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Abstract
We give here many very general fractional self adjoint operator Poincaré
and Sobolev type and other basic inner product inequalities to various di-
rections. Initially we give several very general fractional representation
formulae in the self adjoint operator sense. Inequalities are based in the
self adjoint operator order over a Hilbert space.
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1 Background

Let A be a selfadjoint linear operator on a complex Hilbert space (H;(-,-)).
The Gelfand map establishes a x—isometrically isomorphism ® between the set
C (Sp(A)) of all continuous functions defined on the spectrum of A, denoted
Sp(A), and the C*-algebra C* (A) generated by A and the identity operator
1g on H as follows (see e.g. [11, p. 3]):

For any f,g € C (Sp(A)) and any «, 8 € C we have

(i) @ (af + Bg) = a® (f) + B (9):

(ii) ®(fg) = ®(f) P (g9) (the operation composition is on the right) and

®(f) =(2(f)";
(ii) | (NI = [1f]l:= sup |f(@)];
teSp(A)
(iv) ®(fo) = 1y and ®(f1) = A, where fo(t) = 1 and f1 (t) = ¢, for
teSp(A).
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With this notation we define
f(A):=(f), forall feC(Sp(A)),

and we call it the continuous functional calculus for a selfadjoint operator A.

If A is a selfadjoint operator and f is a real valued continuous function on
Sp(A) then f(t) > 0 for any ¢ € Sp(A) implies that f(A) > 0,ie. f(A)isa
positive operator on H. Moreover, if both f and g are real valued continuous
functions on Sp (A) then the following important property holds:

(P) f(t) > g(t) forany t € Sp (A), implies that f (A) > g (A) in the operator
order of B (H) (the Banach algebra of all bounded linear operators from H into
itself).

Equivalently, we use (see [10], pp. 7-8):

Let U be a selfadjoint operator on the complex Hilbert space (H, (-, -)) with
the spectrum Sp (U) included in the interval [m,M] for some real numbers
m < M and {E\}, be its spectral family.

Then for any continuous function f : [m, M] — C, it is well known that
we have the following spectral representation in terms of the Riemann-Stieljes
integral:

M
G e = [ F0 ). (1)

for any x,y € H. The function g, , (\) := (Exz,y) is of bounded variation on
the interval [m, M], and

Gy (m - O) =0 and Jz,y (M) = <.13, y> ’ (2)

for any x,y € H. Furthermore, it is known that g, (\) := (E)z, ) is increasing
and right continuous on [m, M].
We have also the formula

M
(f (U) 2, 2) = / FNd((Brz.x)), Ve H. (3)
m—0
As a symbol we can write
M
roy= [ ram, ()

Above, m = min {A\|X € Sp(U)} := minSp (U), M = max{A\|A € Sp(U)} :=
max Sp (U). The projections {Ex},p , are called the spectral family of A, with
the properties:

(a) E)\ S E)\/ for \ S )\/;

(b) Ep—o = 0p (zero operator), Ep = 1y (identity operator) and Exyo =
FE, for all A € R.



Furthermore
Ey:=¢\(U), VAER,

is a projection which reduces U, with

1, for —oco < s <A,
0, for A < s < +o0.

er(o)i={ 6
The spectral family {E\},.p determines uniquely the self-adjoint operator U
and vice versa.

For more on the topic see [12], pp. 256-266, and for more details see there
pp. 157-266. See also [9)].

Some more basics are given (we follow [10], pp. 1-5):

Let (H; (-, -)) be a Hilbert space over C. A bounded linear operator A defined
on H is selfjoint, i.e., A = A*, iff (Az,z) e R,V x € H, and if A is selfadjoint,
then

[Al = sup [(Az,z)]. (6)
z€H:||z||=1
Let A, B be selfadjoint operators on H. Then A < B iff (Az,z) < (Bx,z), V
rxeH.
In particular, A is called positive if A > 0.
Denote by

P = {@(s) ::ZakskaO, akE(C,0<k:<n}. (7)

k=0

If A € B(H) is selfadjoint, and ¢ (s) € P has real coeflicients, then ¢ (A4) is
selfadjoint, and

le (A = max {[o (A)], A € Sp(A)}. (8)

If ¢ is any function defined on R we define

@4 == sup{lp (M), A € Sp(A)}. (9)

If A is selfadjoint operator on Hilbert space H and ¢ is continuous and given
that ¢ (A) is selfadjoint, then [[¢ (A)|| = ||¢|| 4. And if ¢ is a continuous real
valued function so it is |p|, then ¢ (A) and |¢|(4) = |p(A)| are selfadjoint
operators (by [10], p. 4, Theorem 7).

Hence it holds

Il (O = Nllllla = sup {lle VI, A € Sp(A)} (10)

=sup {[p (N[, A € Sp(A)} = ol 4 = lle (A,
that is

Il (I = Nl (A - (11)



For a selfadjoint operator A € B (H) which is positive, there exists a unique
positive selfadjoint operator B := /A € B(H) such that B> = A, that is
2
(\/Z) = A. We call B the square root of A.
Let A € B(H), then A*A is selfadjoint and positive. Define the ”operator
absolute value” |A| := vV A*A. If A = A*, then |4| = V A2

For a continuous real valued function ¢ we observe the following:

M
| (A)| (the functional absolute value) = / o (M| dE) =

m—0

M
/ » \ (¢ (}\))sz)\ =1/(p (A))2 = |¢ (A)| (operator absolute value),

where A is a selfadjoint operator.
That is we have

| (A)] (functional absolute value) = |p (A)| (operator absolute value). (12)

2 Main Results

Let A be a selfadjoint operator in the Hilbert space H with the spectrum
Sp(A) C [m,M], m < M; m,M €R.

In the next we obtain many very general fractional operator representation
formulae, and many very general fractional operator Poincaré and Sobolev type
inequalities, and many other basic fractional operator inner product inequali-
ties, in the operator order of B (H) (the Banach algebra of all bounded linear
operators from H into itself). All of our functions next in this article are real
valued.

We mention the following general Taylor formula

Theorem 1 ([2], p. 400) Let f, f', ..., f™): g, g be continuous from [m, M] into

R, n € N. Assume (g’l)(’C , k=0,1,...,n, are continuous. Then

= (Fog )™ (g(m))

FO)=f(m)+)] o (9(N) =g (m)* + Ry (m, ), (13)
k=1
where
A
R = =g [ G0 =0 (7o) ) g (s (1)
g(N)
:(n_ll)!/( | @A) =" (Fog ™™ ()dt, VA m,M].



We present the operator representation formula

Theorem 2 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M, {Ex}» be its spectral

family, I be a closed subinterval of R with [m,M] C I (the interior of I) and
n € N. We consider f € C™(Im,M]), g € C*([m,M]), such that there exist
(g’l)(k), k=0,1,...,n, that are continuous, where f,g: I — R.

Then

n—1 ° 1 (k) m
fay =S oo )k' (g (m))
P !

(g(A) _g(m)lH)k+Rn(fagvm7M)a (15)
=0

where
R, (f,g,m,M) =

M A
i/ ( [ a0 =g (Fos) " g (S)ds> a5, (16)

M g(N)
~ - D! oo </ oy X =T o9 )™ (1) dt) dEj.

Proof. We integrate (13), (14) against F) to get

M n-l e —1)\(k) m M
[ rovar, = YT 00D T g0 gyt an,

k!
k=0 m—0

+/M R, (m, \) dEj. (17)

m—0

By the spectral representation theorem we obtain

n-l e -1 (k) m .
=3 20) @) gy gy 1)

k!
k=0

M
/ R, (m, )\) dE,\7 (18)

m—0

proving the claim. m

Note 3 (to Theorem 2) By [2], p. 401, if f*) (m) =0, for k=0,1,...,n —1,
then (f ogfl)(k) (g(m)) =0, all k=0,1,....n — 1. In that case it holds

f(A) =R, (f.g,m,M). (19)

‘We need



Definition 4 (/3]) Let « > 0, [a] = n, [-] the ceiling of the number. Here
g € AC ([m, M]) (absolutely continuous functions) and it is strictly increasing.
We assume that (f ) gil)(n) 0g € Lo ([m, M]). We define the left generalized
g-fractional derivative of f of order a as follows:

(Do) @) = e [ 0@ =0 ®)' ™ g () (os™) " ) ar
" (20)
x > m, where ' is the gamma function.
If a ¢ N, by [3], we have that Dy, .., f € C (Im, M]).
We set
Dpygf (@)= ((fog7) " 0g) (@), (21)
(DYy.of) () = f(2), Vael[m M.
When g = id, then
D%+;gf = D%+;idf = D¢, 1, (22)

the usual left Caputo fractional derivative [1], p. 270, and [8], p. 50.
We need the following g-left fractional generalized Taylor’s formula:

Theorem 5 (/3]) Let g be strictly increasing function and g € AC ([m, M]).
We assume that (f o g=') € AC™ ([g (m), g (M)]), whereN > n = [a], o > 0 (it

means (f og_l)(n_l) € AC ([g(m),g(M)]), and implies that f € C ([m, M])).
Also we assume that (f o gfl)(n) 0g € Lo ([m, M]). Then

n—1 | (k) m
o=+ 3 VR0 e )

k=1

A
. / (60 — g (1) g (1) (D2, ) (1) d,

I'(a) Jm
VA€ [m, M].
Calling RS (m, \) the remainder of (23), we get that
RV (m,\) = 1/gw (g(\) = 2)* " ((DSyyf) 0 97Y) (2) dz (24)
o ) (@) Jyom m+ig ,

VA€ [m,M].

R (m, A\) is a continuous function in A € [m, M].
We present the following operator left fractional representation formula



Theorem 6 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M, {Ex\} be its spec-

tral family, I be a closed subinterval of R with [m,M] C T and n € N, with
n:=Ja|, a > 0. Let f,g : I — R. Assume that g is strictly increasing and
g € AC ([m, M)), and (fog_l) € AC™ ([g (m), g (M)]), and (fog_l)(n) og €
Lo ([m, M]). Then

L (fog? ’“( (m))

(g(A) _g(m) ]-H)k +Rz(11) (fvgvavm’M)v
(25)

OM

where
R (f,g,0,m, M) :=

M A
B (/ (g(N) —g )" /()(D%Jrgf)(t)dt)dE)\

m

g(X)
s (/wa—z) ((D%Hf)og‘l)(z)dz)dE» (26

Proof. We integrate (23) against Ey to get

o (k) m M
/ Fn dEA—Z(f a ),d a ”/_0<9<A>—g<m>>kdEA

‘

M
- / RW (m, \) dE). (27)
m—0

By the spectral representation theorem we obtain

n—1 ° -1 (k) m
=Yg ) it 4

k!
k=0

/ MO R (m,\) dEy, (28)

proving the claim. m
Note 7 (to Theorem 6) If (f og_l)(k) (g(m)) =0, for k=0,1,....,n — 1, then
f(4) =R (f,9,0,m, M). (29)

‘We need



Definition 8 (/3]) Let & > 0, [a] =n. Here g € AC ([m, M]) and it is strictly
increasing. We assume that (f o gfl)(n) 0g € Lo ([m, M]). We define the right
generalized g-fractional derivative of f of order a as follows:

_1\" M
( %47;9]‘) () = F((nl—)a)/ (g(t) — g(x))n*afl J ) (f og—l)(n) (g (1)) dt,
’ (30)
all z € [m, M].
If a ¢ N, by [3], we get that (Dj‘\}ﬂgf) € C ([m, M)).
We set
(Dir—yf) @) = (1" ((Fog™) " og) (@), (31)

(Dg/[_;gf) () :=f(x), Vae[m M.
When g = id, then
(DS o) (2) = (DS —iaf) (@) = (D f) (2), (32)
the usual right Caputo fractional derivative, [2], p. 336-337.
We will use the g-right generalized fractional Taylor’s formula:

Theorem 9 (/3]) Let g be strictly increasing function and g € AC ([m, M]).
We assume that (f og~') € AC™([g(m),g(M)]), where N> n = [a], a > 0.

Also we assume that (f o gil)(n) 0g € Lo ([m, M]). Then

L (fog )W (g(M))

FO) =00+ . (900 — g (M) +
k=1
1 M a—1
m ) @O =s ) O (D) (33)
allm < X< M.
Calling RY? (M, \) the remainder of (33), we get that

(2) — L o P a—l « og 1) (2)dz

RO WY = s [ g0 (DR ) o0 ) (s 09)

Ve [m,M].

R (M, )) is a continuous function in A € [m, M].
We present the following operator right fractional representation formula

Theorem 10 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M, {Ex\} be its spec-

tral family, I be a closed subinterval of R with [m,M] C I and n € N, with



n:= [a], a > 0. Let f,g : I — R. Assume that g is strictly increasing and
g € AC (fm, M), and (o g7") € AC™ ([g(m) g (M))), and (fog~")" o g
Lo ([m, M]). Then

n-l e 1 (k)
EVEDS Fos )k! o (A1) (9(A) —g (M) 1) + RP (f,g,0,m, M),

(35)

R((]2) (f7 g7 a7m) M) =

1 M M 1 X
m/m_o <A (9() =g (\)* g (&) (DFr—of) (1) dt) dE)

1 M 9(M) - . B
T T /Wo </g(/\) (2 =g Q)" (DR f) 097) (2) dz) dEx.  (36)

Proof. We integrate (33) against E) to get

Z (fog™)™ (g(M))

M
[ e =g ae,

M
/ F ) dE =
m—0

k=0

M
+ / R (M, \) dE,. (37)

m—0

By the spectral representation theorem we obtain

M
[ BP0 de,, (33)
m—0
proving the claim. m

Note 11 (to Theorem 10) If (fogfl)(k) (g(M)) =0, fork =0,1,....n— 1,
then
J (&) = RY (f,g,0,m, M). (39)

‘We make

Background 12 ([/]) Let g : [m,M] — R be a strictly increasing function.
Let f € C"(Im,M]), n € N. Assume that g € C*([m,M]), and g~' €
C"(lg(m),g(M)]). Calll :== fog™':[g(m),g(M)] — R. It is clear that
LU, ..., 1" are continuous from [g(m),g(M)] into f ([m,M]) C R.



Let v > 1 such that [v] = n, n € N as above, where [-] is the integral part of
the number. Clearly when 0 <v <1, [v] =0.

Nezxt we follow [1], pp. 7-9.

Let h € C([g(m),g(M)]), we define the left Riemann-Liouville fractional

integral

(Jg(m>h) (2) == T (1V) L:m) (z—t)"""h(t)dt, (40)

forg(m) <z<g(M).
We set J&™h = h.
Leta:=v—[v] (0 <@ <1). We define the subspace Cy,, ([g(m), g (M)])

of C¥ ([g (m), g (M))) as
Comy ([9(m) , g (M)]) :=

{hec® (lgm),g ) : HWRED € O (fg(m) g M) . (41)

So let h € Oy, (lg (m), g (M)]); we define the left g-generalized fractional

deriative of h of order v, of Canavati type, over [g(m),g(M)] as

!
D;’(m)h = (nyg)h([”])) ) (42)
Clearly, for h € Cy . ([g(m), g (M)]), there exists
1 d [~ =
v _ d ()
(Dg(m)h) (= Fi—m @ /g o (z — )" b (¢) at, (43)

Jor all g (m) < = < g (M).
In particular, when fog=t € oy (L9 (m) ;g (M)]) we have that

(D§<m> (fog_l)) (2) = F(ll_a)jz/z =t (Fog ™) @ydt, (a4)

g(m)

for all g(m) < z < g(M).
We have that .
D’;(m) (f 0971) = (fogfl) ", (45)

and
Dg(m) (fog™)=fog™ " (46)

We mention the following left generalized g-fractional, of Canavati type,
Taylor’s formula:

Theorem 13 ([}]) Let fog™t € C'"(m) ([g(m),g(M)]).

g

10



(i) if v > 1, then

T PN -

Foy= 30 Yol 0 gy gy (47)
k=0 ’

1 g(N) b1 .
w0 =0 (D (Fog ™) @at
all X € [m, M|,
(i) if 0 <v <1, then

1 g(N)

\) = N =t (DY og ! dt, 48

O =5y [ @0 (D (Feg ) @ )

all A € [m, M].

By the change of variable method, see [13], we may rewrite the remainder
of (47), (48), as

g(N)
B )= g [ a0 =07 (D (re0™)) @at= (a9

1
I'(v)

all A € [m, M].
We present the following operator left fractional representation formula

A
[ @0 =g Dy (Fo07)) (a6 (51,

Theorem 14 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M, {E\}, be its spectral
family, I be a closed subinterval of R with [m, M] C T andn e N, with n = [v],
v>0. Let f,g: I — R. Assume that g : [m, M] — R is strictly increasing
function, f € C™([m,M]), g € C*([m,M]), and g=* € C™([g(m),g(M)]).
Suppose also that fog~t € Cymy ([9(m), g (M)]). Then

(i) if v > 1, then

-1 e —1)(F) m
puay— Y YOG ) o ) 1) 4 R (1. 9.m, 1),

k=0
(50)

(i) if 0 < v <1, then
f(A) = RP (f,g,v,m, M). (51)

Here it is
RY) (f,g,v,m, M) =

11



1 M by . ) B /
w1 ), (/m (0 =9 (D (F097)) (9(5)) ' 5) ds> N
(52)

Proof. We integrate (47), (48) against E\ and use the spectral representa-
tion theorem, as in Theorem 6. m

Note 15 If v > 1 and f® (m) = 0, then (fogfl)(k) (g(m)) =0, all k =
0,1,...,[v] = 1, (see [2], p. 401), and

f(A) = RP (f,g,v,m, M). (53)
‘We need

Background 16 Let g, f,l,v,n,h as in Background 12. Here we follow [2], pp.
345-348.
We define the right Riemann-Liouville fractional integral as

g(M)
(Toan) ) () = ﬁ / (t— =" h(@)dt, (54)

for g(m) < =< g(M).

We set JS(M)JAL = h.

Leta:=v—[v] (0 <@ <1). We define the subspace C} 5y ([g(m), g (M)])
of M ([g (m), g (M) as

Cyan- ([g(m) g (M)]) :=

{nec g m),g 0] : 7355 WD € M (lg(m), g MD} . (55)

So let h € Cyypy_ (lg(m),g(M)]); we define the right g-generalized frac-
tional derivative of h of order v, of Canavati type, over [g(m),g(M)] as

/
v L n—1 1-o v
DYy _hi=(~1) (Jg(M)_h([ D) . (56)

Clearly, for h € Cyypy_ (lg (m),g(M)]), there exists

_ 1\ 1 g(M) _
(Do) =ty [ =MD wan @

12



In particular, when fog=1 € Cony— (lg (m) . g (M)]) we have that

_1yn1 g(M) _
(Dhon- (Fea ) O =tim gz [ @-a (Foa )

(58)

for all g (m) < = < g (M).

We get that
(Diany- (Fog™)) (=) = (=1 (fog™)™ (2), (59)
and

(D3 (Foa™) () = (Fog™) (2), (60)

all z € [g(m), g (M)].

We need the following right generalized g-fractional, of Canavati type, Tay-
lor’s formula:

Theorem 17 ([4]) Let fog™' € Coony— (lg(m), g (M))).
(i) if v > 1, then

-1 e —1)(R)
FO) = (fog )k' @D o))+
k=0 .
1 g(M) »
07 Lo, 9O T (Dan- (o)) a6

allm< X< M,
(i) if 0 <v <1, we get

g(M)
SO =g L 000 (D eg ™)) @

allm < A< M.

By change of variable, see [13], we may rewrite the remainder of (61), (62),
as

g(M)
RO ()= g [ g ) (Djan- (£o07)) 0=

1 M v—1 v _ ,
F(y)/A (g(s) —g(N) ( g(M)— (fog 1)) (g(s)) g (s)ds, (63)

allm < X< M.
We present the following operator right fractional representation formula

13



Theorem 18 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M| for some real numbers m < M, {Ex\} be its spectral

family, I be a closed subinterval of R with [m, M] C T andn e N, with n = [v],
v>0. Let f,g : I — R. Assume that g : [m, M] — R is strictly increasing
function, f € C* (fm, M), g € C" (I, M]), and g=* € C" (g (m), g (M)).
Suppose also that fog™! € Cyon— (lg(m), g (M)]). Then

(i) if v > 1, then

URETIENG
peay= Y 0D OO 0 ) g 00y 10+ B (. govm ).
k=0 '
(64)
(i1) if 0 < v < 1, then
f(A):Rz(/4)(f’gvyam’M)' (65)

Here it s
R (f,g,v,m, M) :=

T (1,,> /MO (/gg(M) (t—g()) (DQ(M)f (f og‘l)) (t) dt) dE) =

m— N

1 M M ot (s B /
/ . (/A (9(s) —g(N) (Dg(M)_ (fog 1)) (g(s) g (s) ds> dE\.
(66)

Proof. We integrate (61), (62) against E\ and use the spectral representa-
tion theorem, as in Theorem 10. =

Note 19 If v > 1 and f® (M) = 0, then (fog~1)™ (g(M)) = 0, all k =
0,1,....[v] — 1, (see [2], p. 401), and

f(A) =R (f,g,v,m,M). (67)
‘We need

Background 20 Let f : [m,M] — R : f(™ ¢ L ([m,M)]), the left Caputo
fractional derivative ([8], p. 50) of order « ¢ N, a > 0, m = [a] ([-] ceiling)
1s defined as follows:

1 @ el
D? - — )" ) () ar 68
(D2) @) = iy [ @= 0" P a9
Yz € [m, M].
Let n € N, we denote
D:}gz :DSWLDfnL“'DSm (n—tzmes) (69)

14



Let us assume now that
DEefeC(im,M]), k=0,1,..,n+1; neN, 0<a<l. (70)

By [5], [14], we mention the following generalized fractional Caputo type
Taylor’s formula:

Foy =322 (pia gy (m) +

pae I (i +1)
by
W/ (A ,t)(m—l)a—l (D£%+1)af) () dt, (1)

Y A€ m,M].
We give the following operator left fractional representation formula

Theorem 21 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M| for some real numbers m < M, {E\}\ be its spectral

family, I be a closed subinterval of R with [m,M] C I. Here f : I — R.
Furthermore assume that f' € Lo ([m, M]), and D*ef € C([m,M]), k =
0,1,...n+1;,neN, 0<a<l. Then

o - (Diamf) (m) (1o
f(A)_;m(A—mlH) +

M A
m / L (/ (A= t)(n+1)a—1 <D§<7n+l)af) ) dt) JE,. 72)

Proof. We use (71) and the spectral representation theorem, as in Theorem
6. m

Note 22 (to Theorem 21) If (D% f) (m) =0, i =0,1,...,n, then
1 e (n+1)a—1 ( y(n+1)
f(A) = T(n+Da) /m—O (/m (A—1) (D*m f) (t) dt) dE).
(73)
We need

Background 23 The right Caputo fractional derivative of order o > 0, T =
[a], f € AC™ ([m, M]) is defined as follows (see [2], p. 336):

— m M — .
(D$,_f) (z) = F(% / (z— )" F (2) de, (74)
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Yz € [m, M], with B
Dyp_f (@) := (=)™ [T (x). (75)
Denote by

Dy = D$_D$y_...DY—  (n-times), n € N. (76)
We need the following right generalized fractional Taylor’s formula

Theorem 24 ([3]) Suppose that f € AC ([m,M]) and D% f € C ([m,M]),
fork=0,1,...n+1, where 0 < o < 1. Then

Z (ia —|—)1 Dﬁ*f) (M) +

i=0

M
m/}\ (z — )\)(nJrl)ocfl (D(Mnirl)af) (2) dz, (77)

VA€ [m,M].
We give the following operator right fractional representation formula

Theorem 25 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M| for some real numbers m < M, {Ex}x be its spectral

family, I be a closed subinterval of R with [m,M] C I. Here f : I — R.
Furthermore assume that f € AC ([m, M]), and D¢ f € C ([m, M)), for k =
0,1,....,n+ 1, where 0 < o« < 1. Then

n M (1o )
=3 S P on +
1=0

m /mMO </AM (z — A)mHDa-t (Dggtl)af) (2) dz> dEy.  (78)

Proof. Use of (77) and spectral representation theorem, as in Theorem 21.
[

Note 26 (to Theorem 25) If (D}@ff) (M)=0,i=0,1,...,n, then

o 1 M M n a— (n+1)a
f(A) = m/m_o (A (z = N (DY) (2) dz> dE,.

(79)
Background 27 ([3/) Denote by (o >0)
Dyt = Doy gDy g Diyy  (n-times), n € N. (80)

By convention DY, .. = I (identity operator).

m+;g9

16



We need the following left general fractional Taylor’s formula
Theorem 28 ([3]) Let g be strictly increasing and g € AC ([m, M]). Suppose
that Fy, :== Dfﬁ-;gf; fork=0,1,...n+1, fulfill: Fr,og=* € AC ([g(m),g(M)])
and (Fy, og_l)/ 0g € Lo ([m, M]), where 0 < a < 1. Then

Fo =3 LRI (D7) ) +
=0

1 A (n+l)a—1 (n+1)a
- A)—g @) t(D. )tdt, 81
ST [ GO —e @) o (DR ) a6
VA€ [m,M].

We give the following operator general left fractional representation formula

Theorem 29 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M| for some real numbers m < M, {Ex} be its spectral

family, T be a closed subinterval of R with [m, M) C I. Here f,g:1 — R. Fur-
thermore we assume that g is strictly increasing and g € AC ([m, M]) . Suppose

that Fy, := Dﬁﬁ_;gf, fork=0,1,..,n+1, fulfill: Frog=' € AC ([g(m),g(M)]),

and (Fy, 0971)’ 0g € Lo ([m, M]), where 0 < a < 1. Then

£(4) = ZW@ (4) = g (m) 1) +
=0

M A
R0 o (f (o) =9 )"y @) (PE°) 0 dt) "
(82)

Proof. Use of (81) and spectral representation theorem. m

Note 30 (to Theorem 29) If (D}

m+;gf) (m)=0,i=0,1,...,n, then

1
T = 1 ey

M A
I ( [ a0 =gty 0 (D51078) (0 dt) NG

We need
Background 31 ([3/) Denote by (o > 0)
D=y = DDy .y Diyy ., (n-times), n € N. (84)

By convention DZOW—;g = I (identity operator).
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We need the following right general fractional Taylor’s formula

Theorem 32 ([3]) Let g be strictly increasing and g € AC ([m, M]). Suppose
that Fy, := Dﬁj‘f;gf, fork=0,1,...,n+1, fulfill: Fyog=' € AC ([g(m),qg(M)])
and (Fy, 0971)’ 0g € Lo ([m, M]), where 0 < o < 1. Then

roy =3 B (i) 00+
=0

M
mA (9(8) = g ()" g @) (D) (e, (85)
VX € [m, M].

We give the following operator general right fractional representation formula

Theorem 33 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M| for some real numbers m < M, {Ex}x be its spectral

family, T be a closed subinterval of R with [m, M| C } Here f,g: I — R. Fur-
thermore we assume that g is strictly increasing and g € AC ([m, M]) . Suppose
that Fy, = Dﬁf["f;gf, fork=0,1,...n+1, fulfill: F,og=t € AC ([g(m),g(M))),
and (Fy, og’l)/ 0g € Lo ([m, M]), where 0 < o < 1. Then

pay= 3 PhealD 00 (1 g e+

1=

1 v M n+1l)a—1 n+1)a
m/m_o (A (9(1) =g )™ g (1) (D7) (t)dt) dE).
(86)

Proof. Use of (85) and spectral representation theorem. m
Note 34 (to Theorem 33) If (D}"\%f;gf) (M)=0,i=0,1,...,n, then

1
AR (CES V)

M M
/ ( | @@ =gy ) (D52 ) 0 dt) aE. (87
0 A

We need
Background 35 (//]) Denote by
i) = Do) Dl -+ D (m-times), m € N. (88)

o(m)
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We will use the left fractional Taylor’s formula

Theorem 36 ([4]) Let 0 < v < 1.

Assume that (D;”(m) (f og‘l)) € Cfim) (lg(m),g(M)]),i=0,1,..,m. As-
sume also that (D;(mn:r)l)y (fo g_l)) e C(lg(m),g(M)]). Then

g(A) _ _
T = Fr ) gy O (PR o)

A — __
=t | W =g @)™ (DTS (o ™) (a(s) o (s)ds.
(59)
allm < A< M.

We present the operator left fractional representation formula

Theorem 37 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M| for some real numbers m < M, {Ex}x be its spectral

family, T be a closed subinterval on R with [m, M| C I, and 0 < v < 1. Let
frg: I = R. Assume that g : [m,M] — R is strictly increasing function,
fecCt(Im,M]), geCt(Im,M]), and g=* € C* ([g(m),g (M)]). Furthermore

we suppose that (D;’Zm) (f og_l)) € Cyy (lg(m) g (M)]), i=0,1,...,m, and
(DTS (Feg™)) € Cllg(m),g (MD))). Then

1
f(A) = NSl
M g(N) - B
/ S (/( : (g(\) — Z)(77L+1)V—1 (DS&BUV (f og—l)) (2) dz) dEy (90)
-
T T(m+1)v)

M A o -
Iy ( [ a0 =g )™ (D (Fog™) ) (9 () ds> N

Proof. Use of (89). m
We need

Background 38 (//]) Denote by

D;’EIIJ\/[)i = ‘D;(M)f‘D;(M)f‘D;(I\/I)f (m—times), m e N (91)

We will use the right fractional Taylor’s formula
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Theorem 39 ([4]) Let 0 < v < 1.
Assume that (D;‘EM)_ (fogfl)) € CYon- (lg(m),g(M)]), for all i =

0,1,...,m. Assume also that (D;(mj\}')lly (fo gfl)) €C(lgim),g(M)]). Then

g(M) _ -
F) =5 ((mi o) /gm (2 =g () (D%J)IZV (f 09‘1)) (2)dz
M — —
=ty @O s (DT (£og™)) (o (0)as
(92)
allm < A< M.

We present the operator right fractional representation formula

Theorem 40 Let A be a selfadjoint operator in the Hilbert space H with the
spectrum Sp (A) C [m, M] for some real numbers m < M, {Ex}x be its spec-

tral family, I be a closed subinterval on R with [m,M] C I, and 0 < v < 1.
Let f,g : I — R. Assume that g : [m, M] — R is strictly increasing function,
f e ct(m,M]), g € C*(fm,M]), and g=* € C*([g(m),g(M)]). Further-

more we suppose that (D;”(M)f (fog_l)) € Cfin- ([g (m),g (M)]), for all
i=0,1,..,m, and (D;(ﬁg;j” (f og—l)) e C(lg(m),g(M)]). Then

1
f(A) = m
M g(M) _ _
/ (/ (z—g (/\))(erl)%1 (D;y(nj\—;)lzy (fo gfl)> (2) dz) dE)
m—=0 \Jg(})

S

r(m+1)v)

M M o .
/ ( [ @@ =g ™ (DT (7og™)) (05 o ds> A
m—0 A

(93)
Proof. Use of (92). m

Note 41 From now on in this article let p,g > 1:+ 4+ + = 1.

1
q

hSEE

‘We make
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Remark 42 (to Theorems 1, 2) Assume f*) (m) =0, for k = 0,1,...,n — 1,
then (f ogfl)(k) (g(m))=0, allk=0,1,....n—1, and

g(N)
T, G ea )V wa o
g(m)
Y X\ € [m, M]. Hence, if g(\) > g(m), we have
g n
. [(Fog™)™ (0)]ar
9

I A

=D pm—1)+1)7 (m)
L g =g )"
(n=D!' (pn-1)+1)» (Fog7) [9(m),g(N)] %5)
We have proved that (if g (\) > g (m))
g(x) . (n)
/( a0 (reg™) M (i <
(g0 =g (m)" )
(p(n—1)+1)7 (foa™) a.la(m).g(N)] (56)
Neat, if g(\) < g(m), then
B 1 g(m) _— (n)
FOI= Gy |, G- e wa o)
1 g(m) i NG
< Ly, T (e ]
) om) - 5[ rg(m) o a
< (L o) ([ o)
(98)
1 gm) =g I )
(=1 1) +1)7 (fog™) Hq[gu),g(m)]
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(g(m) —g(N)" "7

— | (fog ™ . 99
(p(n—1)+1)7 (f g ) a,[g(A),9(m)] %)
Concluston: it holds
g(N)
/ a0 (feg ) <
g(m
1
m)—g\)|" 9 _
lg (m) —g (V] (Fog ™ 5 (100)
(p(n—1)+1)7 q,9([m,M])

VA€ [m,M].
By Note 3, we have

_ 1 M 9N _ n—1 o —1 (n)
f(A) = M/m—o (/g(m) (g =" (fog ™) (1) dt) dEy, (101)

which means

1 M g(N) el NG
e == [ ([ a0 -0 (o) @ at ) d(Baw),
(=D S0 \ Jg(m)
(102)
Ve .
It is well known that ([10]) g (X) := (Exz,z) is nondecreasing and right
continuous in A on [m, M].

Therefore it holds

(A, 2) L (n_l o /mMO /g:: (G =" (Fog ™)™ () dt|d (Ere, )
< (n i 1)! /mMo |9(§Zi - f)(i)!;; (rog)™ ng([m,M]) G 203)
= !’Tfiolj!(2zz)_Qf)<[j’K]§ ( /m M lg(m) = g (V)" 7 d(Bxa, x>>

VzeH.

We have proved
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Theorem 43 Here all as in Theorem 2, with f*) (m)=0,k=0,1,...,n—1.
Then

H(fog_l)(n) 0.9([m,M)) i
i (@) < e (g (m) L = g (A" % 2,2), (105)
n—1)(p(n-— »
VaeH.
Inequality (105) means that
(fogH)™ 1
I (A)] < (H ot q’lg)([z’ﬁ]f lg(m) 1 =g (A" "7||, (106)
n—1)(pn-— g
and in particular,
H(fog_l)(n) a,9([m,M]) n—1
f(A) < TR g (m) 1 — g (A)]" 7 (107)

C(n=D!'(pn—-1)+1)r

Remark 44 (to Theorems 5, 6) Let o > 0, [a] =n, a ¢ N.
If (f og_l)(k) (g(m)) =0, for k=0,1,....n — 1, then

g(A)
FO) = ﬁ / N A (A RS ICE P
VA€ [m,M].

Hence we have

g(N)
FO € s / (90 = 2 [(Doyf) 0 970) (2)] d <

r (OZ) (m)
1 g\ - 5/ ey ) B Y
T(a) </g(m> =2 dz) </g<m) (D6 0977) (2)] dz) <
(p(a—1)+1)
1 (g —gm) 7 ., »
F(a) (p(a_1)+1)% H(Dm-i-;gf) og Hq,[g(m),g(M)] . (109)
We have proved that
g(N) .
o 0= (D) 207 ()| < .

1
(g(\) —g(m)*"« o 1
H (Dm+;gf) °9 Hq,[g(M),g(M)] ’

VA€ [m, M], with a > %.
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By Note 7 we have

1 M g(N) . B
f (A) - W /me </9(m) (g ()\) B Z) ((Dm+ gf) °g ) (Z) dZ) dEx\v

(111)
which means
(f(A)x, )
M g(N)
@ o </ oy WO =2 (Phgf) 007 () dz) d(Bxz,a), (112)
VaxeH.
Therefore it holds
(112)
I(f (A)z,z)| <
M g(N) »
%a)/ L /( : (g(\) —2)* ((DS:H- qf) Og_l) (2)dz| d(Exz, x) (ga)
d{Exx,z) =

(g (X N )
a)/m (p(a—1) _’_1)% H( m+;gf)og H%[g(m)g(M)]
1(D58) © 9y fymyaiary [ B

q,|9(m g )\ _ m [e% qd E €, ) =
()(p(oéfl)Jrl) /WO(QU g(m)) (Exz, )

H( erQ 1” [g(m),g(M)]
I'(a )(p(a—1)+1)%

VaoeH.
We have proved

Theorem 45 Here all as in Theorem 6, with (f o gil)(k) (g(m)) =0, fork =
0,1,...,n—1, a> l, a ¢ N. Then

I(Psig8) © 97 g 1
(f (A)z,2)| < FZ) ST (@A) =g (m) 1y)* "7 wz).
(114)
VaeH.
Inequality (114) means that
(Diisigf) 09 ) L
<) FZ“’)( ”‘”g( 20| (g (4 w7, ()
a) (p(a )P
and in particular
Do . og-! .
< [(Dgigf) 09 Hq,[g(m) g(M))] (g (A) — g (m) 1)+ (116)

I'(a) (p(a— 1)+ 1)b
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We also present

Theorem 46 Here all as in Theorem 10, with (fogfl)(k) (g(M)) = 0, for
k=0,1,...n—1, a > %, a ¢ N. Then

H (D%/If;gf) og! Hq,[g(m)vg(M)]

Az, z)| < : M)lyg — Aa_%x,x,
4 (@ a)] < =2 s ((g (M) 15— g(4)) )
(117)
VaoeH.
Inequality (117) means that
D& ng o —1 . .
17 < 1ol 20 o | 1n —gay =i, )
I(a)(pla=1)+1)»
and in particular
D%, og~?!
gy < 1P8aD) T aswmatsns vy 1, gaye-t. arg

T () (p(a—1)+ 1)

Proof. Similar to Theorem 45. =
We give

Theorem 47 Here all as in Theorem 14.
If v > 1, we assume that (f og_l)(k) (g(m)) =0, k=0,1,...,[v] = 1, and
always v > %. Then

H‘D;(m) (fog™)

(f (A)a,a)] < 2oL (g (A) = g (m) 1) 7 @),
L) (p(v—1)+1)7
(120)
VzeH.
Inequality (120) means that
|25 (0074
g(m) m v 1
I ()] < el o OO (4) — g (m) 1) |, (121)
L) (pv—1)+1)7
and in particular
|25 (#2970
g(m) m p—1
< Lol 9SG0 (g (A) =g (m) 1) 5. (122)

L) (p(v—1)+1)7

Proof. Similar to Theorem 45. m
We give
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Theorem 48 Here all as in Theorem 18.
If v > 1, we assume that (fog_l)(k) (9(M))=0,k=0,1,...,[v] - 1, and
always v > %. Then

[Py (o5

Jlg(m),g(M v—1
[ (W) z,2)| < Lo 00O (g (M) 1 — g (A))" F .2,
@) (pv—-1)+1)
(123)
VaxeH.
Inequality (123) means that
250 (7207
9(1\/1)_ Jg(m),g(M 1
I (Al € o e e (o (a0 1 — g ()" ~7||, 120)
v)(p(v— P
and in particular
I, 1057
g(M) m),g(M y—1
Sy T GO0 g () (125)
v)(p(v— »
Proof. Similar to Theorem 45. m
We make
Remark 49 (to Theorem 21) Assume (Di, f) (m) =0,i=0,1,...,n, then

fn) = F«% / " (A — ¢)(mF et (D&?J”“ f) (t) dt, (126)

vV A€ [m,M].
We obtain

O /A@t)“*”a‘l\(DW”“f) Mldt < (27)

(n+1)a) /n
([ (wtsms) o)

1 A p((nt1)a—1)
T((nt D)) (/m A=9) at

(p((n+l)a—1)+1)

1 (A—m) »
T((n+1Da)(p(tn+1)a—1)+1)7
We have proved that

3=
Q=

Dl e f

128
q,[m,M] ( )

<

/ ’ (A — )(nHDe-t (DS;,T”“ f) (t) dt

m
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()\ _ m)(n—i-l)oz—%

- || DG : (129)
(b((n+Da—1)+1)F wfm
VA€ [m,M], under a > m.
By Note 22 we have
(F (A)a,3) = e
TN (4 D a)
A
/ < / (D=t (DYJJ”Q f) (t)dt | d(Exa,z),  (130)
VeeH.
Therefore
(129)
(f(A)z,z) <
HD(nJrl
q,[m,M]

(A —m) "3 4 (Bya,z) =

1 M
L'((n+1)a) /m—o (p((n—i—l)a—l)—i—l)%
(131)
o

q,[m,M] (n—‘,—l)()t—l
- ((A—mlpy) Tx,T),
r((n+1)a)(p((n+1)a1)+1)p< " )

VeeH.
We have proved:

Theorem 50 Here all as in Theorem 21, with (Di%f) (m)=0,i=0,1,...,n
Then

Dt 1
[ (A) 2] < el T <(A —mlg) " g x> ,
I'(n+1)a)(p((n+1)a—1)+1)7
(132)
VxeH.
Inequality (132) means that
s
||f (A)H < g,[m, M] - (A _ mlH)(nJrl)afE :
I'(n+1)a)(p((n+1)a—1)+1)7
(133)
and in particular,
HD(TL+1)a
fa < [m,M)] (A— mlH)(n—i-l)a—% o (134)

F((nJrl)a)(p((nJrl)ozf1)+1)%

all inequalities here under a > m.
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It follows

Theorem 51 Here all as in Theorem 25, with (D}&_f) (M)=0,:=0,1,...,n.
Then

|osit| fm. M) (n+1)
A 5 < q,\m, i M1 A n+1 afa : 7
Ayl < ((M1y - A) v,z
(135)
VzeH.
Inequality (135) means that
o |
Hf(A)H < 0.[m, M] . (MlH o A)(”H)a_a
F((n+1a)(p((n+1)a—1)+1)7
(136)

and in particular,

| DSty

q,[m,M] i
T(n+Da)(p(n+)a-1)+1)7

f4) < (M1y — A3 (137)

1
all here under o > i

Proof. As in Theorem 50. m
‘We make

Remark 52 (to Theorem 29) Assume (Digy . f)(m) =0, i=0,1,...,n, then

we have that

A
f)= ﬁ/ (g(\) — g(t))(”“)“‘lg’( ) (Dgiz)af) (t) dt (by [13])
g(>\
K L, 0= (D) o) o=, 199)
Ve [m,M] .

Hence it holds (with o > m)

1

IS S Y e _p(nDa-1) o\
O F T (/g(m) (903 ~2) -

</gj’:) (Pzger) o) (z>\qdz> =

L (W =g @)™ ey
T((n+1Da) (p(n+1)a—1)+1)7 <Dm+;g f> g

, (139
9,[g(m),g(M)] (139)
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VA€ [m,M].
By Note 30, we have

17.
F(n+1)a)

([ s s s
g (140)

(f(A)z,z) =

VzeH.
Therefore we get
(139) 1

I(f (A)z,z)| < m'

d{E\z,x)

/M l(g (\) = g (m)"Hhes
(p((n+1)a—1)+1)7

(Dﬁfflg)af) og~!

q,[g(m),g(M)]

m—0

(141)
n+1

-1
H( m+q ) g Hq,[g(”b)yg(M)]

I‘((n+1) a)(p(n+1)a—-1)+1)
YV xeH.

((g(4) =g (m) 1) " 2},

Tl=

We have proved:

Theorem 53 Here all as in Theorem 29, with (D;fj‘+ gf) (m)=0,i=0,1,...,n.
Then

[(f (A)z,z)| <

H( o f )og_l [g(m),g(M)] Da-1
om0 (g (4) — g (m) 1) " ),
F'(n+1)a)(p(n+)a—-1)+1)7
(142)
VaoeH.
Inequality (142) means that
(n+1)ox -1
D
If (A H( e ) I Nlafoemgan)
F'(n+1)a)(p ((n+1)a—1)+1)

(4) = g (m) 157) "D

(143)
and in particular,

H( T:iz)a ) °g” 4;[g(m),g(M)] = (g(A)
I‘((n+1) a)p((n+1)a—-1)+1)7

n (,Y—l
—g(m) 1)

)

(144)
all inequalities here under a > m.
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It follows

Theorem 54 Here all as in Theorem 33, with (Df\‘}_;gf) (M)=0,i=0,1,...,n.
Then

[(f (A)z,2)| <

H( (e ) og™t a.lg(m) g (M)] N
L((n+1)a) (p((n+1)a—1)+1) (G ON 1 =g (A) )

s =

(145)

VazxeH.
Inequality (145) means that
D(”+1 0g-1
If (A H( M ) g PROTCOeYS)
((n+1)a)(p ((n+1)a71)+1)

(g(M)1y — g (A3

)

(146)
and in particular,

H( n+1 ) og™t a.[g(m),g(M)] (g(M)lH_g(A))(n—l—l)a—%
r((n+1) a)(p((n+1)a—1)+1)r ’

(147)
all inequalities here under o > m.

Proof. As in Theorem 53. m
We give

Theorem 55 Here all as in Theorem 37 with v > Then

[(f (A)z,z)| <

1
q(m+1)°

s

q,[g(m),g(M)] . <(g (A) g (m) 1H)(ﬁ+1)l’*% $7x> ’
DT+ 0w) (p(m+ Dy — 1)+ 1)
(148)
VaoeH.
Inequality (148) means that

(m+1)v
[P ea ™,

If (A)] < —— 2(M)]
F((m-l—l)y)(p((m—i—l)y—l)—i-l)

(149)
and in particular,
|25 7007
gim ,lg(m),g(M m v—1
4;[g(m),g(M)] . g(A)—g(m)lH)( +v—g5
F((m—|—1) v)(p((m+1)v—-1)4+1)7
(150)
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Proof. As in Theorem 53. =
It follows

Theorem 56 Here all as in Theorem 40 with v > Then

1
q(m+1)°
[(f (A) z,2)| <

o rea™)

a;[g(m),g(M)] (m+1)v—
1 (M 1H - (A)) q z,T),
F(m+ 1)) (p(m+ Dy —1) + 1) (601~ )
(151)
VzeH.

Inequality (151) means that
(T (p o 1)
D " (fog H
||f H g(M) (m),g(M)]

F(m—i—l) v) (p ((m—i—l)y—l)—i—l)

(g(M)1g — g (A))™Hr—3

(152)

and in particular,

(m+1)u
|3 (ro9™)

wlatrm).g () I M)lyg —g(A (m+1)v—1 '
F((m+1) v)ip(mM+1)v—-1)+1)» (9 (M)1m —g(A))
(153)

Proof. As in Theorem 53. =
‘We need

Definition 57 Let the real valued function f € C (Im, M]), and we consider

t)/tf(z)dz, Vte[m,M], (154)
then g € C ([m, M]).
We denote by B
JRELIOEITE (155)

We understand and write that (r > 0)

A s
7 (A) = (g) = ( / 1 f) | (156)

Clearly (frle f) is a self adjoint operator on H, for any r > 0.
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Definition 58 Let f : [m, M] — R be continuous. We consider

M
1= / F(2)dz, ¥t e m,M], (157)
then g € C ([m, M]).
We denote by
Milg
R ELIOEYIE (158)
We denote also
Mly "
g (A)=d(¢") = </A f) , r>0. (159)

kA
Clearly (fémH f) s a self adjoint operator on H, for any r > 0.
We mention a left fractional Poincaré type inequality:

Theorem 59 (by [7], pp. 385-386) Let g € C* ([m, M]) and strictly increasing.
Suppose that F, := Dyl f, for p=0,1,...,n+1, n € N, fulfill: F,o g le
AC ([g (m) 7g(M)]) and (F, og’l)l 0g € Ly ([m,M]), where o as in (160)
next.

Assume that (D}f;ﬁr qf) (m)=0,i=0,1,...,n. Lety >0 with [y] =m, and
p,g>1: ]l) + % = 1. We further assume that

(160)

12a>max<m+(k—1)y k'yq+1)

n+1 "(n+1)q

where k € N.
Then

(g(\) =g (m) T )
(C((n+1)a—k)) (p((n+1)a—ky—1)+1)>

([ () or) o o) o

g gy
(C((n+1)a—ky)) (p((n+1)a—ky—1)+1)>

A q
( L@ @l @ dt) ,
VA€ [m, M].

Here we have that (Df,;y_i_ gf) (Dfﬁj?"‘f) € C([m,M]).

NP ORE
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Using (161) and properties (P) and (ii), we derive the operator left fractional
Poincaré inequality:

Theorem 60 All as in Theorem 59. Then

A X q
2l
I

mlg

(9.(4) =g (m) 1) " "HHTITIE (A - ) (/ "oy
(T ((n+ 1) a— k)" (p((n+ 1) a—ky = 1)+ 1)F \ iy

qg,> |

(162)
We mention a right fractionalPoincaré type inequality:

Theorem 61 (by [7], p. 587) Let g € C*([m,M]) and strictly increasing.
Suppose that F, := Dy f, for p=0,1,..,n+1, n € N, fulfill: Fyog™' €
AC ([g(m),g(M)]) and (Fpog_l)l 0g € Lo ([m, M]), where « as in (163)
next. Assume that (va‘}f;gf) (M)=0,i=0,1,..,n. Let v >0 with [v] =m,
and p,q > 1: % + % = 1. We further assume that

(163)

m+ (k-1 k 1
12a>max<m+( )y kva+ ),

n+l “(n+1)q
where k € N. Then

(g(M) —g (W)@ -y
(C((n+1)a—k)) (p((n+1)a—ky—1)+1)7

g(M) (164)
</9(/\) ‘ ((Df(gtlg)af) © 971> (z)‘q dz)

(M) —g )" DBt (- )
(C((n+1)a—ky)) (p((n+1)a—ky—1)+1)¢

(/AM ’(D(Mnt};af) (t)’qg’ (1) dt) ,
vV A€ [m,M].

Here we have that (Dﬁ]_;gf) , (Dg\:{”jlg)af> € C([m, M]).

[ [P w] <
A

Using (164) and properties (P) and (ii), we derive the operator right frac-
tional Poincaré inequality:
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Theorem 62 All as in Theorem 61. Then
Milyg k q
[ I s
A

a

(g(M)1g —g (A))q((”Jrl)o‘*]mil)Jr% (M1g —A) </M1H ‘D(n+1)0¢f
C((n+Da—k)) ' p((n+1)a—ky—1)+1)7 \Ja M—ig 0

‘We mention the following Sobolev type left fractional inequality:

Theorem 63 (by [6], pp. 493-495) Let 0 < a < 1, f: [m, M] — R such that
f" € Loo ([m, M]). Assume that D¥ f € C ([m,M]), k =0,1,...n+1; n € N,

Suppose that (Di‘;‘nf) (m) =0, fori =0,2,3,...,n. Let v > 0 with [y] = m,
and p,q >1: 1% + % = 1. We further assume that (k € N)

m+ (k—1)y k7q+1)
n+1 "(n+1l)q)’

1> o > max < (166)

Letr > 1. Then

Ak r 1 .
</m }(D*mf)(t” dt) SF((n_‘_l)a_k,Y)

(}\ B m)(n+1)a7k'yf%+%

5=

(p((n+1)a—ky—1)+1)7 [r((nﬂ)a_m_;)ﬂr

(/A ‘(Diﬁn“)“f) (t)‘q dt) " (167)
VA€ [m,M].

Here (szf) € C ([m, M)).

Applying (167), using properties (P) and (ii), we get the following operator
left fractional Sobolev type inequality:

Theorem 64 All as in Theorem 63. Then

A N\ 1
</mlH ’D*’"ﬂ) STt Dok

1
o

(A= mly)mtDeat

T .
T

(p((n+1)a—ky—1)+1)7 [r((n—i—l)a—kw—%) +1}
(/A ‘Diﬁl)“fq)q. (168)
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We mention the following Sobolev type right fractional inequality:

Theorem 65 (by [6], p. 496) Let 0 < a < 1, f : [m,M] — R such that
/! € Lo ([m, M)). Assume that DX _f € C ([m,M]), k=0,1,...,n+1; n € N.
Suppose that (DiG_f) (M) =0, fori=0,2,3,...,n. Let v > 0 with [y] = m,
and p,q > 1: 1% + % = 1. We further assume that (k € N)

1>a>max<m+(k1)7, kw“), (169)
n+1 (n+1)q
Letr > 1. Then
M *
r 1
DM B dt] < .
([0 #) <
(et Da—ky—14d
) (170)

Sl

(p((n+Da—ky=1)+1)7 |r((n+1)a—ky—1)+1]

(Fle=sors)
VA€ [m, M].

Here (Dﬁ]_f) e C([m,M]).

Applying (170), using properties (P) and (ii), we get the following operator
right fractional Sobolev type inequality:

Theorem 66 All as in Theorem 65. Then

Mup A 1
(/A ‘Dﬁf‘> SF((nJrl)afkfy).

(M1g — A)("‘H)a—lw—%r%

(p((n+1)a—ky—1)+1) [r((n+1)ak71)+1r.

q
M1y
[ Pt
A

1) " (171)

We need the following left fractional Poincaré type inequality:
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Theorem 67 Let a > 0, [a] = n, « ¢ N. Let p,qg > 1 : %—&-% =1,
with a > %, and g be strictly increasing with g € C ([m, M]). We assume
that (f og~*) € AC™ (lg (m) g (M) and (fog™*)" 0 g € Log ([m, M), and

(f og_l)(k) (g(m))=0,k=0,1,....n—1. Then

|2

) 9] [m, M) (A —=m)™ A a a
/ |f | dt ( )) (p (O( . 1) + 1)q_1q06 </m |(Dm+;g~f) (t)| g (t) dt) )

(172)

YV A€ [m, M].
Proof. By Theorem 5, since (f o g_l)(k) (g(m)) =0, for k=0,1,...n— 1,

we get that

1 g(A1) N .
ﬂhﬁqulm)@Qn—@ H(D&uf) o) (e, (173)

VA1 € [m, M]. Let m < \; <A< M. Hence we have

1 g(A1) N .
f()\l)lfr(a)/g(m) (g(Al)—z) ’((Dergf)Og )(z)]dzg
1 g() ) v/ g X o ) 1
T (@) </g(m) A =2 dz) </g(m) (D f) 097) (2)] dz) =
(p(a -1+1) 1
1 (g(/\l) ( g(A) . . ) q i q
I'(a) (p(a—1+1% </g m+g) 9 )()|d> <
19l A —m)* T :
(@) (p (aM—]l + 1) <m| miol) O ) - 0
We have proved that
q ||9||qa [m, M] (A1 — qa !
I (M) < (@) (p(a 1) £ 1) (/ (D0 f) O] dt> (175)

Consequently, by integration of (175), we obtain

|qa,[m M) (/\ o m)qa—l

s Ig .
[ o < oEman Bt (g 0 0],
(176)

proving the claim. m
Using (172), and properties (P) and (ii), we obtain the following operator
Poincaré type left fractional inequality:

36



Theorem 68 All as in Theorem 67. Then

(/mlfl") <

gl [mM] B vo A .
T a1+ )7 Tga 4™ (/ D50 9>' (77)

m

We need the following left fractional Sobolev type inequality

Theorem 69 All as in Theorem 67 and r > 1. Then

N +
(/ |f<t>’"dt> <

(a=3) _ ) (e—it3) 3
gl W(Al ) </, - t>ng/<t>dt> |
F(oz)(p(ozfl)Jrl);(r(aff T\

(178)
Ve [m,M].

-

Proof. As in the proof of Theorem 67 we find that (m < Ay <X < M)

_ el M]< e \"

Hence, by r > 1, we obtain

r(e=7) —mye=3) A a
| 00,[m A m ! a
FO)" < 'g(l(;))’ff(;((;_l))ﬂ); ( | 10su) @) g(t)dt) .

m

(180)
Consequently, it holds

A
[ lronran <
HQH ( mll\zl] (}\ m)r(afé)Jrl

(T (@) (pla=1)+1)% (r(a—1)+1) (/m |[(Dfgf) ®)" 9" (1) dt) .

(181)
So that proving
A v
(/ If(Al)’"dM) <
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1
a

g1 = my(emit ) (

A
, (D50 f) ()] '(t)dt)
F(a)(p(a—1)+1)5(r<a_;)+1) / + g

(182)
]

Using (178), and properties (P) and (ii), we obtain the following operator
Sobolev type left fractional inequality:

Theorem 70 All as in Theorem 69. Then

1 a—1
Y 91
(/ /] ) < J[m,M] .
mlH 1 "

F(a)(p(oz—l)—i—l)% (r (a—a) +1)

Q=

1 1 A
e VT (153

mlH

We need the following right fractional Poincaré type inequality:

Theorem 71 Let & > 0, [a] = n, a ¢ N. Letp,q>1:%+%=1,

with a > %, and g be strictly increasing with g € C'([m, M]). We assume

that (fog=') € AC™ (lg(m),g(M)]) and (f o g=)"™ 0 g € Lo ([m, M]), and
(fog ™)™ (g(M) =0, k=0,1,...,n— 1. Then

T 91 2 (M = 2" " (pe ay
-/A ‘f (t)| dt < (F (a))q (p (a _ 1) 4 1)(171 qa (/\ |(DM7;gf) (t)‘ 9 (t)(dt)),
184

Y A€ [m, M].

Proof. Similar to Theorem 67. m
We derive the following Poincaré type right fractional inequality:

Theorem 72 All as in Theorem 71. Then

(/AMlH f|q> <

Mlg
)q_1 qo (Mg - A7 (/A ‘DJO\L/I—;gf’qgj - (185)

191122 om0
(L (@) (p(a—1)+1

We need the following right fractional Sobolev type inequality:
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Theorem 73 All as in Theorem 71, r > 1. Then

1
r

M
(/ |f<t>|"dt> <
A

a—1 a—1l41
||9||c(>o,[nz,)J\4] (M — )\)( i)

F(a)(p(afl)Jrl)% (r(af%)Jrl)

(A [(Dfi—gf) O] 9" () dt) y

(186)

3=

Y A€ m,M].

Proof. Similar to Theorem 69. m
We derive the following operator Sobolev type right fractional inequality:

Theorem 74 All as in Theorem 73. Then

e\ Il

" r ' 9 oo,n:LI,JW
( / |f|> < Im.1]
A 1 v

F(a)(p(a—l)—i—l)% (r (a—a) —|—1)

M1y i
[ sears)

A

(M1 — A)e=a+7) (

We give the following left fractional Poincaré type inequality:

Theorem 75 Here n € N with n = [v], v > 0. Assume that g : [m, M] — R
is strictly increasing function, f € C™([m,M]), g € C* ([m, M]), and g~' €
C"™ ([g (m),g(M)]). Suppose also that fog=—* € Comy ([9(m), g (M)]). Ifv =1,
we assume that f*) (m) =0, all k = 0,1,...,[v] — 1. Let p,qg > 1: % + % =1,

v > %. Then

/A |f (®)|"dt < (188)

1% g O = )" . ( /m (D (057 ta(s)

CE)' pr-1)+1)""q
vV Ae [m,M].

Proof. Similar to Theorem 67. m
We give the following operator Poincaré type left fractional inequality:

Theorem 76 All as in Theorem 75. Then

(/mlfl") <
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g% 1. s o
O 60D+ 77T 4™ </m1H’( v (F0974)) 0] g)
(189)

We need the following left fractional Sobolev type inequality:

Theorem 77 All as in Theorem 75 and r > 1. Then

1

: (1) b4
</ A |f(t)|rdt> ol (- m )
m Frw)(pr—-1)+1) (7"(1/7%>+1)

1
aq

( /,: (D (Fo97)) (95| 9' (8) dt> , (190)

S
=

VA€ [m,M].

Proof. Similar to Theorem 69. m
We give the corresponding operator Sobolev type left fractional inequality:

Theorem 78 All as in Theorem 77. Then
(v=3)

A B
/ |f|T < ||9||oo,[m7M]
mlH 1

L) (p(v—1)+1)7 (T(V_E)H)

3=

1

q

(A—mly)mit?) (/A ’( o(m) (fog_l)) og)qg’> . (191)

mlH

Proof. Using (190). m
We give the following right fractional Poincaré type inequality:

Theorem 79 Here n € N with n = [v], v > 0. Assume that g : [m, M] — R
is strictly increasing function, f € C™([m,M]), g € C*([m, M]), and g~' €
C™ ([g(m),g(M))). Suppose also that fog= € C¥p ([g(m),g(M)). If

v > 1, we assume that f&) (M) =0, all k = 0,1,...,[v] — 1. Let p,g > 1 :
%+%=1,u>%. Then
M g% fmary (M = 2)*
[ St (192)
A T@)'er-1)+1)" qv
M

< | (Prn- Foa™) 6| o' @ dt) 7

VA€ [m,M].
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Proof. Similar to Theorem 67. m
We give the following operator Poincaré type right fractional inequality:

Theorem 80 All as in Theorem 79. Then
-1

</M1H |f|q> _ ngg,[m,M] ) (193)
A T ee-D+) e

qg,> |

We need the following right fractional Sobolev type inequality:

A

(Mg = A </M1H ((Dyan- (Fog7") g

Theorem 81 All as in Theorem 79, r > 1. Then

(/M lf @) dt)i < ||9||£ZIE,)M] (M — )\)(V_%Jr%)
A C 0 (1))

3=

Q=

M ‘
(A Dy (Foa™)) 0| o' () dt) : (194)
VA€ [m,M].

Proof. Similar to Theorem 69. m
We give the corresponding operator Sobolev type right fractional inequality:

Theorem 82 All as in Theorem 81. Then
(v=3)

1 v—1
Mim N7 9056, fmoat
(/ 7] ) < [m, M] .
! D)

Tw)(p(v—1)+1)7 ('r(y—a

Q=

A

(M1 — A)(—5+8) (/MIH ‘(DZ(M_ (s ogfl)) og qg/) . (195)

Proof. Using (194). m
We give the following Poincaré type left fractional inequality:

Theorem 83 Let g : [m, M] — R be strictly increasing, f € C([m,M]),
g € Ct(Im,M]), and g=* € C'([g(m),g(M)]), 0 < v < 1. Suppose that
(D) (F0971)) € Cly (l9 (m) g (M), i = 0,1, .7, and (DSTED” (0 g7))

e C([g(m),g(M)]). Let p,q > 1:%—1—%:1, with v > m. Then

q(m—+1)r—1

A q Hg”oo,[mJVI] )
/m F@Ftde < T(m+D) p(m+)r—1)+1)""gm+1)v (196)
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(A — )9+ (/7: ‘ (mmm (f og—l)) (g (s))‘qg’ (t) dt) :
vV A e [m,M].

Proof. Similar to Theorem 67. m
We give the corresponding operator Poincaré type left fractional inequality:

Theorem 84 All as in Theorem 83. Then
(m+1)vr—1

( A q> ”qu [m, M]
/ LfT) < —
-y C(m+1)v) p(m+Dr-1)+1)*" g(m+1)v

m v m v — q
(A~ )1 ( [P (roa e 9’>~ (197)
mly

We need the following left fractional Sobolev type inequality:

Theorem 85 All as in Theorem 83, and r > 1. Then

( / ' If(t)rdt> < (198)

(m+1)v Al y—L141
91 vy (3 =) (7=

T .

P+ 1) w) @@+ e - 1)+ )7 (r (@4 1)r-1) 1)
A . %
(/m’(D;T,,;l)u(fog—l))(g(s))’ g’(t)dt> 7
YV A€ [m,M].

Proof. Similar to Theorem 69. m
We give the corresponding operator Sobolev type left fractional inequality:

Theorem 86 All as in Theorem 85. Then

</7:H |f7'>i <

(m+1)y
HgH [m M]

L ((m+ 1)) (p (@ + 1)y =1+ 17 (r(@+1)v-1)

Sl

Y

+
m v—141 A m+1)v
A=t D ([ ea ) ool o)

Q=
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Proof. Using (198). m
We give the following Poincaré type right fractional inequality:

Theorem 87 Let g : [m, M] — R be strictly increasing, f € C*([m,M]),
g € Ct(Im,M]), and g=* € C*([g(m),g(M)]), 0 < v < 1. Suppose that

(D;’EM)_ (f og’l)) € C%up_ (lg(m),g (M)]),i=0,1,....7m, and (DW*””

g(M)— (f°971)>
e C([g(m),g(M)]). Let p,g>1: %Jr% =1, withv > m Then
M ||g||gc(>ﬁ;:1)ufl
R ]
A

— - SR - (200)
C((m+Dv)ip(m+)r—1)+D" gm+1)v
__ M — q
(M — N1 ( L@ roa ) e[ o @ dt) ,
Y A€ m,M].

Proof. Similar to Theorem 67. m

We give the corresponding operator Poincaré type right fractional inequality:

Theorem 88 All as in Theorem 87. Then
|q(ﬁ+1)ufl
00,[m,M]

M1y
(/A m+)r— 1)+ D) gm+ v

M1 — A+ M pmthy —1 7, 201
(M1y — A) A san). (fog™t)egl g |.  (201)

We need the following right fractional Sobolev type inequality:

g1

A > = T @00 6

Theorem 89 All as in Theorem 87, r > 1. Then

(/ If(t)ITdt>r <
A

(m+1)v—g
|‘9H007[m,M]

She

L (@ + 1)) (o (@ +1)v =1+ 17 (r(@+1)v-1)+1)

(01— (=) ( [P o) o)

VA€ [m,M].

Q=

a0 dt) . (202)
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Proof. Similar to Theorem 69. m
We finish with the corresponding operator Sobolev type right fractional in-

equality:

Theorem 90 All as in Theorem 89. Then

S|

IN

( /. |f7“>

(m+1)v—2
H9H007[m,M]

((m+ 1)) @+ Dy -1+ 17 (r(@+1)v-1)+1)

T .
T

Q=

A

(M1y — A)(Hv=5+3) (/MlH ‘(D%;Q” (fog_1>) og‘qg/> . (203)

Proof. Using (202). m
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