply these inequalities we get
1F (i) = F(z) [ [|Gyi) — Glyj)|| < LK ||l2i — 2]l [lyi — vl -

Using the property of Banach algebra B, ||uv| < |lu| ||v||, that for any
u,v € B we have,

[(F (@) — F(x5)) (G(ys) — Gy))| < LK ||lwi — x| |yi — vl
for any 7,5 € {1,...,n}, that is equivalent to:

1 (i) G (i) = F(25)G (yi) — F(i)Gyz) + F25)G ;)|
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< LK [lzi — | [lyi — w5l (2.2)

for any 7,5 € {1,...,n}.
If we multiply (2.2) by p;p; > 0 sum over i and j from 1 to n and use the
generalised triangle inequality, we get:

> v (F(x)Glys) = F(2)Gly:) = F(x:)Gly;) + F(z)G(y;))|| (2:3)

ij=1

<> i |F(2:)Gyi) — Fla)Gyi) — F(2:)G(y;) + F(a;)Gly;) |
ij=1

n
<LK Y pipsllwi — all lyi — il -
i,j=1

Now, observe that

> v (F(@:)Glys) — F()Glys) — F(x:)Gly;) + F(2;)G(y;)  (24)
4,7=1
=P,y piF(@)Gy) =Y piF(x;) > piG(y:)
i=1 j=1 i=1

=Y piF(x:) > piGy;) + Pu Y piF(x;)G(y;)
i1 =1 j=1

=9 (Pn ZpiF(xi)G(yi) - ZPiF(l‘i) ZPiG(ZJi)> :
i=1 i=1 i=1
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We also have, by the symmetry in the sum:

n
S vwillw—ailllyi —yill=2 > piwjlley —will lly —will - (2.5)

ij=1 1<i<j<n

Moreover, we have x; — x; = f:_ll Az; and y; —y; = 2753 Ays where
Axy:=x1 —x;, l =1,...,57 — 1 and by the generalized triangle inequality
we have:

7j—1
ey — il < 3 1A
=1
and
7j—1
lys = will <D 1Ayl (2.6)
s=1
By the inequality (2.5) and by (2.6) we then have:
n j—1 -1
ST sl -l v -yl <23 iy S 1Az Y Ayl (2.7)
i,j=1 1<i<j<n =i s=i

Now, by making use of (2.3), (2.4) and (2.7) we get the desired result
(2.1). 0

Corollary 2.2. With the assumptions of Theorem 1 we have:

Py piF(2)Gyi) = > piF(zi) Y piGlys)
=1 =1 =1

1 n j—1 n—1
<jun(s-300) Sl Sianl e
i=1 k=1 k=1
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Proof. 1t is obvious that for all 1 <7 < j < n we have that:
j—1

n—1
Do lAz| <> (A
k=1

=1

and

j—1 n—1

D 1Ayl <D 1Ay -

s=1 k=1
Then

7—1 7—1 n—1 n—1
S o S 1Al S 1Awl < S py S 1Aa] S 1Au.

1<i<j<n =i s=i 1<i<j<n k=1 k=1

Now, let observe that:

1 n
Y. =5 | D pivi— ) pip;
1<i<j<n =1 i=j
1 [ n n n
S
=1 j=1 i=1
1 n
2 2
—5(m-3).
i=1
Using (2.1) we deduce (2.8). O

Corollary 2.3. With the assumptions of Theorem 1 we have:

PoY piF(2)Gyi) = ) piF(xi) Y piGlys)
=1 =1 =1

n—1 % n—1 %
<LK Y (G—i)ppj (Z IAl‘ka> (Z IIAykII"> (2.9)
k=1

1<i<j<n k=1

whenp,q>1and%+%:1.
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Proof. Using Holder’s discrete inequality, we can state that

i1 /il
> lAm| < (G —i) (Z HAﬂszp>
=i =i

D=

and

1
1
ZHAySII <(j—i)? (ZIIAyqu>

where j —1 > i,p,q > 1 and * >t 5 = 1, and then, by multiplication we

have
j—1 j—1
o o Y 1Az Y 1Ayl
1<i<j<n =i s=i
141
< Y e (-0 (anznp) (ZnAysH)
1<i<j<n
1 1
v /i-1 a
= Z Dip; ]_Z (ZHAﬂjlyp) (ZHAyqu)
1<i<j<n s=i
1 1
» [/n—1 q
<Y G0 (znmknp) (zuAyknq)
1<i<j<n k=1
and the corollary is proved. O

Corollary 2.4. With the assumptions of Theorem 1 we have:

P.Y piF(x)Gly:) = > piF (@) Y piGlys)
i=1 =1 =1

n n 2
<LK PnZiQpi—<Zipi> max. HAka max{|Agel. (2.10)

: : 1<k<n
=1 =1 - =
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Proof. We have

j—1
S Am] < (- 1) max_ [|Az]
l=1n—1

=t

and
j—1
D Ayl < (- i) max |Ayl.
a—i s=1,n—1

Then

j—1 j—1
Do piiy 1Am| ) 1Ayl
=i s=1

1<i<j<n

< > pipi(G—1)7 max ||Az] max [|Ays]
1<i<j<n =ln= s=ln-1

n n n 2
_ zpizﬁpi—@m) masx_[[Ar| max[Ag,|
i=1  i=1 i=1 Ln—1 Ln—1

= =1ln—

and the corollary is proved.

3 Some Applications

In [16] S. S. Dragomir proved the following result:

11

Lemma 3.1. Let f (z) =Y 2 anz"™ be a function defined by power series
with complex coefficients and convergent on the open disk D (0,7) C C, R >
0 and let fo (N) := > 0" o |lan| A™. For any x,y € B with ||z||, |ly| <M < R

we have:

If () = £ @) < fo (M) |ly — =] .
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If we take f(2) = 2, p € N, p > 1 and assume that =,y € B with
|zl , ly|l < M then we have

Iy? ~ a7l < pM7 "y~ .

If we take f(z) = exp (uz), with u € R, p # 0 and assume that x,y € B
with ||z||, |ly|]| < M then we have

lexp (py) — exp (u)|| < |ulexp (uM) ||y — || .

If we write the inequality (2.1) for F'(z) = 2P,G (z) = 24, with p,q € N,
p,q > 1 then we have for ||z, [lysl| < M, i € {1,2,...,n} that

n n n
P> pialyl = pial Y piy!
i=1 =1 =1

i1 i—1
<pgMPTI? N pipy > 1Az D Ayl (3.1)
=1 s=1

1<i<j<n

If p = ¢ and x; commutes with y; for each i € {1,2,...,n}, then we get from
(3.1) that:

n n n
P pi (i)’ =D pial > iyl
i=1 i=1 =1

j—1 j—1
<PPMPTN T pipy Y[ Az]| Y ([ Ayl (3.2)
=i s=1

1<i<j<n
In particular, for x; = y; and p=g¢q, i € {1,2,...,n}, we get
n

n 2
P> pi ()" — (Zwﬁ’)
=1

=1
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2

j—1
< p?M?P—2 Z DiD; (Z\Aa:lH) . (3.3)

1<i<j<n =i

Now, if we write the inequality (2.1) for the functions F'(z) = exp (uz) and
G (z) = exp (vz), with p,v € R, p,v # 0 we get for ||z, ||vil]| < M, for
i€{1,2,...,n} that

P, sz exp (pa;) exp (vy;) sz oxp (pa;) sz exp (vy;)
=1

< |uvlexp((p+v)M] > pngZIIszHZHAysH (3.4)

1<i<j<n

If x; commutes with y; for each i € {1,2,...,n}, then from (3.4) we get:

n n n
P> piexp (pai +vyi) — Y piexp (ui) Y | piexp (vy:)
=1 j— j—

< pvlexp((p+v)M] Y sz]ZHAfvzHleAysH (3.5)

1<i<j<n

In particular, for z; = y; and p=v, i € {1,2,...,n}, we get:

2
Py sz exp (2uz;) — (sz exp (p;) >

=1

< |ulPexp(2ud) D pip; (ZHAJTIH> : (3.6)

1<i<j<n
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Consider now the function F, (z) = (1 —2?)! oFP forp>1a
natural number. Then Fz; (2) = — (1 —2P)"2 (- pz” D=p@-2p)" 2 ap1
If M <1, then F, (M) = p (1 — MP)~> MP~1,

We have then Fj, (z) = (1 — a?)"t, z € B, ||x| <1, p > 1 is Lipschitzian
with the constant p (1 — M?)~2 MP~! and the function G, (z) = (1 — 29)"",
x € B, |lz| <1, q>1is Lipschitzian with the constant ¢ (1 — M%)~ M9~
Therefore, by using Theorem 2.1 for x;,y; € B with ||z, [|uil| < M < 1,
1€{1,2,....,n}, we get for p; >0, i € {1,2,...,n} that

n n

—1 —1

Py pi(l—al) (1 —yl)” § pi(l—af)™ ) pi(1—yf) H
=1

i=1

j—1 j—1
<pg(1—MP)2(1=MYT2MPY2 N pipy (Al ) ([ Aysll -
=1 s=1

1<i<j<n

(3.7)

In particular for p = ¢ and z; = y; for each i € {1,2,...,n}, we get from
(3.1) that:

PZp,l—JJ <Zpll—$ )2

pPP(L=MP)IMP? N pp, (ZHA.TU[H) (3.8)

1<i<j<n

Finally, we notice that if one uses the upper bounds from Corollaries 2.2 -
2.4 that one can get further upper bounds in the examples outlined above.
The details are omitted.
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