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Inequalities of Čebyšev Type for Lipschitian
Functions in Banach Algebras

Marius V. Boldea

Abstract. In these paper we give some Čebyšev type norm inequali-
ties for two Lipschitian functions on Banach algebras. Some examples
for power function, exponential and the resolvent functions are also pro-
vided.

AMS Subject Classification (2000). 47A63; 47A99.
Keywords. Banach algebras, Power series, Exponential function, Re-
solvent function, Norm inequalities

1 Introduction

Let B be an algebra. An algebra norm on B is a map ‖·‖ : B→[0,∞) such
that (B, ‖·‖) is a normed space, and, further

‖ab‖ ≤ ‖a‖ ‖b‖

for any a, b ∈ B. The normed algebra (B, ‖·‖) is a Banach algebra if ‖·‖ is
a complete norm.

e5011831
Typewritten Text
Received 20/09/16

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 19 (2016), Art. 154



2 Marius V. Boldea An. U.V.T.

We assume that the Banach algebra is unital, this means that B has an
identity 1 and that ‖1‖ = 1.
Let B be a unital algebra. An element a ∈ B is invertible if there exists
an element b ∈ B with ab = ba = 1. The element b is unique; it is called
the inverse of a and written a−1 or 1

a . The set of invertible elements of B

is denoted by InvB. If a, b ∈InvB then ab ∈InvB and (ab)−1 = b−1a−1.
For a unital Banach algebra we also have:

(i) If a ∈ B and limn→∞ ‖an‖1/n < 1, then 1− a ∈InvB;

(ii) {a ∈ B: ‖1− a‖ < 1} ⊂InvB;

(iii) InvB is an open subset of B;

(iv) The map InvB 3 a 7−→ a−1 ∈InvB is continuous.

For simplicity, we denote λ1, where λ ∈ C and 1 is the identity of B, by λ.
The resolvent set of a ∈ B is defined by

ρ (a) := {λ ∈ C : λ− a ∈ InvB} ;

the spectrum of a is σ (a) , the complement of ρ (a) in C, and the resolvent
function of a is Ra : ρ (a)→InvB, Ra (λ) := (λ− a)−1 . For each λ, γ ∈ ρ (a)
we have the identity

Ra (γ)−Ra (λ) = (λ− γ)Ra (λ)Ra (γ) .

We also have that σ (a) ⊂ {λ ∈ C : |λ| ≤ ‖a‖} . The spectral radius of a is
defined as ν (a) = sup {|λ| : λ ∈ σ (a)} .
If a, b are commuting elements in B, i.e. ab = ba, then

ν (ab) ≤ ν (a) ν (b) and ν (a+ b) ≤ ν (a) + ν (b) .

Let f be an analytic functions on the open disk D (0, R) given by the
power series f (λ) :=

∑∞
j=0 αjλ

j (|λ| < R) . If ν (a) < R, then the series∑∞
j=0 αja

j converges in the Banach algebra B because
∑∞

j=0 |αj |
∥∥aj∥∥ <∞,
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and we can define f (a) to be its sum. Clearly f (a) is well defined and there
are many examples of important functions on a Banach algebra B that can
be constructed in this way. For instance, the exponential map on B denoted
exp and defined as

exp a :=
∞∑
j=0

1

j!
aj for each a ∈ B.

If B is not commutative, then many of the familiar properties of the ex-
ponential function from the scalar case do not hold. The following key
formula is valid, however with the additional hypothesis of commutativity
for a and b from B

exp (a+ b) = exp (a) exp (b) .

In a general Banach algebra B it is difficult to determine the elements in
the range of the exponential map exp (B) , i.e. the element which have a
”logarithm”. However, it is easy to see that if a is an element in B such
that ‖1− a‖ < 1, then a is in exp (B) . That follows from the fact that if
we set

b = −
∞∑
n=1

1

n
(1− a)n ,

then the series converges absolutely and, as in the scalar case, substituting
this series into the series expansion for exp (b) yields exp (b) = a.

It is known that if x and y are commuting, i.e. xy = yx, then the expo-
nential function satisfies the property

exp (x) exp (y) = exp (y) exp (x) = exp (x+ y) .

Also, if x is invertible and a, b ∈ R with a < b then∫ b

a
exp (tx) dt = x−1 [exp (bx)− exp (ax)] .
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Moreover, if x and y are commuting and y − x is invertible, then∫ 1

0
exp ((1− s)x+ sy) ds =

∫ 1

0
exp (s (y − x)) exp (x) ds

=

(∫ 1

0
exp (s (y − x)) ds

)
exp (x)

= (y − x)−1 [exp (y − x)− I] exp (x)

= (y − x)−1 [exp (y)− exp (x)] .

Inequalities for functions of operators in Hilbert spaces may be found in the
papers [15], [14] and in the recent monographs [35], [36] and the references
therein.
Let αn be nonzero complex numbers and let

R :=
1

lim sup |αn|
1
n

.

Clearly 0 ≤ R ≤ ∞, but we consider only the case 0 < R ≤ ∞.
Denote by:

D(0, R) =

{
{λ ∈ C : |λ| < R}, if R <∞
C, if R =∞,

consider the functions:

λ 7→ f(λ) : D(0, R)→ C, f(λ) :=
∞∑
n=0

αnλ
n

and

λ 7→ fA(λ) : D(0, R)→ C, fA(λ) :=
∞∑
n=0

|αn|λn.

Let B be a unital Banach algebra and 1 its unity. Denote by

B(0, R) =

{
{x ∈ B : ‖x‖ < R}, if R <∞
B, if R =∞.
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We associate to f the map

x 7→ f̃(x) : B(0, R)→ B, f̃(x) :=
∞∑
n=0

αnx
n.

Obviously, f̃ is correctly defined because the series
∑∞

n=0 αnx
n is absolutely

convergent, since
∑∞

n=0 ‖αnx
n‖ ≤

∑∞
n=0 |αn| ‖x‖n.

The following result has been obtained in [38].

Theorem 1.1. Let f(λ) =
∑∞

n=0 αnλ
n be a power series that is convergent

on the open disk D(0, R), with R > 0. If x, y ∈ B with xy = yx and
‖x‖ , ‖y‖ ≤ 1, then we have for λ ∈ C with |λ| < R the inequality:∥∥∥f̃ (λ · 1) f̃ (λxy)− f̃ (λx) f̃ (λy)

∥∥∥ (1.1)

≤ ‖x− 1‖ ‖y − 1‖
{
fA (|λ|)

[
|λ| f ′A (|λ|) + |λ|2 f ′′A (|λ|)

]
−
[
|λ| f ′A (|λ|)

]2}
.

For other similar results see [37] and [38].
Motivated by the above results, in this paper we consider the similar prob-
lem to provide upper bounds for the Čebyšev quantity∥∥∥∥∥Pn

n∑
i=1

piF (xi)G(yi)−
n∑

i=1

piF (xi)
n∑

i=1

piG(yi)

∥∥∥∥∥ ,
where F,G are some functions defined on a Banach algebra B, pi ≥ 0 with
Pn :=

∑n
i=1 pi > 0 and xi, yi ∈ C, i = 1, 2, ..., n where C is an appropriate

subset of B.
For various results on Čebyšev’s inequality in different settings, see [1]-[15],
[17]-[36] and [39]-[57].

2 Some New Inequalities

We say that the function F : C ⊂ B → B is a Lipschitian with constant
L > 0 on the subset C of the Banach algebra (B, ‖.‖) if



6 Marius V. Boldea An. U.V.T.

‖F (x)− F (y)‖ ≤ L ‖x− y‖

for any x, y ∈ C.

Theorem 2.1. Let F,G : C ⊂ B → B be Lipschitian functions with
constants L > 0 and K > 0. If xi, yi ∈ C, i = 1, 2, ..., n and pi ≥ 0,
i = 1, 2, ..., n with Pn :=

∑n
i=1 pi > 0, then we have:∥∥∥∥∥Pn

n∑
i=1

piF (xi)G(yi)−
n∑

i=1

piF (xi)
n∑

i=1

piG(yi)

∥∥∥∥∥
≤ LK

∑
1≤i<j≤n

pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ (2.1)

where ∆xl is the forward difference, namely: ∆xl = xl+1−xl, l = 1, ..., n−1.

Proof. Since F and G are Lipschitian with the constants L and K we have:

‖F (xi)− F (xj)‖ ≤ L ‖xi − xj‖

and
‖G(yi)−G(yj)‖ ≤ K ‖yi − yj‖

for any i, j ∈ {1, ..., n}. If we multiply these inequalities we get

‖F (xi)− F (xj)‖ ‖G(yi)−G(yj)‖ ≤ LK ‖xi − xj‖ ‖yi − yj‖ .

Using the property of Banach algebra B, ‖uv‖ ≤ ‖u‖ ‖v‖, that for any
u, v ∈ B we have,

‖(F (xi)− F (xj)) (G(yi)−G(yj))‖ ≤ LK ‖xi − xj‖ ‖yi − yj‖

for any i, j ∈ {1, ..., n}, that is equivalent to:

‖F (xi)G(yi)− F (xj)G(yi)− F (xi)G(yj) + F (xj)G(yj)‖
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≤ LK ‖xi − xj‖ ‖yi − yj‖ (2.2)

for any i, j ∈ {1, ..., n}.
If we multiply (2.2) by pipj > 0 sum over i and j from 1 to n and use the
generalised triangle inequality, we get:∥∥∥∥∥∥

n∑
i,j=1

pipj (F (xi)G(yi)− F (xj)G(yi)− F (xi)G(yj) + F (xj)G(yj))

∥∥∥∥∥∥ (2.3)

≤
n∑

i,j=1

pipj ‖F (xi)G(yi)− F (xj)G(yi)− F (xi)G(yj) + F (xj)G(yj)‖

≤ LK
n∑

i,j=1

pipj ‖xi − xj‖ ‖yi − yj‖ .

Now, observe that

n∑
i,j=1

pipj (F (xi)G(yi)− F (xj)G(yi)− F (xi)G(yj) + F (xj)G(yj)) (2.4)

= Pn

n∑
i=1

piF (xi)G(yi)−
n∑

j=1

pjF (xj)
n∑

i=1

piG(yi)

−
n∑

i=1

piF (xi)
n∑

j=1

pjG(yj) + Pn

n∑
j=1

pjF (xj)G(yj)

= 2

(
Pn

n∑
i=1

piF (xi)G(yi)−
n∑

i=1

piF (xi)
n∑

i=1

piG(yi)

)
.
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We also have, by the symmetry in the sum:

n∑
i,j=1

pipj ‖xi − xj‖ ‖yi − yj‖ = 2
∑

1≤i<j≤n
pipj ‖xj − xi‖ ‖yj − yi‖ . (2.5)

Moreover, we have xj − xi =
∑j−1

l=1 ∆xl and yj − yi =
∑j−1

s=1 ∆ys where
∆xl := xl+1 − xl, l = i, ..., j − 1 and by the generalized triangle inequality
we have:

‖xj − xi‖ ≤
j−1∑
l=i

‖∆xl‖

and

‖yj − yi‖ ≤
j−1∑
s=i

‖∆ys‖ . (2.6)

By the inequality (2.5) and by (2.6) we then have:

n∑
i,j=1

pipj ‖xi − xj‖ ‖yi − yj‖ ≤ 2
∑

1≤i<j≤n
pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ . (2.7)

Now, by making use of (2.3), (2.4) and (2.7) we get the desired result
(2.1).

Corollary 2.2. With the assumptions of Theorem 1 we have:∥∥∥∥∥Pn

n∑
i=1

piF (xi)G(yi)−
n∑

i=1

piF (xi)

n∑
i=1

piG(yi)

∥∥∥∥∥

≤ 1

2
LK

(
P 2
n −

n∑
i=1

p2i

)
j−1∑
k=1

‖∆xk‖
n−1∑
k=1

‖∆yk‖ . (2.8)
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Proof. It is obvious that for all 1 ≤ i < j ≤ n we have that:

j−1∑
l=i

‖∆xl‖ ≤
n−1∑
k=1

‖∆xk‖

and
j−1∑
s=i

‖∆ys‖ ≤
n−1∑
k=1

‖∆yk‖ .

Then∑
1≤i<j≤n

pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ ≤
∑

1≤i<j≤n
pipj

n−1∑
k=1

‖∆xk‖
n−1∑
k=1

‖∆yk‖ .

Now, let observe that:

∑
1≤i<j≤n

pipj =
1

2

 n∑
i,j=1

pipj −
∑
i=j

pipj


=

1

2

 n∑
i=1

pi

n∑
j=1

pj −
n∑

i=1

p2i


=

1

2

(
P 2
n −

n∑
i=1

p2i

)
.

Using (2.1) we deduce (2.8).

Corollary 2.3. With the assumptions of Theorem 1 we have:∥∥∥∥∥Pn

n∑
i=1

piF (xi)G(yi)−
n∑

i=1

piF (xi)

n∑
i=1

piG(yi)

∥∥∥∥∥
≤ LK

∑
1≤i<j≤n

(j − i) pipj

(
n−1∑
k=1

‖∆xk‖p
) 1

p
(

n−1∑
k=1

‖∆yk‖q
) 1

q

(2.9)

when p, q > 1 and 1
p + 1

q = 1.
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Proof. Using Hölder’s discrete inequality, we can state that

j−1∑
l=i

‖∆xl‖ ≤ (j − i)
1
q

(
j−1∑
l=i

‖∆xl‖p
) 1

p

and

j−1∑
s=i

‖∆ys‖ ≤ (j − i)
1
p

(
j−1∑
s=i

‖∆ys‖q
) 1

q

where j − 1 ≥ i, p, q > 1 and 1
p + 1

q = 1, and then, by multiplication we
have ∑

1≤i<j≤n
pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖

≤
∑

1≤i<j≤n
pipj (j − i)

1
p
+ 1

q

(
j−1∑
l=i

‖∆xl‖p
) 1

p
(

j−1∑
s=i

‖∆ys‖q
) 1

q

=
∑

1≤i<j≤n
pipj (j − i)

(
j−1∑
l=i

‖∆xl‖p
) 1

p
(

j−1∑
s=i

‖∆ys‖q
) 1

q

≤
∑

1≤i<j≤n
pipj (j − i)

(
n−1∑
k=1

‖∆xk‖p
) 1

p
(

n−1∑
k=1

‖∆yk‖q
) 1

q

and the corollary is proved.

Corollary 2.4. With the assumptions of Theorem 1 we have:∥∥∥∥∥Pn

n∑
i=1

piF (xi)G(yi)−
n∑

i=1

piF (xi)
n∑

i=1

piG(yi)

∥∥∥∥∥
≤ LK

Pn

n∑
i=1

i2pi −

(
n∑

i=1

ipi

)2
 max

1≤k≤n−1
‖∆xk‖ max

1≤k≤n−1
‖∆yk‖ . (2.10)
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Proof. We have

j−1∑
l=i

‖∆xl‖ ≤ (j − i) max
l=1,n−1

‖∆xl‖

and

j−1∑
s=i

‖∆ys‖ ≤ (j − i) max
s=1,n−1

‖∆ys‖ .

Then ∑
1≤i<j≤n

pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖

≤
∑

1≤i<j≤n
pipj (j − i)2 max

l=1,n−1
‖∆xl‖ max

s=1,n−1
‖∆ys‖

=

 n∑
i=1

pi

n∑
i=1

i2pi −

(
n∑

i=1

ipi

)2
 max

l=1,n−1
‖∆xl‖ max

s=1,n−1
‖∆ys‖

and the corollary is proved.

3 Some Applications

In [16] S. S. Dragomir proved the following result:

Lemma 3.1. Let f (z) =
∑∞

n=0 αnz
n be a function defined by power series

with complex coefficients and convergent on the open disk D (0, r) ⊂ C, R >
0 and let fa (λ) :=

∑∞
n=0 |αn|λn. For any x, y ∈ B with ‖x‖ , ‖y‖ ≤M < R

we have:

‖f (y)− f (x)‖ ≤ f ′a (M) ‖y − x‖ .
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If we take f (z) = zp, p ∈ N, p ≥ 1 and assume that x, y ∈ B with
‖x‖ , ‖y‖ ≤M then we have

‖yp − xp‖ ≤ pMp−1 ‖y − x‖ .

If we take f (z) = exp (µz), with µ ∈ R, µ 6= 0 and assume that x, y ∈ B

with ‖x‖ , ‖y‖ ≤M then we have

‖exp (µy)− exp (µx)‖ ≤ |µ| exp (µM) ‖y − x‖ .

If we write the inequality (2.1) for F (z) = zp, G (z) = zq, with p, q ∈ N,
p, q ≥ 1 then we have for ‖xi‖ , ‖yi‖ ≤M , i ∈ {1, 2, ..., n} that∥∥∥∥∥Pn

n∑
i=1

pix
p
i y

q
i −

n∑
i=1

pix
p
i

n∑
i=1

piy
q
i

∥∥∥∥∥
≤ pqMp+q−2

∑
1≤i<j≤n

pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ . (3.1)

If p = q and xi commutes with yi for each i ∈ {1, 2, ..., n}, then we get from
(3.1) that: ∥∥∥∥∥Pn

n∑
i=1

pi (xiyi)
p −

n∑
i=1

pix
p
i

n∑
i=1

piy
p
i

∥∥∥∥∥
≤ p2M2p−2

∑
1≤i<j≤n

pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ . (3.2)

In particular, for xi = yi and p = q, i ∈ {1, 2, ..., n}, we get∥∥∥∥∥∥Pn

n∑
i=1

pi (xi)
2p −

(
n∑

i=1

pix
p
i

)2
∥∥∥∥∥∥
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≤ p2M2p−2
∑

1≤i<j≤n
pipj

(
j−1∑
l=i

‖∆xl‖

)2

. (3.3)

Now, if we write the inequality (2.1) for the functions F (z) = exp (µz) and
G (z) = exp (νz), with µ, ν ∈ R, µ, ν 6= 0 we get for ‖xi‖ , ‖yi‖ ≤ M , for
i ∈ {1, 2, ..., n} that∥∥∥∥∥Pn

n∑
i=1

pi exp (µxi) exp (νyi)−
n∑

i=1

pi exp (µxi)

n∑
i=1

pi exp (νyi)

∥∥∥∥∥

≤ |µν| exp [(µ+ ν)M ]
∑

1≤i<j≤n
pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ . (3.4)

If xi commutes with yi for each i ∈ {1, 2, ..., n}, then from (3.4) we get:∥∥∥∥∥Pn

n∑
i=1

pi exp (µxi + νyi)−
n∑

i=1

pi exp (µxi)
n∑

i=1

pi exp (νyi)

∥∥∥∥∥

≤ |µν| exp [(µ+ ν)M ]
∑

1≤i<j≤n
pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ . (3.5)

In particular, for xi = yi and µ = ν, i ∈ {1, 2, ..., n}, we get:∥∥∥∥∥∥Pn

n∑
i=1

pi exp (2µxi)−

(
n∑

i=1

pi exp (µxi)

)2
∥∥∥∥∥∥

≤ |µ|2 exp (2µM)
∑

1≤i<j≤n
pipj

(
j−1∑
l=i

‖∆xl‖

)2

. (3.6)
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Consider now the function Fp (z) = (1− zp)−1 =
∑∞

n=0 z
np for p ≥ 1 a

natural number. Then F
′
p (z) = − (1− zp)−2

(
−pzp−1

)
= p (1− zp)−2 zp−1.

If M < 1, then F
′
p (M) = p (1−Mp)−2Mp−1.

We have then Fp (x) = (1− xp)−1, x ∈ B, ‖x‖ < 1, p ≥ 1 is Lipschitzian
with the constant p (1−Mp)−2Mp−1 and the function Gq (x) = (1− xq)−1,
x ∈ B, ‖x‖ < 1, q ≥ 1 is Lipschitzian with the constant q (1−M q)−2M q−1.
Therefore, by using Theorem 2.1 for xi, yi ∈ B with ‖xi‖ , ‖yi‖ ≤ M < 1,
i ∈ {1, 2, ..., n}, we get for pi ≥ 0, i ∈ {1, 2, ..., n} that

∥∥∥∥∥Pn

n∑
i=1

pi (1− xpi )
−1

(1− yqi )
−1 −

n∑
i=1

pi (1− xpi )
−1

n∑
i=1

pi (1− yqi )
−1
∥∥∥∥∥

≤ pq (1−Mp)−2 (1−M q)−2Mp+q−2
∑

1≤i<j≤n
pipj

j−1∑
l=i

‖∆xl‖
j−1∑
s=i

‖∆ys‖ .

(3.7)

In particular for p = q and xi = yi for each i ∈ {1, 2, ..., n}, we get from
(3.1) that: ∥∥∥∥∥∥Pn

n∑
i=1

pi (1− xpi )
−2 −

(
n∑

i=1

pi (1− xpi )
−1
)2
∥∥∥∥∥∥

≤ p2 (1−Mp)−4M2p−2
∑

1≤i<j≤n
pipj

(
j−1∑
l=i

‖∆xl‖

)2

. (3.8)

Finally, we notice that if one uses the upper bounds from Corollaries 2.2 -
2.4 that one can get further upper bounds in the examples outlined above.
The details are omitted.
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equalities. J. Inequal. Pure Appl. Math. 8 (2007), no. 2, Article 55, 4 pp.
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integrals, Studia Univ. Babeş-Bolyai, Mathematica (Romania), XXXV (4)(1990),
35-40.
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f (t) du (t), where f is of Hölder type and u is of bounded variation and ap-

plications, J. KSIAM, 5(2001), No. 1, 35-45.

[25] S. S. Dragomir, Some Grüss type inequalities in inner product spaces,
J. Inequal. Pure & Appl. Math., 4(2) (2003), Article 42. (Online:
http://jipam.vu.edu.au/article.php?sid=280).

[26] S. S. Dragomir, Reverses of Schwarz, triangle and Bessel inequalities in inner prod-
uct spaces, J. Inequal. Pure & Appl. Math., 5(3) (2004), Article 76. (Online :
http://jipam.vu.edu.au/article.php?sid=432).

[27] S.S. Dragomir, New reverses of Schwarz, triangle and Bessel inequalities in inner
product spaces, Austral. J. Math. Anal. & Applics., 1(1) (2004), Article 1. (Online:
http://ajmaa.org/cgi-bin/paper.pl?string=nrstbiips.tex ).
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