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THE QUADRATIC RELATIVE ENTROPY FOR BOUNDED
LINEAR OPERATORS IN HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we introduce the quadratic relative entropy
®(T|V) :==T*In (|VT—1 |2) T

for invertible bounded linear operators 7', V' in the Hilbert space H. Some
fundamental inequalities connecting this relative entropy and quadratic Tsallis
relative entropy

@1 (T|V) = % (“VT‘1|tT‘2 - \T|2> L t>0

are also provided.

1. INTRODUCTION

Kamei and Fujii [10], [11] defined the relative operator entropy S (A|B), for
positive invertible operators A and B, by

(1.1) S(A|B) := A% (m (A*%BA*%))A%,
which is a relative version of the operator entropy considered by Nakamura-Umegaki

[17].
In general, we can define for positive operators A, B

S(AB) i=s- lim S(A+<ly|B)

if the strong limit exists, here 1y is the identity operator.

For the entropy function 7 (t) = —tInt, the operator entropy has the following
expression:

n(A)=—-AlnA=S(A|1lg) >0

for positive contraction A. This shows that the relative operator entropy (1.1) is a
relative version of the operator entropy.

Following [12, p. 149-p. 155], we recall some important properties of relative
operator entropy for A and B positive invertible operators:
(i) We have the equalities

(12) S(A[B) = —AY? (m Al/QB‘lAl/Q) AV? = Bl/2y, (B_l/QAB_l/Q) B,
(ii) We have the inequalities
(1.3) S(A|B) < A(In||B|| -InA) and S (A|B) < B — A;
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(iii) For any C, D positive invertible operators we have that
S(A+B|C+ D)= S(A[C)+ S (B|D);

(iv) If B < C then

S(A|B) < S(A[C);
(v) If B,, | B then

S(AlBn) | S(A[B);
(vi) For o > 0 we have

S (aAlaB) = aS (A|B);
(vii) For every operator T we have
T*S (A|B)T < S (T*AT|T*BT).
The relative operator entropy is jointly concave, namely, for any positive invert-
ible operators A, B, C, D we have
StA+(1-t)BitC+(1—t)D)>tS(A|C)+ (1—1t)S(B|D)

for any t € [0,1].

For other results on the relative operator entropy see [1], [8], [13], [14], [16] and
[18].

Assume that A, B are positive operators on a complex Hilbert space (H, (-,-)).
The weighted operator arithmetic mean for the pair (A, B) is introduced by

AV,B:=(1-v)A+vB.

In 1980, Kubo & Ando, [15] introduced the weighted operator geometric mean
for the pair (A, B) with A positive and invertible and B positive by

Aty B = AV (A*WBA*I/?)V A2,

This definition of the weighted geometric mean can be extended for any real number
v with v # 0.
If A, B are positive invertible operators then we can also consider the weighted
operator harmonic mean defined by (see for instance [15])
ALB:=(1—v) A +vB )7
We have the following fundamental operator means inequalities

(1.4) Al,B < A4,B < AV, B, v € [0,1]

for any A, B positive invertible operators. For v = %, we denote the above means

by AVB, AtB and A!B.
For t > 0 and the positive invertible operators A, B we define the Tsallis relative
operator entropy (see also [7]) by

Af:B— A
Consider the scalar function T : (0,00) — R defined for t # 0 by
t
-1
(1.5) T, (z) = 2 —.

‘We have

(1.6) T, (¢)= —% = — T, (2) "
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For positive invertible operators A and B and ¢t > 0 we then have
T, (A|B) = AV2T, (A‘l/QBA‘l/Q) A2,
Also by (1.6) we have
T . (A|B) = AV2T_, (A*I/QBA*/Z) AY2 = T, (A|B) (At,B) " A

for any positive invertible operators A and B and ¢t > 0.
n [20], A. Uhlmann has shown that the relative operator entropy S (A|B) can
be represented as the strong limit

(L.7) S(AIB) = 5T, (A|B),

for the positive invertible operators A, B.

The following result providing upper and lower bounds for relative operator
entropy in terms of T} (-|-) has been obtained in [10] for 0 < ¢ < 1. However, it hods
for any ¢ > 0.

Theorem 1 (Fujii-Kamei, 1989, [10]). Let A, B be two positive invertible operators,
then for any t > 0 we have

(1.8) T_+(A|B) < S(A|B) < T: (A|B).
In particular, we have for ¢ = 1 that
(1.9) (lg —AB ') A< S(A|B) < B — A, [10]
and for t = 2 that
(1.10) % (1 - (AB)*) A< S(4B) < % (BAT'B - A).

The case t = % is of interest as well, providing the double inequality

(1.11) 2 (1H "y (AﬁB)_l) A< S(AB)<2(AtB— A)(< B— A).

In the recent paper [5] we extended the concept of weighted operator geometric
mean for general bounded linear operators in Hilbert spaces as follows.

Let B (H) be the Banach algebra of bounded linear operators on H. We define
the modulus of the operator T by |T'| := (T*T)l/2 . We denote by B! (H) the class
of all bounded linear invertible operators on H. For T'€ B~ (H) and V € B(H)
we define the quadratic weighted operator geometric mean of (T, V) by

(1.12) T®,V := “VT—1|”T)2

for v > 0. For V € B~! (H) we can also extend the definition (1.12) for v < 0. For
some fundamental inequalities for this mean, see [5].

By the definition of modulus, we also have
(1.13) T®,V =T VT [*' 7 =1" ((T*)_lv*VT’l) T
forany T € B~Y(H) and V € B(H).

For v = 1 we denote
= T*

VT T =T" ((T*)*1 V*VT‘1>1/2 T.

TEV = “VT‘1|1/2T’2
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It has been shown in [5] that the following representation holds

for T, V € B~ (H) and any real v. We have the following fundamental inequalities
extending (1.4):

(1.15) TPV, |V]* > T,V > T, |V|?

for T, V € B~ (H) and for v € [0, 1].
For T, V € B~'(H) and t > 0 we define the quadratic Tsallis relative operator
entropy by

(|VT*1|2>t—1
t

11t 2 2
Crev o |vrr) i
- t n t

PR IVE-ITP e
- t =1, (1T1° | V)

and the quadratic relative operator entropy by

(1.16) © (T|V) := T*T, (}VT—l\Q)TzT* T

(1.17) O (T|V) = T"In (|VT*1|2) T.
We also have for ¢t > 0 and T, V € B~ (H) that
(1.18) ©_ (T|V)=T"T_, (|VT*1|2) T =@, (T|V) (T®V) " |T?.

We observe that for ' = A'/? € B~' (H) and V = B'/? € B~'(H) we get the
equalities

o (A1/2|Bl/2) =T, (A|B) and ® (A1/2|Bl/2) = S(A|B),

that show the connection between the extended Tsallis and relative entropies with
the classical concepts defined for positive operators.

In this paper we establish some fundamental inequalities for the quadratic rel-
ative operator entropy in terms of quadratic Tsallis relative operator entropy that
extend and generalize the Fujii-Kamei result from (1.8). Applications for invertible
positive operators are also provided.

2. FUNDAMENTAL INEQUALITIES

We have:

Theorem 2. For any T,V € B~ (H) and t > 0 we have
(2.1) O (TIV) <o (TV) <@ (TIV).

In particular,

(2:2) (1 = TP VI72) TP < 0 (@) < VP - (TP,

(2.3) 2 (1n = 1T (TeV) ) TP < 0/(T|V) < 2(TOV - |TF)
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and
(2.4) ;@H—Qﬂﬂwﬁf)w2Swa)g;«wfwrﬁ3qgwﬂ?

Proof. Consider the convex function f (t) = —Int, ¢ > 0. By the gradient inequality
for f, namely

fro)b—a)=f®) = f(a) = f(a)(b-a)

we have
aibzma—lnbziaib

for any a, b > 0.
If we take in this inequality b = 1 and a = 2t with ¢ > 0, then we get
at—1 1—z7t a7t-1
t - t —t

namely
T i (z)<lnz <T;(zx)

for any t, z > 0.
If we use the continuous functional calculus for the positive invertible operator
X, then we have

(2.5) T (X)<InX < T (X).

For any T, V € B~ (H) we have that X = ’VT_1’2 € B~1(H). If we take in (2.5)
X = |VT*1’2 then we get

(2.6) T, (\VT—1|2> <mvrf < (|VT_1‘2)’

for any ¢ > 0.

It is well know that, if P > 0 then by multiplying at left with 7™ and at right
with T" where T' € B (H) we have that T*PT > 0. If A, B are selfadjoint operators
with A > B then for any T € B (H) we have T*AT > T*BT.

Therefore, by (2.6) we get

. (v )< w (v ) T <o (v )

which proves the desired result (2.1).
For t =1 we have

e (T|\V)=T" ((T*)_1 V*VT ! — 1H> T — |V|2 . |T|2
and
©O-1(IV)=1" (1 B (’VT—1|2)1> r=r (1 - (@ V*VT‘1)1> T
r (e me e )

which by (2.1) gives (2.2).
For t = 1/2 we have

1 (TIV) =2 (TOV - |TP)
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and
—1 2 2 —1 2
© 172 (TV) = @172 (TIV) (TOV) T =2 (TOV — |T}) (1Y)~ [T
=2 (1 — |71 (ToV) ") TP,

which by (2.1) gives (2.3).
For t = 2 we have

T* ((T*)*1 V*VT*1)2T —|1)?

@ (T|V) = 5
vV @) vy — o VP v -
B 2 B 2
_WPIEWEITTA TR TP 1 e ) )
= 5 = ((VPIT®) = 1a) )
and

©-2 (TV) = @ (T|V) (T®:V) " [T
— 5 (1o =12 (VR wE) )

: (1= (i w12) ) e,

1
which by (2.1) gives (2.4). O

DN | =

2 —2 12 -2 2
5 (1= TP VI TP v T =

Corollary 1. For any T, V € B~ (H) we have the strong limit
(2.7) s-lim @, (TIV)=06(T|V).

Proof follows by the double inequality (2.1).
Corollary 2. For any T, V € B~ (H) we have the representation
(2:8) o) =S (TP [IVF).
Proof. We have for any T, V € B~ (H) that

O(TV) = slime (T|V) by (2.7)

sl 7, (T [V]*) by (1.16)

S (|T\2 | |V|2) by Uhlmann’s identity (1.7)
and the representation (2.8). O

For the invertible operator T' € B~ (H) we define the quadratic operator entropy
by

O (T) =6 (T|ly) =T*In (|T‘1|2) T=T"In (|T*|’2) T =20 In(|T*)T
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and quadratic Tsallis operator entropy by

o (a2 () =1 1@ -y
@t(T);:TTt(\T y)T:T : T t

—2t 2 7| )
e - |17 =T
N t N t

for ¢t > 0.
Corollary 3. For any T € B! (H) and t > 0 we have
(2.9) O (T) <o(T) <o (T).

In particular,

(2.10) (1 = 17P) 1T < ©.(1) < 14— TP,

(2.11) 2 (1H —T*|T)| (T*)_l) T <o (T) <2 (T* Tt T - |T\2)
and

(2.12) 5 (11T TP < 0 (1) < 5 (117~ 1) I

We observe that for T = AY2 € B~'(H) and V = B2 € B~ (H) we get
from from Theorem 2 Fujii and Kamei result from (1.8) as well as the particular
inequalities from (1.9)-(1.11).

3. REFINEMENTS AND REVERSES

The following theorem is well known in the literature as Taylor’s theorem with
the integral remainder.

Theorem 3. Let I C R be a closed interval, a € I and let m be a positive integer.
If f : T — R is such that f(™) is absolutely continuous on I, then for each x € T

(3.1) f (@) =Tn(f;a,2) + Ry (f;0,7),
where Ty, (f; a,x) is Taylor’s polynomial, i.e.,
m k
T (i) =Y E 0 (o).
k=0

Note that ) := f and 0! := 1, and the remainder is given by
1 x
. - _ \™ p(m+1)
Ro(fiaa)i= = [ @ty 7m0 @

We need the following result [3]:

Lemma 1. For any a, b > 0 we have for n > 1 that

n n—1 k 2n
(b—a)’ : k1 (b—a) (b—a)
2 —_— < —1 —Inb+1 <t
(32) 2nmax?" {a,b} — ; (=1) ka® notmaes 2nmin®" {a, b}



8 S.S. DRAGOMIRY2

and

(b—a) — b-a" _  (p-a)™
3.3 ——— <Ilnb—Ina— < :
(33) 2nmax?" {a,b} — " ne I; kb*  — 2nmin®*" {a, b}

Proof. For the sake of completeness, we give here a simple proof.
The following identity holds, see for instance [6] where further applications in
Information Theory were provided:

m . \k _ak b _a\m
(3.4) lnb—lna—l—;(l)k(abk):(—l)m/a (btmiﬁdt.

for any a, b > 0 we have for m > 1
For m = 2n — 1 with n > 1, then from (3.2) we have

2n—1 k k b 2n—1
(=1)" (b—a) (b—1)

(3.5) Inb—Ina+ Z Tz—/ﬂ Tdt,

k=1
for any a, b > 0, giving that

b 2n—1 2n—1 k—1 k
(b—1) _ (-1)" " (b—a)
(3.6) /a Jon dt = ok —Inb+Ina.
k=1

Ifb>a >0, then

b 2n—1 b 2n
(b—1t) 1 -1 (b—a)

. ~ 7 dt>— _ _ %
(3.7) /a Jan dt > | (b—1) dt b2
and

b (b _ t)2’n71 1 b 9 1 (b _ a)2n

. —dt < — b—t)" dt = —F—.

(3 8) /L t2n — a2n /a ( ) QnaQn

If a > b >0, then

b _ 5\2n—1 a _ 5\2n—1 a _ p1\2n—1
R Sy S Sy S
a b b

12n 12n 12n
Therefore
a (t _ b)2n71 1 a on—1 (a _ b)2’ﬂ
. —dt > — t—1> dt = ——
(3 9) /b t2n — g2n b ( ) Ina2n
and
a (t _ b)Qn—l 1 /a on_1 (CL _ b)?”
3.10 ——dt < — t—10 dt = ——.
( ) /b {2n — p2n b ( ) Inb2n
By making use of (3.7)-(3.10), we deduce the desired result (3.2).
Now, if we replace a with b in (3.2) we get (3.3). O

Corollary 4. For any a, b > 0 we have for n > 1 that

2n—1 (b . a)k 2n—1 - (b . a)k
k=1 k=1

‘We have:
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Theorem 4. For any T,V € B~*(H), n>1 and t > 0 we have

(3.12) Z kt’c 1( t(TIV) ITI*> s
< @(T|V)
< Z t’H (@t (T|V) |T|_2)k|T|2.

Proof. If we take in (3.11) a = 1 and b = z? with x, ¢t > 0, then we get

2n—1 k 2n—1 k
(z' - 1) ¢ k-1 (@t — 1)
E 2 <Inz'< E -1 —_
]{} (:ljt)k — — f ( ) k

(3.13) > Etk_l (T_; (2))F <Inz < _Ttk‘l (T, ()"

for z, t >0
If we use the continuous functional calculus for the positive invertible operator
X we get

2n— 1 2n—1 (_1)1971
(3.14) Z kt’“ YT (X)) <lnX <

fort >0 and n > 1.
For any T, V € B~ (H) we have that X = |VT*1|2 € B~ (H). If we take in
(3.14) X = |VT_1}2, then we get

2n—1

o S e (e (v ) <)
g 2;1 (—1]zkltk—1 (Tt (]VT‘lf))k

for t >0 and n > 1.
By multiplying the inequality (3.15) at left with 7 and at right with T we get

2n—1

(3.16) 3 % e (1, (|VT‘1|2>)kT
k=1
Cru(vrp)r
<3V e (g (vrp)) o

fort >0and n > 1.
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For k > 2 we have
TW<T}GV7“1F>)kT
:I*(GWYJTVB(HU“Jf)TT‘ng
=7 () o (jvr )Tt (@ e (v ) o)
=17, (vr ) 1t ) e (Ve ) T
=17, (v ) rr-t ()L (v ) ot () T
= 0 (TIV) 7172 o0 (T 112 T = (o0 (TIV) [2172) 277,

t > 0. This equality remains true for kK = 1 as well.
We also have

7 (1o (v 7)) 1 = (om ) ) o

fort >0and k > 1.
Using the inequality (3.16) we deduce the desired result (3.12). O

For n = 1 we recapture the inequality (2.1).

Corollary 5. For any T,V € B~' (H), n>1 we have
2n—1 1 ) ) k )

(317 Y (1 — TP V) (TP < 0 (1v)
k=1

2n—1 k—1
(-1) PR
<X (VP T = 1) 17T

k
If we take in (3.12) T = A2 € B~'(H) and V = BY/? € B~' (H), then we get

2n—1
1 k
3.18 —tF=1(T_, (A|IB)A )" A< S(AB
318) 3§ (T (B A7) A< S (D)
2n—1 c—
<y ED™ s (7, (agp) A1) 4
< A t
k=1
for t > 0, while from (3.17) we get
2n—1 1 ok 2n—1 (_1)k—1 ) 5
3.19 —(1gy — AB~ A< S(AlB) < -~ (BA™ -1 A,
319 3 7 (1 fassB) < = #)

where n > 1.

4. FURTHER UPPER AND LOWER BOUNDS
We need the following result that has been obtained in [4]:

Lemma 2. For any a, b > 0 we have that
-
2bmax {a, b}

—a_ 1
b~ 2bmin {a,b}

(4.1) w—@ngb—ma—b (b—a)?
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and
1 2 b—a 1 2
: —— _(b—a)?< - < _(h-a)?.
(42) 2amax {a, b} (b-a)s Inb+na < 2amin {a, b} (b-a)
If n > 1, then for any a, b > 0 we have that
b_ g)2n+2
(4.3) (b-a)
(2n+1) (2n + 2) bmax?"*1 {a, b}
b—a 1 (1) (b—a)
<Inb—Ina-— —
A A l; k(k—1) a1
_ (b _ a)2n+2
~ (2n 4 1) (2n 4 2) bmin*" ! {a, b}
and
. \2n+2
(4.4) (b—a)
(2n+ 1) (2n + 2) amax?"*+1 {a, b}
2n+1 k
b—a 1 1 (b—a)
< _Z —Inb+1
=74 agk(k—l) g1 mbina
(b _ a)2n+2

< .
~ (2n+1) (2n +2) amin® ! {a,b}

Proof. For the sake of completeness we give here a simple proof.
For any a, b > 0 we claim that

— b —
(4.5) lnb—lna—bba:%/a %da

and for any m > 2 and any a, b > 0

b—a 1= (-D"'0b-a) ()™ -0
(4.6) Inb—1Ina— +6k22k(k—1) = /a dt.

b ak—1 mb tm

Consider the function f:(0,00) — R, f (z) = zlnz, then

f'(x)=Inz+1and [’ (z) = %

and, in general, for m > 2 we have

f(m) ($> _ (_l)m (m B 2)'

pm—1 ?
where 0! := 1.
If we use Taylor’s representation (3.1) for m = 1, then we have

x

f(w)zf(a)+(w—a)f’(a)+/ (x— 1) " (t) dt

a

for any z, a € I.
If we write this equality for f () = zlnz and = = b, we get
b

b—t
blnb:blna+b—a+/ Tdt

a

for any a, b > 0 that is equivalent to (4.5).
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If we use Taylor’s representation (3.1) for m > 1, then we have

m k
F@) = F@)+ - a) f (0 + 3 T 0 )

k=2
+ —/ )" D () dt

for any z, a € I.
If we write this equality for f (x) = zlnx and x = b we get

m b k
blnb=alna+ (b—a)(lna+1 Jrzk ak_al)
=2
1 m—1 b _\m
LD /(b "
m o tm
namely
(D p-a)f
blnb =101 b—
n na-+ a+kZ:2k(k_1) af—1
1 m—1 b _\m
U ey,
m o tm

for any a, b > 0 that is equivalent to (4.6).
Now, let b > a > 0, then

1 b by b
— b—t)dt > udtZ1 b—t)dt
a t b

giving that

1 2
(4.7) (b—a)® —dtZ—b(b—a) .
Let a > b > 0, then

%/ (t —b) dt>/—dt /ﬂdt>l/ (t —b)dt
b b

giving that

(4.8) / udt > o (b —a)?.

Therefore, by (4.1) and (4.2) we get

b —
L (bfa)QZ/ AL Sl

2min {a, b} t ~ 2max{a, b}

for any a, b > 0.
By utilising the equality (4.5) we get the desired result (4.1).
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Let m = 2n 4+ 1 with n > 1. Then by (4.6) we have
b—a 1 (1) (b-a)F
4. 1 Ina — -
(4.9) nb—1Ina —l—bkzk(k ) a1
2
dt.
2n—|— 1) b/ t2”+1
Let b > a > 0, then
b . 2n+2 b b ¢ 2n-+1 b - 2n+2
(4.10) (b—a) > / b=t 4y (b=a) .
a2n+1 (2n + 2) 2n+1 p2n+1 (2n + 2)

Ifa>b>0, then

b _ 2n+1 a _ 2n+1
/ udt — / %dt
a b

2n+1 2n+1
and
2n+2 a 2n+1 2n+2
- t—>b b—
(4.11) (b—a) > / t=b "y (b-a) .
b2t (23 + 2) A £2n+1 a2 (20 + 2)
Using (4.10) and (4.11) we get
b o 2n+2 b b ¢ 2n+1 b _ 2n+2
(112) — (0= >/( SNV Gl
min“""" {a, b} (2n + 2) 12t max??t1 {a, b} (2n + 2)

for any a, b > 0.

Finally, on utilising the representation (4.9) and the inequality (4.12) we get the
desired result (4.3).

The inequality (4.4) follows from (4.3) by replacing a with b. O

Corollary 6. Ifn > 1, then for any a, b > 0 we have that

b—a 1K (=) (b-a)
(413) —— + Zk(k—l) S~ <Inb-Ina

2n+1 a)k

Z k(k—1) b’H

We also have the following upper and lower bounds:

Theorem 5. For any T, V € B~ (H), n > 1 and t > 0 we have
2n+1 K
k—1 -
(4.14) (TIV) + § j k T (e @) 1117?) 1©-V

o (TV)
2n+1 ) k
<o (T|V) - Z =D "1 (0 (1)) |T17%) T®WV.
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Proof. If we take in (4.13) a =1 and b = z* with x, ¢ > 0, then we get

g1 il (_1)k ) .
D Dl 1l G

k=2
<lIlnazt

2n+1 k

1 xt—1

< tf]_f t
v kZQk:(k:—l)< ot >x

namely

that can be written as
T,t (CL') + Z mt - (T (SL’)) $_t
k=2
<Ilnz
2n+1 1 1 o
<T(z)— Y, mt (T—¢ ()" 2",
k=2
forz,t>0andn > 1.

If we use the continuous functional calculus for the positive invertible operator
X we get

=D kgt
T (X)+ ) g (T, (X))* X
k=2
<IlnX
2n—+1

1
ST (X) - Y e th T (T, (X)) X
= t( ) ];k‘(k‘—l) ( t( )) )
fort >0 and n > 1.
Now, if we take X = |VT*1|2 € B! (H) where T, V € B~! (H), then we get

119 2 vrF) 3 g (v ) (e

<In (|VT*1|2>
<T (|VT—1‘2) _ :Z; ﬁtk—l (T,t (|VT_1’2))k (|VT—1’2>t7

fort >0and n > 1.
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By multiplying the inequality (4.15) at left with 7™ and at right with T we get

(416) T, <|VT*1|2) T

2n+1

+ Z G t’“‘lT* (Tt (\VT—1|2))k (\VT‘1|2>4T

§T*1n<|VT 1| T

<T'T; (yVT*f) T

2n+1 k t
Z et (7 (v P)) (vr)*) o,
fort >0 and n > 1.

For k > 2 we have

(1 (\VT—l\z))k (lvr=?) T

-1 (T, (]VT‘1|2))kTT‘1 (lvr=?) 7
A(TIV)|T|” )k|T|2T*1 |VT*112)_tT

*1|2>_tT

vr-i|?) T

o () 712) 1

= (¢ (
( L (T|V) |T\‘2)kT*TT*1 (|VT
=

= (

k
O (TIV) |T]7*) T®-V

and

T (T,t (|VT—1\2))k (|VT—1\2)tT = (@,t (T|V) |T|*2)kT®tv

for ¢t > 0.
Using (4.16) we get the desired result (4.14). O

Corollary 7. For any T,V € B~'(H), n > 1 we have

2n+1 k
_ -1 _ k _
@1n) TP = [PV R+ Y p s (VR = ) v
k=2

o (TV)
2n+1

k
S N gy (L) v
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If we take in (4.14) T = AY? € B-'(H) and V = BY? € B~' (H), then we get

2n+1 k
(4.18) +(A|B) + Z k( tk—l (T, (A|B) AH — 1)* 43_,B
S (A|B)
2n+1 i
< T; (A|B) — Z P tk—l (T_: (A|B)A™Y)" At,B

for ¢ > 0, while from (4.17) we get

-1 EoN (_1)k -1 k -1
(4.19) A—AB'A+ gm(m — 1) AB7'A
S (AlB)
2n+1 1 ok
<B-A- kzﬂm@ﬂw )" B,

where n > 1.

5. INEQUALITIES UNDER BOUNDEDNESS CONDITIONS

If we take a =1 and b=y > 0 in (3.2) and (3.3), then we get

n 2n—1 k 2n

(y—1)?* pe1 (y—1) (y—1)
51 < -1 —Ihny< —F5"——
(5.1) 2nmax?" {y, 1} — ; (=1) k Y= o min?” {y,1}
and

n 2n—1 k 2n
(y—1)° (y—1) (y—1

5.2 — = <Iny— < .
(5-2) 2nmax?" {y, 1} Y kZ:l kyk  ~ 2nmin®" {y,1}

Since for y > 0 we have

(y—1™ (1 ~ min{l,y})%j

max?" {1,y} max{1,y}
and
2n 2n
min®" {1, y} min {1, y} 7
then by (5.1) and (5.2) we have
1 min {1, y} R k-1 (Y — 1)k
5.3 — (1 - ———= < -1 —1
(5:3) 2n < max{l,y}> - ; (=1) k ny
1 (max{l,y} 1 2n
2n \ min{1,y}
and
1 min {1, y} 2n et (y —1)* 1 (max{l,y} 2n
54) — (|1 - ————= <lny-— < —|——-1 .
(54) 2n ( max{l,y}) =1y Z ky*  — 2n \ min{1,y}
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Assume that v, V' > 0 with v < V. If y € [v,V] C (0,00), then by analyzing all
possible locations of the interval [v, V] and 1 we have

min{1,v} <min{l,y} <min{1,V}

and
max {1,v} < max {l,y} < max{1,V}.

We also have

(5.5) 0<p_ min{l,V} . min{ly}
max {1, v} max {1, y}
and
(5.6) cmax{ly}y | _max{LV}
min {1, y} min {1, v}
From (5.3) and (5.4) we get the following global lower and upper bounds
1 min {1,V}\*" = y— )"
. o LA T B A M
(5.7) 2n ( maX{l,U}) - kZ:1 (=1) k ny
2n
< 1 ma.ux{l,V} 1
~ 2n \ min{l,v}
and
1 min {1, V})>" -1 1 /max{1,V} an
8) —(1- /) <y — ) P (it G
(58) 2n (1 max{l,v}> S lny Z ky*  — 2n \ min{1,v} 1

for any y € [v,V] C (0,00) and n > 1.

Lemma 3. Let T, V € B Y(H) and 0 < m < M < oo. Then the following
statements are equivalent:
(i) The inequality

(5.9) m|[Tz| < [[Va| < M [Tz

holds for any x € H,;
(1i) We have the operator inequality

(5.10) mly <|VI'| < Mlg.
Proof. The inequality (5.9) is equivalent to
m? ||Tz|* < |[Va|® < M? | Ta|?
for any = € H, namely
m? (T*Tx,z) < (V*Va,z) < M? (T*Tx,x)

for any z € H, which can be written in the operator order as

m*T*T < V*V < M*T*T.
Since T' € B~! (H), then this inequality is equivalent to

m?ly < (T71) V*VI~ < M1y,

namely

m?1y < [VTY? < M?1y,
which in its turn is equivalent to (5.10). O
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‘We have:

Theorem 6. Let T, V € B~1(H) and 0 < m < M < oo. Assume that the pair of
operators (T, V') satisfies either the condition (5.9) or, equivalently, the condition
(5.10). Then for anyt > 0 and n > 1 we have

1 min{l MQ} 9
5.11 | ———+ | |IT
(5:11) 2n t o\ max {1,m2} 7l

< 3 EV s (o ) o - o )
=~ L t

k=1
1 max {1, M?} 5
< 7t2n—1T2n ’ T
~ 2n t ( min {1, m?} 7]
and
1 min {1, M?} 2
5.12 —g2ndpzn (A L
(5:12) 2n t (max{l m?} 7l

2n—

o (TIV) - Z s (o (v 2

k=
< it2n71Tt2n ma.X {I’M } |T|2 ,
2n min {1, m?}
where T is defined by (1.5).

Proof. Let z € [m, M] C (0,00) and for ¢ > 0 put y = z* € [m*, M*]. Then by (5.7)
and (5.8) for v = m? and V = M* we have

1 <1 _ mm{l’]wt})zn < %Zilﬂ (2! — l)k —Ina’

2n max {1, m?} = k

t 2n
< 1 (max{1,M'} )
-2 min {1, m*}

and
. t 2n 2n—1 t k
1 1_mln{l,M} Slnxt—zl zt—1
2n max {1, mt} — k at
< 1 (max {1, M*} 2n
= 2n \ min {1, mt} ’
for any n > 1.

These inequalities may be written as

. £\ 2" 2n—1 k—1
1 min {1, M Z -1 ¢ :
2n (1 B (max{{l,mi) ) : : 11 («" - l)k e
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and

(| (min{t M} 2"<1 t_Qill ot —1\F
2n max {1, m} = k at

k=1
t 2n
< 1 max {1, M} {
~ 2n min {1, m}
or, in terms of T4; as
. 2n—1 k-1
1 _ min {1, M } (-1 _ k
5.13 —g2notpn (0 1) < ~ kT —1
( ) 2n t <max{1,m}> - ; k (T2 (=) e
<it2n—lT2n max {1, M}
~ 2n £\ min{1,m} )’
and
(5 14) 1 £2n—1p2n min{l,M} <1 2nz_:1 ltkfl (T ( ))k
. — — = nx— - _
2n ' \max{1,m}/) = v —k t\E
<it2n71T2n max {1, M}
~ 2n t min {1, m}

for x € [m, M] C (0,00), n > 1 and for ¢ > 0.
Let T,V € B~ (H) and consider X = ’VT_llz . Then by (5.9) we have m?1y <

’VT*W2 < M?1y and by making use of (5.13) and the functional calculus for
selfadjoint operators we have

1 in {1, M2
(5.15) %th—thQn (mln { })

max {1, m?}
2n—1 k—1
(_1) k—1 ( —1 2 k -1 2

< S et ( T )) —|VT
= Z k t ’V ’ u |V |

k=1
< itzn—1T2n max {1, M?}
~ 2n t min {1,m?} |’

for n > 1 and for ¢t > 0.
On making use of a similar argument to the one in the proof of Theorem 4 we

obtain from (5.13) the desired result (5.11).
The inequality (5.12) follows by (5.14) in a similar way. O

Remark 1. If we take in (5.11) and (5.12) n = 1, then we get
1 min {1, M2
(G.16) L <H> TP < @, (TIV) - o (T]V)

2 max {1, m?}
1, M?
SltTfQ ma.x{, } ‘T|2
2" | min{l,m?}
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and

min{l,M2}

S itQ'n—thZn (max{]"M2}> |T|2,

2n min {1, m?}

for any t > 0. These provides refinements of the inequalities in (2.1).
If we take t =1 in (5.11) and (5.12), then we get

. 9 2n
(5.18) L <1 _ min{1, M7} }> lak

2n max {1, m?}
2n—1 k—1
(-1) - ’
<Y — (VPITI P — 1) TP o (1v)
k=1

2n \ min{1,m?}
and
1 min{l MQ} 2" 9
5.19 — 1 - —" T
(5.19) 2n max {1, m?} 7l
2n—1 1 k
<ov)= Y ¢ (ta—ITP V) 1P
k=1
2n
1, M?
Si 7%.)({ ’ }—1 IT|?
2n \ min {1, m?}
form > 1.

If we take @ = 1 and b = y > 0 in Lemma 2, then by using (5.5) and (5.6) we get

11 min {1, V})? y—1
2 - 1- <lny - *=——
(5:20) 2min{1,V}( max{17v}> =y y
_1 1 max {1V} ?
~ 2max {1,v} \ min{l,v}
and

min {1, V'}

2
<y—-1-1
max{l,v}> =Y Y

(5.21) %max{l,v} (1 -
max {1,V} 2
= min{1,v} 1)

min {1,V} (

N =

for any y € [v, V].
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If n > 1, then for any y € [v, V] we also have that
. 2n+-2
1 1 1
(5.22) . 1— M
(2n+1) (2n +2) min {1, V} max {1,v}
2n+1 k—1
y—1 1 (1) k
<lnhy—*——+— ——(y—1
y oy kz:; k(k—1) w=1)

1 1 (max{LV} - 1)2”“

SCE TR P i ey
and
. min{l, V} 2n+2
(5.23) TENICES max {1, v} (1 - HW)

2n+1 k
L =1
<y—1- ~1
=Y k; k(k—1) yt Y
1 1 2n+2
< min (1,1} (22ALVE )T
2n+1)(2n+2) min {1, v}

These inequalities can be used to obtain the operator versions similar to the ones
from Theorem 6. The details are omitted.
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