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ADDITIVE REFINEMENTS AND REVERSES OF YOUNG AND
HOLDER’S INEQUALITIES IN HERMITIAN UNITAL BANACH
*~ALGEBRAS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some additive refinements and reverses
of the celebrated Young and Holder’s inequalities in the general setting of
Hermitian unital Banach *-algebras and for positive linear functionals defined
on such algebras.

1. INTRODUCTION
The famous Young inequality for scalars says that if a, b > 0 and v € [0, 1], then
(1.1) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.1) is also called v-weighted
arithmetic-geometric mean inequality.

In 1978, Cartwright & Field [3] obtained the following additive refinement and
reverse of the arithmetic mean-geometric mean inequality,

(b—a) _ A, (a,b) — Gy (a,b) <

(b= L b
max {a,b} — (1-v)

2 min {a, b}’

where A, (a,b) := (1 —v)a+vband G, (a,b) :=a*~*b" if a, b > 0 and v € [0, 1].
In 2002, Tominaga [23] obtained a different additive reverse inequality, namely

(CF) %V(l —v)

(T) A, (a,b) — Gy (a,b) < S (%) L(a,b),
where Specht’s ratio S, was introduced in 1960 in [21], and is defined by

1
L_ll ifhe (O,l)U(l,OO),
eln<hh*1>

lifth=1

(S) S(h) =

and the logarithmic mean is defined by

b—a :
Inb—Ina if a 7& b

(L) L(a,b) :=
b if a=b.

1991 Mathematics Subject Classification. 47TA63, 47A30, 15A60, 26D15, 26D10.

Key words and phrases. Weighted geometric mean, Weighted arithmetic mean, Young’s in-
equality, Arithmetic mean-geometric mean-harmonic mean inequality, Holder’s inequality, Her-
mitian Unital Banach x-Algebras, Positive linear functionals.

1

RGMIA Res. Rep. Coll. 19 (2016), Art. 175


e5011831
Typewritten Text
Received 06/12/16

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 19 (2016), Art. 175
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Recall that S satisfies the properties

h—1

(1.2) limS(h) =1, S(h) =S <111) >1

for h > 0, h # 1, is decreasing on (0,1) and increasing on (1,00).
In 2010-11, Kittaneh & Manasrah, see [16], [17] obtained the inequality,

(KM) r(va-vb) <A, (a.b) - Gulab) < B(Va- V)

where 7 = min {1 — v,v} and R = max {1 —v,v}.
This is a particular case of following result obtained by Dragomir in 2006, [5], that
provides a refinement and a reverse for the weighted Jensen’s discrete inequality:

1.3 i -
(13) e P [

I M:

where ® : C' — R is a convex function defined on convex subset C' of the linear space
X, {"Tj}je{l o,..ny are vectors in €' and {p;} } are nonnegative numbers

with P, = Z?:l p; > 0.
For n = 2, we deduce from (1.3) that

(1.4) 2min {r,1 — }{ (@ )”)( )_¢<w+y)}

j€{1,2,....,n

2
<v®(z)+(1-v) (P(y) ‘I)[Vw—f—(l—V)y}

< 2max {r,1 - v} [(D(x @(xﬂ/ﬂ

2

for any z, y € R and v € [0, 1].
If we take ® (x) = exp (z), then we get from (1.4) that

(1.5) 2min {v,1— v} {exp (x)—;—exp(y) . (a:—;—y)}
<wvexp(z) + (1 —v)exp(y) — exp vz + (1 —v)y]

o la) terp) _ (221

< 2max{1/,1—1/}[

for any =, y € R and v € [0,1]. Further, denote exp(z) = a, exp(y) = b with a,
b > 0, then from (1.5) we obtain the inequality (KM).

In 2015, Alzer & Fonseca & Kovacec, [1] and Dragomir, [10] obtained indepen-
dently and by using different techniques the following logarithmic upper and lower
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bounds for the difference of the arithmetic mean and geometric mean:
1
(1.6) v (L =) (lna - Inb)? min {a, b} < A, (a,b) — G, (a,b)

< %V (1 -v)(na —Inb)* max {a, b} .
A different reverse in terms of the logarithm was also obtained recently in the
paper [6]
(1.7) A, (a,b) — G, (a,b) <v(l—v)(a—b)(Ina—1nb)
for any a, b > 0 and v € [0, 1].

If upper and lower bounds are assumed for the positive numbers a, b namely a,
be[y,I] C(0,00) and v € [0, 1], then [7]

(1.8) A, (a,b) — G (va,b) <max{g,r (v),gyr (1 —v)},
where
(1.9) gyr (V)= (1 —v)y+vl — 47T

In order to extend these results in the abstract setting of Hermitian unital Banach
x-algebras and for positive linear functionals we need the following preparation.

2. SOME FacTs oN HERMITIAN UNITAL BANACH *ALGEBRA

Let A be a unital Banach *-algebra with unit 1. An element a € A is called
selfadjoint if a* = a. A is called Hermitian if every selfadjoint element a in A has
real spectrum o (a), namely o (a) C R.

In what follows we assume that A is a Hermitian unital Banach x-algebra.

We say that an element a is nonnegative and write this as a > 0 if * = a and
o (a) C [0,00) . We say that a is positive and write a > 0ifa > 0and 0 ¢ o (a) . Thus
a > 0 implies that its inverse a~! exists. Denote the set of all invertible elements
of A by Inv (A).If a, b € Inv (A), then ab € Inv (A) and (ab) " = b~1a~. Also,
saying that a > b means that a — b > 0 and, similarly a > b means that a — b > 0.

The Shirali-Ford theorem asserts that [20] (see also [2, Theorem 41.5])

(SF) a*a > 0 for every a € A.

Based on this fact, Okayasu [19], Tanahashi and Uchiyama [22] proved the following
fundamental properties (see also [13]):
(i) If a, b€ A, then ¢ >0, b > 0 imply a + b > 0 and « > 0 implies aa > 0;
ii) If a, b € A, then a >0, b > 0 imply a + b > 0;
(iii) If a, b € A, then either a > b >0 or a > b > 0 imply a > 0;
(iv) If a > 0, then a=! > 0;

) If ¢ >0, then 0 < b < a if and only if cbe < cac, also 0 < b < a if and only
if ¢be < cac;

(vi) If0 < a <1, then 1 <a™};

(vii) fO<b<a,then0<a ! <b ! alsoif 0 <b<a, then0<a ! <bl

In order to introduce the real power of a positive element, we need the following
facts [2, Theorem 41.5].

Let a € A and a > 0, then 0 ¢ o (a) and the fact that o (a) is a compact subset
of C implies that inf{z : z € o (a)} > 0 and sup{z : z € 0 (a)} < co. Choose v to
be close rectifiable curve in {Rez > 0}, the right half open plane of the complex
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plane, such that o (a) C ins(v), the inside of 4. Let G be an open subset of C with
o(a) CG. If f: G — C is analytic, we define an element f (a) in A by

f@)=5r [ 1) -0 d

T 2mi
It is well known (see for instance [4, pp. 201-204]) that f (a) does not depend on
the choice of v and the Spectral Mapping Theorem (SMT)

o (f(a)) = f(o(a))
holds.
For any o € R we define for a € A and a > 0, the real power
1 _
a® = % ’Yza(z—a) 1dZ,
where z¢ is the principal a-power of z. Since A is a Banach x-algebra, then a® € A.
Moreover, since z® is analytic in {Rez > 0}, then by (SMT) we have
o(a)=(o(a)*={2*:2€0(a)} C(0,0).
Following [13], we list below some important properties of real powers:

(viii) f 0 < @ € A and « € R, then a®* € A with a® > 0 and (a2)1/2 = a, [22,
Lemma 6];
(ix) If0 < a € A and o, B € R, then a®a® = a**+7;
(x) f0<ae€ Aand a €R, then (a*)”" = (e )" =a"

(xi) If0 < a, b€ A, a, B €R and ab = ba, then a®b® = b7a.

Okayasu [19] showed that the Lowner-Heinz inequality remains valid in a Her-
mitian unital Banach #-algebra with continuous involution, namely if a, b € A and
p € [0,1] then a > b (a > b) implies that a? > bP (a? > bP).

We define the following means for v € [0, 1], see also [13] for different notations:

(A) aV,b:=(1—-v)a+wvb, a, be A
the weighted arithmetic mean of (a,b),
(H) alb:=(1-v)a '+ Vb_l)f1 ,a,b>0

the weighted harmonic mean of positive elements (a,b) and
(G) atyb = al/? (ail/Qbafl/Q)U al/?

the weighted geometric mean of positive elements (a,b). Our notations above are
motivated by the classical notations used in operator theory. For simplicity, if
V= %, we use the simpler notations aVb, alb and affb. The definition of weighted
geometric mean can be extended for any real v.

In [13], B. Q. Feng proved the following properties of these means in A a Her-
mitian unital Banach *-algebra:

(xii) If 0 < a, b € A, then a!b = bla and aflb = bia;

(xiii) If 0 < a, b€ A and ¢ € Inv (A), then

c* (alb) c = (c*ac)! (c*be) and c* (afb) ¢ = (c*ac) § (c*be) ;
(xiv) If 0 < a, b€ A and v € [0, 1], then
(alb) ' = (a)V, (b71) and (a7Y)t, (b71) = (atd) .
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Utilising the Spectral Mapping Theorem and the Bernoulli inequality for real
numbers, B. Q. Feng obtained in [13] the following inequality between the weighted
means introduced above:

(HGA) aV,b > afl,b > al,b

for any 0 <a,be Aand v e|0,1].

Now, assume that f(-) is analytic in G, an open subset of C and for the real
interval I C G assume that f(z) > 0 for any z € I. If u € A such that o (u) C I,
then by (SMT) we have

o (f(u) = f(o(w)c f)cC0,00)

meaning that f (u) > 0 in the order of A.
Therefore, we can state the following fact that will be used to establish various
inequalities in A, see also [11].

Lemma 1. Let f(z) and g(z) be analytic in G, an open subset of C and for the
real interval I C G, assume that f(z) > g(z) for any z € 1. Then for any u € A
with o (u) C I we have f (u) > g (u) in the order of A.

Definition 1. Assume that A is a Hermitian unital Banach *-algebra. A linear
functional ¢ : A — C is positive if for a > 0 we have ¥ (a) > 0. We say that it is
normalized if 1 (1) = 1. The functional v is called faithful if a > 0 and 1) (a) =0
implies that a = 0.

We observe that the positive linear functional 1 preserves the order relation,
namely if @ > b then ¥ (a) > ¢ (b) and if 8 > a > «a with «, § real numbers, then
B > ¢ (a) > «, provided ¢ is normalized. If the positive linear functional v is
faithful and @ > 0 then v (a) > 0.

In the following we obtain some additive refinements and reverses of the cele-
brated Young and Holder’s inequalities in the general setting of Hermitian unital
Banach x-algebras and for positive linear functionals defined on such algebras.

3. YOUNG AND HOLDER TYPE INEQUALITIES

If we use the first inequality in (HGA) we can state the Young type inequality
(Y) xpﬁl/qu < lxp + lyq
p q
foranyOSx,yeAandp,q>1with%—|—%=1.
We have the following Holder’s type inequality for positive functionals as well:

Theorem 1. Assume that A is a Hermitian unital Banach x-algebra and ¢ : A — C
a faithful normalized positive linear functional. If 0 < a, b € A and p, ¢ > 1 with
% + % =1, then

(H) W (aPhaygb?) < VP (aP) M (7).

In particular,

(Sc) U (a®h1)2b”) < (a®) ¢ (0%) .
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Proof. If ¢ (aP) = 0, then a” = 0 which implies that a?§; /,b7 = 0 and ¢ (aP4; /,b7) =
0 showing that the inequality (H) holds with equality. The same if ¢ (b7) = 0.
Assume that ¢ (aP), ¥ (b?) > 0. Then by Young’s inequality for x = ﬁ(ap)

and y = we have

b
174 (b7)

a : b ! a ! b '
(3.1) <¢1/p(ap)) f1/4 (1/}1/(1(1)(1)> §p<w1/p(ap)> +q<¢l/q(bq)> .

Observe that

aP/? a~P/2 ba a~P/2 1/a aP/?
@) \o TP @) v ) 2 ar) ) M (ar)
_ 1 12 (grr2pgv/2)
- ¢(ap)¢71/q (ap)wl/q (bq)ap i (a P 2)

_ apﬁl/qbq
(@) ! (b)
and the inequality (3.1) may be written as

G/pﬁl/qbq 1 p 1 bq
WY (ap) 17 (b9) = P (a?) T (b7) "

If we take in (3.2) the functional ) then we get

V@) 1
SV () V7 () < pw(ap)w( P)+

(3.2)

and the inequality (H) is proved. O

Corollary 1. Assume that A is a Hermitian unital Banach %-algebra and ¢ : A —
C a faithful normalized positive linear functional. If 0 < a;, b; € A, p; > 0 for
ie{l,...,n} withy.! ,pi=1and p, ¢ > 1 with % + % =1, then

(3.3) P (ipl (afﬁl/qb?)> < wl/P (ipwﬁ) wl/q (i:plb;I) .
=1 =1

i=1
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In particular,
n n n
2
5.4 y (zpi mbf)) <y (zpiaf) y (zpibf).
i=1 i=1 i=1

Proof. Using discrete Holder’s inequality we have

(zpz i )—me(a?m/qbﬁ)

i=1

< Zp 7 (a2) 91/ (b) by (H)

(Sne <af>>p) o)

IN

Il
N
(]
S
<
—
S
N
~—
—
~
bS]
(]
S
<
o
i)
~
—
~
Q

=t/ (imaf) 't (im@
i=1 i=1

and the inequality (3.3) is proved.

4. ADDITIVE REFINEMENTS AND REVERSES
We consider the function f, : [0,00) — [0, 00) defined for v € (0,1) by
Lt)=1—v4+uvt—t"=A4,(1,t) -G, (1,t),

where A, (-,-) and G, (-, -) are the scalar arithmetic and geometric means.
The following lemma holds.

Lemma 2. For [k, K] C [0,00) we have
(4.1)  max f,(t)

telk,K]
A, (Lk)—G, (k) if K <1,
_ . max {A, (1,k) — G, (1,k),A, (1,K) -G, (1,K)}
—Au(kaK)'_ fk<1§K
A (LK)-G, (LK) if1<k
and
A, (,K)-G, (1K) if K <1,
. i v — Oy ) = ) SISK7
(4.2) terﬁcl,l}(]f (t) =6, (k,K) 0ifk

A, (Lk)—G, (1,k) if 1 <k.
Proof. The function f, is differentiable and

f;(t) :I/(l*tyil) :VﬂT’ t>0,
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which shows that the function f, is decreasing on [0, 1] and increasing on [1,c0),
fu(0)=1—-v, f, (1) =0, lim;_, f, (t) = oo and the equation f, (t) = 1 — v for
t > 0 has the unique solution t,, = vt > 1.

Therefore, by considering the 3 possible situations for the location of the interval
[k, K] and the number 1 we get the desired bounds (4.1) and (4.2). O

Remark 1. We have the inequalities
0<f,(t)<1—v foranytce [O,Vﬁ}
and
1—v<f,(t) foranyte [Vﬁ,oo) .
We have the following additive refinement and reverse of Young’s inequality:

Theorem 2. Let 0 < z,y € A and p, ¢ > 1 with % + % = 1. Assume that there
exists the constant m, M > 0 such that

(4.3) miz? <y? < MIzP,
then

1 1
(44 bayy (m?, M) 2P < oa? oyt = aPhygy? < Ay (m, M) 2?

where the functions 6 and A are defined by (4.1) and (4.2).
Proof. From the above Lemma 2 we have
(4.5) (b, K)<1l—-v+4vz—2"<A,(kK)
for any real z € [k, K] C (0,00) and for any v € [0,1].
Let u € A with spectrum o (u) C [k, K] C (0,00). Then by applying Lemma

1 for the corresponding analytic functions in the right half open plane {Rez > 0}
involved in the inequality (3.4) we conclude that we have in the order of A that

(4.6) 0, (B, K)<l—-v+rvu—u’ <A, (kK)
for any v € [0,1].

Since z is invertible, then by multiplying both sides of (4.3) with z=?/2 > 0, we
get m? < x~P/2y93=P/2 < M9 and by taking v = 1/q, u = x P/ 2yig=P/2 | = ma
and K = M? we get in the order of A that

1 1 1/
(4.7) 81 /q (M3, M) < = + —1:*”/23/‘13:”’/2 _ (x*p/2yqup/2) !
p q
S Al/q (mq7 Mq) .

If we multiply both sides of (4.7) by P/2 > 0, then we get

1 1 _ _ 1/q
. 1 q, ~ - —_ j—
(4.8) 8y /g (M9, M) 2P < —zP + —y1 ZP/2 (oc P/2ydy p/2) ZP/2
p q
<Ay (m?, M9) zP

and the inequality (4.2) is proved. O
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Corollary 2. Let 0 < x, y € A. Assume that there exists the constant m, M > 0
such that
(4.9) m?e? < y? < M%a?

then
(1—M)?22if M <1,

1
(4.10) 58 0ifm <1<,
(m—1)%22 if 1 <m,
22 4 o2
< 5 _:L,QﬁyQ

(1—m)*a? if M <1,

IA

% ma><{(1—m)27(M—1)2}3;2 ifm<1< M,

(M —1%22 if 1 <m.
Proof. If follows by taking p = ¢ = 2 in Theorem 2 and observing that
A1/2 (mQ,M2)
A(1,m?) -G (1,m?) if M <1,
maX{A (1,m2) —G(l,mQ) ,A(l,MZ) —G(LMZ)}
itm <1< M,
A(1L,M?) -G (1,M?) if1<m
(1—m)® if M <1,

1 max{(1—m)2,(M—1)2}
2] iftm<1<M,

(M—-1%ifl<m

and
(1-M)?if M <1,

1
810 (m?, M?) =5{ 0ifm<1<,

(m—1) if 1 <m.
O

Remark 2. Let 0 < x, y € A. Assume that there exists the constant my, My, ma,
My > 0 such that my < z < My and ma < y < My. Then m} < zP < MY and
m3 < y4 < M2 which implies that
q q
my o, M
— <yl < fxp
Pt =Y =
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forp,q>1with%+%=1.

Also,
2 2
Mo 9 9 Mo 9
= < < - .
(M1> ey ("h) !

Therefore, by (4.2) we have

q
mo

Mq> 1 1 md M4
4.11 1) ,—= |2 < 2P + —y? —2Ph,y?! <A (2’2> P
( ) 1/q <Mp D q 1/q 1/q Mf mf
where the functions § and A are defined by (4.1) and (4.2).

By (4.10) we also have

2
(1-22) a2 i 2 <1
(4.12) 1 0if M2 <1< 2
) 2 My =7 = my?

2
(1—%) a2 if M2 <1,

IN
DN =

2 2
max{(l—ﬁ?) (22 -1) }x2 ifme <1< M

2
(M2 —1)"a? if1 < 32
The following additive reverse of Holder’s inequality holds:

Theorem 3. Assume that A is a Hermitian unital Banach *-algebra and ¢ : A — C
a faithful normalized positive linear functional. If0 < a, b € A such that there exists
the constant k1, K1, ko, Ko > 0 with k1 <a < Ky and ks <b < Ky andp, ¢ > 1
with + +1 =1, then

p '

(aP41/407)
PP (ap) M7 (b9)

ol (02 (3)) -0 (2) (2))
(2 ()0 (2 ()

In particular,

(413) 0<1-—

¥? (a®4?) 1 (KoK — kok1\”
(4.14) 0<1-— )§2< )

(a) 9 (b? kaki

G
Proof. We have 0 < kl PP (a?) < K, and 0 < ky < p/9 (bq) < K5. These
<

k K1 k K K
imply that wl/P(aP) w-a and = < W <2 and K17 K2 <1< 3,
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Ko . _ _a_ _ _b_ — ki _ Ky _ ko _ K>
e Consider x = 2@ Y= gy ™ = Kl,Ml =35 me = 22 and My = e

Also, observe that

W_(ILDP K Ki) ~
and ( )q
q K q p
i (Z):G:) (&) =+

Using the inequality (4.11) we have

<3 (o) i) () e (i)
(B (2 () () (i)

e (1 () (5)) - (1(2) (),
(1 () () e () ()} (s

namely

1 a? 1 b aPhyht
L pU(@) g ) M (ap) ' (be)

k’g q kl p kQ q kl p
= max {Al/q (1, ([Q) ([ﬁ) — Gl/q 1, E E ;
KQ a Kl P KQ a K1 p aP
Ao (1 (22) (22) ) - L(22) (2 .
Y ( 7 ( k2 > ( k1 > G ky ¥ (a?)
If we take in (4.15) the functional v, then we get the desired result (4.13).
We have

kg K2
m2 Ky kaky Mo Ry K>K,

_— = = = d _— = .
M1 % KgKl mq % k‘gkl

Therefore

ma; 1 kak : LELS| 1 :
= X — —
KoKy ) '\ koky
- KoKy — koky \? [ KoKy — koky \ 2 Kol — koky \ 2
— X S - - @ - - — - - - -
K2K1 ’ k)gk‘l k2kl

and by (4.12) we get the desired result (4.14).
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5. FURTHER BOUNDS

By the use of the additive inequalities from the introduction we have further
upper and lower bounds for the difference

A, (1,t) — G, (1,¢)

].

with ¢ > 0 and v € [0,1
(T), (KM), (1.6) and (1.7) we have the following upper bounds

Indeed, by (CF),

bv(1—v) oy,
S()L(t,1),

(51) A, (17t)7Gy (].,t) < max{y71—y} \/i—l)27
%1/ (1 -v)(Int)* max {¢t,1},

v(1—v)({t—1)Int,

for any ¢ > 0 and v € [0, 1].
By using the inequalities (CF), (KM) and (1.6) we have the lower bounds

t—1)2
%V (1 - V) In(ax{t),lg’

(5:2) min {v,1 —v} (Vi—1)", <Ay (Lit) =Gy (L)
iv(l-v) (Int)® min {t, 1}
for any t > 0 and v € [0,1].

Observe that for 0 < m < M and ¢ > 1, by making use of the definition (4.1)
we have

(53) Ay (md, MY)
Ay g (1,m) = Gy (1,m9) if M <1,

max {Al/q (l,mq) — Gl/q (1,mq),A1/q (].,Mq) - Gl/q (1,Mq)}
ifm<1<M,

Ay g (1, M9) = Gy (1, M) if 1 < m.

Using the inequalities (5.1) we have the following upper bounds for A/, (m?, M9).
If0<m< M <1, then
1 (m?-1)?
2pg  m?
S (m?) L(m?,1),
11 2
(5.4) Aqjq (m?, M7) < max{;,a} (mq/2f1) ,

o (Inm)?,

2
%(mq—l)lnm.
If0<m<1< M, then

;max{w (Mq_1)2}7

nf;X{S(mq)ni(mq,l),S(MqQ)L(Mq,l)},2
(5.5) Aqsq (mf,M?) < max{%,%}max{(l—mqﬂ) (MY?—1) }7

%max{(lnm)2,(lnM)2Mq},

%max{(mq —1Dlnm,(M?—1)InM}.
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If 1 <m < M, then

% (Mq - 1)2 )
pq
S(M?) L (M?,1),
(5.6) Aqjq (m, M7) < max{%,%}(MQ/Q_lf,
L (In M)* M9,
»
Lpa —1)In M.
P
Also, we observe that for 0 < m < M and ¢ > 1, by making use of the definition
(4.2) we have that

Al/q (1,Mq> - Gl/q (17Mq) lf M < 17
(5.7) 8y /g (mI, M) :={ 0if m <1< M,

Ai/q (1,m?) = Gy (1,m?) if 1 <m.

Using the inequalities (5.2) we have the following lower bounds for §, /, (m?, M?).
If0<m< M <1, then

g (1= M)’
(5.8) min{%,%}(l—Mq/2)2, < 8y (m7, M) .
s (In M)? M9
Finally, if 1 < m < M, then
1 (mi-1)?
2pg  me
(5.9) min{%,%} (mq/2—1)2, < 01/q (m?, M9).
3 (Inm)?
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