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TWO POINTS TAYLOR’S TYPE REPRESENTATIONS WITH
INTEGRAL REMAINDERS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some two points Taylor’s type repre-
sentations with integral remainders and apply them for the logarithmic and
exponential functions. Some inequalities for weighted arithmetic and geomet-
ric means are provided as well.

1. INTRODUCTION

The following theorem is well known in the literature as Taylor’s formula or Tay-
lor’s theorem with the integral remainder.

Theorem 1. Let I C R be a closed interval, ¢ € I and let n be a positive integer.
If f : I — C s such that the n-derivative f™) is absolutely continuous on I, then
foreachy el

(1.1) fy)=Ta(fie,y) + Ru (ficy),
where Ty, (f;¢,y) is Taylor’s polynomial, i.e.,
" (y—c .
(1.2 T, (o) = Y U0 0 (o).
k=0 ’
Note that f©© := f and 0! := 1 and the remainder is given by
1 [Y n eln
(1.3 Ra(ficw)i= o [ =07 10 ) at.
* c

A simple proof of this theorem can be achieved by mathematical induction using
the integration by parts formula in the Lebesgue integral.

For related results, see [1]-[5], [11]-[14], [18]-[19] and [22].

Let a, b > 0, then we have the equality:

(1.4) 1nb—1na=2n:(_1)k_l(b_a)k+(—1)”/b U

kak ntl
k=1
Indeed, if we consider the function f: (0,00) — R, f(z) = Inz, then,
—1)" ! (n—1)!
f(n)(x):()x#, n>1, >0,
n Y ()
Tn(ln;a,x)_lna—F;( ) ka(k ) ,a>0
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and
. _ n * ($ _ t)n
Ry (tnsa.o) = (<" [ Eiae

Now, using (1.1), we have the equality,

k T n
lnx*lna—&—z zia) —|—(—1)"/ (z 1) dt.

tnt+l

Choosing in the last equality z = b, we get (1.4).
Consider the function f : R — (0,00), f (y) = expy. Then for any ¢ € R we

have
n
T, (exp; ¢, y) Z
k=0

expc

and
1 Y
R, (exp;c,y) := ] / (y —t)" exp tdt.
On applying Taylor’s formula (1.1) we have

(y— o

(1.5) eXpy—ech—Z o

expc-—/ y—t)" exptdt
k=1

for any ¢, y € R.
If we take y = Inz, ¢ = Ina where x, a > 0 then we get

n 1 1 k 1 Inzx
m—a—aZM:—/ (Inz —t)" exp tdt.
1

— k! ! Jina

By using the change of variable, s = expt, we have

Inz T
/ (Inz —t)" exptdt = / (Inz —1Ins)" ds
1 a

na
giving that

n

_ k b
(1.6) b—a—aZM:l/ (Inb —1Ins)" ds,

| |
— k! n!

for any b, a > 0.
Now, if n > 2 then by (1.6) we have

b—a = (Inb—1Ina)* 1 n

namely

(1.7) lnb—lna—

n 1 1 k 1 b
Z nb—lna) ——— [ (Inb—1Ins)"ds,
Pt nla J,

for any b, a > 0.
By taking in (1.4) and (1.7) n = 2m+1, we get the following equalities of interest

2m—+1 k—1 k b 2m—+1
()" (b—a) (b—1)
(1.8) Inb—1Ina = g ok - ot dt, m >0
k=1 @




TWO POINTS TAYLOR’S TYPE REPRESENTATIONS 3

and

(1.9) Inb—1Ina

b . 2m+1

_ b
(Inb lna e il)' / (Inb—Ins)*" 1 ds, m > 1.
m la /,

Since for any a, b > 0

b (b o t)Qerl b _—
/ WdtZOand / (Inb—1ns) ds >0,

then we have from (1.8) that

2m+1 k—1 k
b—a (=) (b—a)
(1.10) Inb—1Ina < — + ];:2 ok ,m>1
and from (1.9) that
2m—+1
b—a (Inb—Ina)*
(1.11) Inb— lna<7— 32 — m > 1.

The case m = 1 provides the following inequalities

b—a (b-a)?® (b—a)
. — < —
(1.12) Inb—1Ina < . 902 + 303

and

(1.13) Wb <@ (nb-a)?® (nb-—Ina)’
. <= o :

for any a, b > 0.
Now, if 0 < a < b then by (1.7) we have

n k
(1.14) 1nb—1nagb_“—z(lnb_ln“>
a

for any n > 2.
If 0 < a < band n = 2m, then by (1.4) we have

(b—a)f
(1.15) lnb—lna>ZT, m>1
while in the case n = 2m + 1 we have
2’m+1 k 1 k
(b—a)
(1.16) Inb—1Ina < Z T,mzo.

In this paper we establish some two points Taylor’s type representations with
integral remainders and apply them for the logarithmic and exponential functions.
Some inequalities for weighted arithmetic and geometric means are provided as
well.
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2. SoME Two PoOINTS IDENTITIES
The following identity can be stated:

Theorem 2. Let f : I — C be n-time differentiable function on the interior 1 of
the interval I and f, with n > 1, be locally absolutely continuous on I. Then for
each distinct ©, a, b € I and for any X € R\ {0, 1} we have the representation

(2.1) fle) ==X f(a) +Af(b)

n

3 [P @ @ - a) o+ CDE A o) (- )]
+ ];':1>\ (z,a,b),

where the remainder Sy x (x,a,b) is given by

(2.2) Sp (z,a,b)

=[N0 [ (s s - o) as

Tl

+(=D)" A=) ! /1 FOD (1= s)x + sb) s"ds} .
0

Proof. Using Taylor’s representation with the integral remainder (1.1) we can write
the following two identities

ey 1@ =3 g @e-at o [ @0
and

n k n+1
e s@=3 G000+ CO [ e g o a

k!
k=0

for any z, a, b € I.
For any integrable function h on an interval and any distinct numbers ¢, d in
that interval, we have, by the change of variable t = (1 — s) ¢ + sd, s € [0,1] that

d 1
/h(t)dtz(d—c)/ h((1= )¢ + sd) ds.
c 0

Therefore,
/ D (8 (2 - 1) at
‘ 1
= (x—a)/ FO (1= s)a+sz) (x— (1 —s)a—sz)"ds
0

1
=(z—a)"" /0 FO (1= s)a+sz)(1—s)"ds
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and

[ 5 0oy
= (bfx)/ FOD (1 =)z +sb) (1 —s)a+sb—x)"ds
0

1
= (b—az)" / FOFD (1= s) z + sb) s"ds.
0

The identities (2.3) and (2.4) can then be written as

n

25) @)=Y /M@ -a)

k=0
1 n+1 ! n+1 n
+—(@—a)"" /0 FU (1= s)a+sz) (1—5)" ds
and
= (-” (®) k
(26)  f@=) H PO 0-2)
k=0 ’

_ n+1 1
+ (_1)n+1 %/ f‘(’rH—l) ((1 _ S).’L' + Sb) s"ds.
: 0

Now, if we multiply (2.5) with 1 — X\ and (2.6) with A and add the resulting
equalities, a simple calculation yields the desired identity (2.1). O

Remark 1. If we take in (2.1) x = “;b, with a, b € I, then we have for any
A€ R\{0,1} that

en  f(F) =0-Nf@ A0

. ﬁ [(1=2) 7% (@) + (~1)*AF® @)] (0 - 0)"
k=1 :

+ Sn,)\ (a) b) ’

where the remainder S, x (a,b) is given by

(2.8) Sn’,\ (a, b)
— 72%11“! (b—a)"*! {(1 = A)/O Fon ((1 —s)a+s" ; b) (1—s)"ds

' b
+ (=)™ A [ ptD <(1 —s) % + sb> s"ds] .

0

In particular, for A = % we have

(2.9) f (a;b) _ f(&);rf(b)

+3 s |7 @+ (DR 0 0] 6 - o)

+ S, (a,b),
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where the remainder Sy, (a,b) is given by

(2.10) S, (a,b)
2n+12n, (b—a)"* U flrry ((1s)a+s ;b> (1—5)"ds

"“/ flntn) ( s) 2 s >5"d5} .

Corollary 1. With the assumptions in Theorem 2 we have for each distinct x, a,
bel

Q1) f@) = (k-2 f @)+ (- a) )] + L0
XZk.{ @) P (@) + (1 (- 2) 10 ()}
+ L, (z,a,b),
where
L, (z,a,b) := (b ;'ng (—xa_ a [ / FO (1= s)a+ sz) (1 —s)"ds
+(=1)" (b —x)" /0 FOHY (1 = s) z + sb) snds]
and

(212) f<x>=bf@[(a—a>f<a>+<b—x>f<b>]

lei'{ _ k+1 f(k)( )+(_1)k (b_m)k+1 f®) (b)}

+P (x, a,b),
where
1 o
P, = — n (n+1) 1— 1—
a0ty i= ot [l [ (@ syt (- 9"
+(_1)n+1 - n+2/ f(n+1) s)x+sb) s"ds ,
respectively.

The proof is obvious. Choose A = (x —a)/(b—a) and A = (b—2x)/(b—a),
respectively, in Theorem 2. The details are omitted.

Corollary 2. With the assumption in Theorem 2 we have for each X\ € [0,1] and
any distinct a, b € I that

(2.13) f((1=XNa+A)=10=X)f(a)+AfO)+A(1 =N

XZk, V158 (0) 4 (-1)F (= B )] (5 ) + S (D).
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where the remainder Sy, x (a,b) is given by

(2.14) Sp.a(a,b)
— LA NAb- o™ A"/lﬂ"“) (1—sA)a+sAb)(1—s)"d
= a ; sANa+s s)"ds
+(=D)" T a =N /1 FO) (1 —s=A+sA\)a+ (A+s— s\ b)s"ds| .
0
We also have
(2.15) f((1- )\)b-i-)\a) =(1-=X) f(a)+Af (D)
+ Z o [0 @)+ (A )] (0 - @) + P (@),
where the remainder P, x (a,b) is given by

(2.16) P, x(a,b)

= i, (b—a)"t [(1 — N /1 FOD (1= s+ As)a+ (1 —N)sb) (1 —s)"ds
n! 0

1
+ (=)™t A"+2/ FOFD (1= s)Xa+ (1 — A+ As)b) s™ds| .
0
The case n = 0, namely when the function f is locally absolutely continuous on

I with the derivative f' existing almost everywhere in Ii is important and produces
the following simple identities for each distinct z, a, b € ITand )\ € R\ {0,1}

(2.17) f ) =@ =X)f(a) +Af(b) + Sx (2,a,b),

where the remainder S) (z,a,b) is given by
1
(2.18) Sx(zya,b) :=(1—=N\) (x — a)/ f (1 —s)a+ sz)ds
0

—)\(b—x)/o F (1= 8)z + sb) ds.

We then have for each distinct x, a, b € I

1
b—a

(2.19) f(z) = [(b—=)f(a)+ (z—a)f )]+ L(z,a,b),

where

(2.20) L(z,a,b)

b—2)(r—a

::ba[/f (1—5s)a+ sz) ds—/f (1—s)x+sb)ds

and
1

(221) @)=l f @)+ 02 O)+Plab),
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where

(2.22) P(zx,a,b)

! x—azl' —s)a+sx)ds — —x21/ —s)x + sb)ds
= [0 [ F-sarsas-0-0? [ -

We also have
(2.23) FL=XNa+Ab)=(1=X) f(a)+Af(b)+ Sx(a,b),

where the remainder S) (a,b) is given by
1
(2.24) Sx(a,b) =1 —=MNA(b—a) [/ (1 —sX\)a+ sAb)ds
0

_/1f/((1_5_>\+5/\)a+(/\+8—8)\)b)d8
0
and

(2.25) F@A=XNb+Xa)=(1=A) f(a)+ Af(b)+ P\ (a,b),

where the remainder Py (a,b) is given by
1
(2.26) Py (a,b):=(b—a) [(1 - /\)2/ F(1=s+As)a+ (1 —N)sb)ds
0

—/\2/1f’((1—s))\a+(1—/\+/\s)b)ds
0

Moreover, if we take in (2.17) @ = % for each distinct a, b € I and X\ €
R\ {0,1}, then we have

(2:27) F(55) = -0 @421 @)+ 5 (@),

where the remainder S} (a,b) is given by

s (o0t 4)e]

(2.28) S (a,b) = % (b—a)

x{(l—/\)/olf’<( )a+s

In particular, for A = 5 we have
b b
where

(2.30) S (a,b) = i(b —a)

X [/Olf’((l—s)a—i—sa;—

b)ds—/elf/((l—s>“2“’+sb)ds].
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3. EXAMPLES FOR LOGARITHM AND EXPONENTIAL

Consider the function f:(0,00) — R, f (z) = Inz, then,

(=D"" (n—1)!

(3.) 7 (@) =

,n>1, x>0.

Using the identity (2.1) for this function we get for any x, a, b > 0 and A € R\ {0,1}
that

(3.2) Inz=(1—-AIna+Alnbd
"1 E—1 T k z\F
e rta-n (o) a2
e e (E-1) )
+ Un)\ (IIZ, a7 b) )
where the remainder U, ) (z,a,b) is given by

(33) UTL,)\ (m,a,b)
L _\n . T —a n+1 ! (1 _s)” S
= {( D" (1 =X (z~a) /0 « wd

1—3s)a+ sx)

- [ ]

Using the identity (2.7) for the function f:(0,00) — R, f (z) = lnz, then

(3.4) ln<a;b):(1—A)lna+Alnb
RS ET A
3o [0 R - 6o
+Un7,\(a,b),

where the remainder U, » (a,b) is given by

(3.5) Un, (a,b)

1 n+1 ! ( ) ( )
= gorr (0 —a) [(14)/0 q b)anS

1—s)a+ s%t

1 "
f)\/ n+1d$ .
0 ((1—s) %t + sb)

In particular, for A = %, we have for all a, b > 0 that

(3.6)

a+b Ina+Inb
In =
2 2

(-t 1
+ Z 2k+1k- ak bk (b - a‘) + U, (a’a b) ’
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where the remainder U, » (a,b) is given by

(3.7) Un (a,b)
1
T 2n+2

oEnta-et ! " s
X Vo EeTer L ((1_s>a2+b+sb)n+1d]~

From (2.13) we have for any a, b > 0 and X € [0, 1] that

(b _ a)7L+1

(3.8) 0<In (W)
n _ k—1 \k—1 _ k—1
:A(l—A)Z% [( D e 4 bi) ] (b—a)*
k=1
+Up,a (a,b),

where the remainder U, » (a,b) is given by
(3.9) Unx(a,b)
1 _1 n 1 _ n
=(1=NA(b—a)"" [/\”/ i Ct)
0

((1 = sA)a+ sAb)" ™!

STL

_(1_)\)”/0 ((1—s—)\+3)\)a+()\+s—s)\)b)n+1ds .

Consider the function f:R — (0,00), f (y) = expy, then,
(3.10) AR (y) =expy, n>1, x> 0.

If we write the equality (2.1) for this function we get for any y, ¢, d € R and
A € R\ {0,1} that

(3.11) expy = (1 — X expc+ Aexpd
"1 :
+ Z o {(1 — Ny —c)fexpe+ (=1)"A(d—y)F expd}
k=1
+ Rn)\ (y7 ¢, d) ’
where the remainder R, » (y, ¢, d) is given by
(312) Rn,)\ (y, ¢, d)

= [N [ e (1 ek s ds

T on!

1
+ (=) A (d =yt / s"exp((1—s)y+sd)ds| .
0
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Let z, a, b > 0. If we take in (3.11) and (3.12) y = lnz, ¢ = Ina and d = Inb,
then we get for any A € R\ {0,1} that

(3.13) z=(1—-XNa+ X
n 1
+ Z o [(1 —Na(lnz — lna)k + (—1)k Ab(Inb — lnx)k}
k=1
+Rn,)\ (:Uva‘ab)7

where the remainder R, » (z,a,b) is given by

(3.14) R, (z,a,b)
1 1
= — {(1 — )N (Inz —Ina)"™! / (1—s)"a'"*2%ds
0

!

1
+ (=)™ X (Inb—Inz)"*! / s”xl_sbsds} .
0

If we write the equality (2.13) for the function f : R — (0,00), f (y) = expy,
we get for any ¢, d € R and A € R\ {0,1} that

(3.15) exp((1—XNc+Ad)=(1—Aexpc+ Aexpd

YIS % Wt expet (-1 (1 0 expd] (@ ) + T x (c.d),
k=1 """

where

(3.16) Ty (c,d)
1

1
= Lo [(1 B )\)n+2/ exp (1 —s+As)e+ (1— ) sd) (1 —s)"ds
n! 0

1
+ (=)™t x"+2/ exp (1 —s) e+ (1 — A+ As)d) s™ds| .
0

Let x, a, b > 0. If we take in (3.15) and (3.16) y = lnx, ¢ = Ina and d = Inb,
then we get for any A € R\ {0,1} that

(3.17) a'P =1 =N a+ b
TP E [)\k_la + (D@ =N "p| (nb—Ima) +T,.5 (a,b),
k=1

where

(3.18) Ty (a,b)

1

1
— (nb—In a)" ! [(1 - )\)"+2/ al TIPSV (1 5™ ds
: 0

1
+(_1)n+1 >\n+2/ a(l—s)/\bl—/\+>\ssnds )
0
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If A €[0,1] and a, b > 0 then we have from (3.17) that
(3.19) 0<(1—=XNa+Mb—a' 0

=A(1—\) Zn: % [(—1)’“‘1 (1=X"""b—=A"1a| (Inb—1na)" — T, (a,b).

k=1

4. SOME INEQUALITIES

We have the following inequality:

Theorem 3. Let f : I — R be (2m + 1)-time differentiable function on the interior

I of the interval I and fPm™+D | with m > 0, be locally absolutely continuous on I.
If f2m+2) (£) > (<) 0 for almost every t € I, then for each distinct z, a, b € I and
for any X € [0, 1] we have

41 f(2) = () (A =A) f(a) +Af (D)

2m-+1

+—§Ikﬂ[ N £ (@) (@ = a)f + (=1F AP (1) (- )]
Proof. From Theorem 2 we have for each distinct x, a, b € I and for any A € [0,1]

that
(4.2) f@)=@0=2A)f(a)+Af(b)

2m+1

0270 @) @ - ) + DA ) (0 - )]
+ SQm+1 a(z,a,0),
where the remainder Sa;,+1,x (2, a,b) is given by
S2m+1,>\ (117, a, b)

! m ' 2m+2 m
:M{(l_A)(x_af +2/0 PO (1= s)a+ sz) (1 5)"™ ' ds

1
+A (b - $)2m+2/ f(2m+2) ((1 _ S) x + Sb) S2m+1d8:| )
0

If f(2m+2) () > (<) 0 for almost every t € I, then for each distinct z, a, b € T
we have

/1 f(2m+2) ((1 7 s)a + SII?) (1 B 5)2m+1 ds > (S)O
0
and

1
/ FEMFD (1 = s)z + sb) s> ds > (<) 0,
0

which implies that Som41,x (2, a,b) > (<) 0 for each distinct z, a, b € I.
Using the identity (4.2) we deduce the desired result (4.1). O
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Corollary 3. With theoassumptions of Theorem 3 for the function f : I — R then
for each distinct a, b € I and for any X\ € [0,1] we have

(43) f((A=XNa+Ab) = (<)(1—-A)f(a)+Af (D)
2m+1 1

AN Y S TP @+ ()P A= P 0)] 6 -0

k=1

Remark 2. If the function f: I — R is twice differentiable convex (concave) on I
then for each distinct x, a, b € I and for any X € [0, 1] we have from (4.1) that

(44) f(2) =2 ()@ =N f(@)+AfB)+ A=) f(a)(@—a)=Af (1) (b—2).
From (4.3) we have that

FUL=XNa+Ab) = (<) (1= A) fa) +Af () + AL =) [f (a) = [ ()] (b - a)
that is equivalent to
(4.5) AL =X)L (b) = f(a)] (b—a)

> () (A=) f(a) +Af (b) = f((1 = A)a+ Ab)

for any a, b € I and for any A € [0,1].

We get from (3.2) and (3.3) for any z, a, b > 0 and A € R\ {0, 1} that

(4.6) Inz=(1-—A)Ina+ Alnbd
2m—+1

S e G D)
k=1
—+ U2m+17)\ (x,a, b) ,

where the remainder Uszy11.) (2, a,b) is given by

(4.7) U2m+17)\ (.’L‘, a, b)
1 1_ 2m—+1
== (1= a)2m+2/ (1) prESE
0 ((1—=s)a+ sz)
1 2m—+1
+A(b—z)*™ / > s ds| -
0o ((1—s)x+ sb)
If 2z, a, b>0and A € [0, 1], then Usyy1.x (z,a,b) <0 and by (4.6) we get
(4.8) Inz<(1—AIna+ Alnbd

2m+1 1 b1 z k ok
+ ’; - [(—1) (1-\) (5—1) —)\(1—3) ]
From (3.8) we have for any a, b > 0, m > 0 and A € [0, 1] that
(4.9) 0<In (AA (a, b)>

G)\ (a, b)
2m—+1

SYEPD I [“”MAH -4 _”“] 60",

k k
= k a b
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where Ay (a,b) := (1 — X\) a + \b is the weighted arithmetic mean and G (a,b) :=
a'~*b* is the weighted geometric mean. For A = % we recapture the arithmetic
mean A (a,b) and geometric mean G (a,b) , respectively.

By taking the exponential in (4.9) we have

A)\ (avb)

4.1 1< ==
( 0) - G)\ (Cl, b)

2m+1 k=1 yk—1 k—1

1{(-D)"" A (1-2X) &
SeXp[A(l_A)Zk[ ok - pk (b_a) >

k=1

for any a, b >0, m > 0 and A € [0,1].
In particular, we have
A(a,b) e T D Ly L .

. < < - _
(4.11) L= Glan =P [4 kzzl 9k—1f aF ok (b=a),
for any a, b > 0 and m > 0.

If we take in (4.10) m = 0, then we get

Ay (a,b) (b—a)®
4.12 1< ——-—=< A=A
(4.12) ~ Gy (a,b) — exp A ( ) ab

for any a, b > 0 and X € [0,1].
We consider the Kantorovich’s constant defined by

(h+1)?

(4.13) K (h) =

, h>0.

The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any
h>0and K (h) = K (1) for any h > 0.
Using Kantorovich’s constant we can write the inequality (4.12) as

(4.14) 1< (-vjatvb < exp [4u (1-v) (K (%) - 1)}

- alfubu

for any a, b > 0 and A € [0,1]. That has been obtained in [6].
In particular, we have [6]

(4.15) 1<

for any a, b > 0.
Let z, a, b > 0 and m > 0. Then we get from (3.13) and (3.14) for any A €
R\ {0,1} that

(4.16) z=(1—XNa+Ab
2m—+1

+ Z % {(1 —Na(lnz — ]na)k + (,l)k Ab(Inb — lnm)k}
k=1

+ R2m+1,>\ (iL', a, b) y
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where the remainder Roy,41.5 (2, a,b) is given by

(4.17) Romi1.x (2, a,b)

1
ﬁ [(1 —A)(Inz —In a)2m+2/ (1—s)*" " a'=52%ds
m [ o

1
+A(Inb—1In x)2m+2/ szmﬂxlsbsds} .
0
Ifz,a,b>0, m>0and A € [0,1], then Ropmy1.2(x,a,b) > 0 and by (4.16) we
have
(4.18) 2> (1—Na+\b

2m+1 1 . . )
+ Tl [(1—)\)a(lnx—lna) +(=1)" Ao (Ind — Inz) ]
k=1

If A€ 0,1] and @, b > 0, m > 0 then we have from (3.19) that

(4.19) 0<(1—=Na+Xb—a
2m—+1 1
“A1-N Y = (P =0 o= X ) (nb - na)*
k=1
- T2m+1,)\ (aa b) )

where
(420) T2m+17,\ (CL7 b)

1
= i' (Inb—Ina)*™*? {(1 - A)2m+3/ at stV (1 )P g
n! 0

0
>0if A€ 0,1) and a, b > 0, m > 0, then from (4.19) we get
(4.21) 0< Ay (a,b) — Gy (a,b)
2m—+1 1
SAA-N Y o {(—1)’“‘1 1-N""b— ,\’Ha} (Inb — Ina)".
k=1

1
+)\2771+3 / a(ls))\bl)\+)\582m+lds:| )

Since Tom+1,1 (a,b)

In particular, we have for any a, b > 0 and m > 0 that

1 2m+1

(422)  0<A(a,b)—G(a,b) < 1 Z

1

= (1" b—a] (mb—ma)*

If we take m = 0 in (4.21), then we get
(4.23) 0 < Ay (a,b) —Gx(a,b) <A1 —=A)(b—a)(lnb—1na),
for any a, b > 0 and X € [0, 1], that has been obtained in [6].

In particular, we have [6]

(4.24) 0<A(a,b)—G(a,b) <= (b—a)(lnb—1Ina),

A~ =

for any a, b > 0.
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For other recent inequalities between the weighted arithmetic mean and geomet-

ric mean see [6]-[10], [15]-[17], [20]-[21] and [23].
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