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SOME INEQUALITIES INVOLVING THE RATIO OF GAMMA
FUNCTIONS

KWARA NANTOMAH*! AND MOHAMMED MUNIRU IDDRISU?

ABSTRACT. In this paper, we present and prove some inequalities involving the
ratios 12’“8 and 11:’“8 . Our approach makes use of the series representations of
p q

the functions ¥, (t), 1,(t) and ¥y (t).

1. INTRODUCTION

We begin by recalling some basic definitions related to the Gamma function.

The classical Euler’'s Gamma function I'(¢) is defined by,

I(t) = / el dr, >0, (1)
0

The p-Gamma function I'y(¢), also known as the p-analogue of the Gamma
function is defined as (see [3], [2] )
p'p’ p
= = , eN, t>0. 2
(1) tt+1)...(t+p) td+7)...(1+5) b @)
The p-psi function ¢, (t) is defined as the logarithmic derivative of the p-Gamma
function. That is,

t

d I (¢)
t) = —In([,(t) = =2 t>0.
Bl = GO0 = 23 >0 @
The ¢-Gamma function, I'y(¢) is defined as (see [5])
T -7
T,(t) = (1-q)* tnm, g€ (0,1), t>0. (4)
n=1
The g¢-psi function, ¢,(t) is also defined as,
d I (¢)
t) = —1In(T,(t)) = =L+ t>0.
lt) = IO = o 150 6
The k-Gamma function, I';(t) is defined as (see [1], [0] )
o0 qek
Ci(t) = / e"maldr, k>0, t>0. (6)
0
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The k-psi function, ¥y (t) is similarly defined as follows.

/
Unlt) = %ln(l“k(t)) _ ?:Eg £ 0. (7)
In a recent paper [1], Krasniqi and Shabani proved the following result.
pte(a) T(a+t) p @I (a+1) (8)
Ip(a) Ip(a+1t) Iy(a+1)

for t € (0,1), where « is a positive real number such that o+ ¢ > 1.

Also in [2], Krasniqi, Mansour and Shabani proved the following result.
(1—¢q)te™T'(a) T(a+t) (1—q)t T (a+1) )
Iy() Fy(a+1) Iy(a+1)

for t € (0,1), where « is a positive real number such that «+¢ > 1 and ¢ € (0, 1).

Further, Nantomah [7] established the following related results.

e (F)T() | Dla+t)  EFe ()0 (a+1)
() = Fe(a+ 1) = [p(a+1) (10)

for t € (0,1), k > 1 where « is a positive real number.

Our objective is to establish and prove some results similar to (8), (9) and (10).

2. PRELIMINARIES
We present the following auxiliary results.

Lemma 2.1. The function 1,(t) as defined in (3) has the following series repre-
sentation.

Yp(t) =Inp—)_ ! (11)

—n+1

Proof. See [1].

Lemma 2.2. The function 1,(t) as defined in (5) has the following series repre-
sentation.

o0 t+n
q
Uy(t) = —In(1 —¢) +1Ing E : 1 — gttn (12)
n=0

Proof. See [2].

Lemma 2.3. The function ¥ (t) as defined in (7) also has the following series
representation.

Chk—y 1 t
vlt) = — t +n2:1 nk(nk + t) (13)

where 7y is the Fuler-Mascheroni’s constant.
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Proof. See [0]

Lemma 2.4. Let t > 0. Then,
Ink —~
k

Proof. Using the series representations in equations (11) and (13) we have,

+1np+ % + Y(t) — p(t) > 0

00 p

Ink —~ 1 e a—
T e g ) ) = X ey

S
I

Lemma 2.5. Let o be a positive real number such that oo+t > 0. Then,
Ink —~

ok
Proof. Follows directly from Lemma 2.4 by replacing ¢ with a 4+ .

1
+lnp+a—+t+¢k(a+t)—¢p(a+t)>0

Lemma 2.6. Lett > 0. Then,
Ink — 1
——— =l = q) + 5+ () = %y(t) > 0

Proof. Using the series representations in equations (12) and (13) we have,

[e.o] o0 l‘+7’l

A RO R COR S T B

=0

Ink —~

Lemma 2.7. Let a be a positive real number such that o +t > 0. Then,
Ink —~

ok
Proof. Follows directly from Lemma 2.6 by replacing ¢ with o + ¢.

—ln(l—q)+%+t+¢k(a+t)—¢q(a+t)>0

3. MAIN RESULTS
We now state and prove the results of this paper.
Theorem 3.1. Define a function Q by
(a+ e ™ F I (a + 1)
~Tpla+1) ’

where a is a positive real number. Then € is increasing on t € (0,00) and the
inequality

Qt) = € (0,00), k>0,peN. (14)

lnk Y

avell Tw(a) _ Fe(a+1t) _ (o + 1)e= D= )Fk(a +1)
(a+0)p'Tp(e) — Tpla+t) (a+1)p*= 1Fp(a+1)
holds for every t € (0,1).

(15)
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Proof. Let u(t) = InQ(t) for every ¢t € (0,00). Then,
(o + t)e_t(L iﬂ)l—‘k(a +1)

u(t) =1In

p~'Ty(a+1)
Ink —~
=In(a+1t)+tnp —¢( )+ InTy(a+t) —InT,(a+1)
Then,
, Ink—~ 1
u'(t) =— 2 +Inp+ P +Yp(a+1t) —,(a+1t) > 0. (by Lemma 2.5)

That implies u is increasing on ¢t € (0, 00). Hence € is increasing on ¢ € (0, c0)
and for every t € (0,1) we have,

Q(0) < Q(t) < (1) yielding,

ae™F (@) Thla+t) (o4 De DI (a0 + 1)
(a+1)p'Tp(a) [p(a+1) (a+t)p =Ty (a+ 1)

Corollary 3.2. Ift € [1,00), then the following inequality holds.

(o + 1)et DI (o + 1) _ Dila+)
(a+t)p—1Ty(a+1) ~ Iyla+1)

Proof. If t € [1,00), then we have (1) < Q(¢) yielding the result.

Theorem 3.3. Define a function ¢ by

it

(a+ t)e " FIT(a + 1)

A-gT,(ath)
where a is a positive real number. Then ¢ is increasing on t € (0,00) and the
inequality

o(t) =

t e (0,00), k>0,qg€e€(0,1). (16)

Ink—v Ink—~

e CF T () _ Cp(a+1t) _ (a4 1)eVEFIT (o + 1)
(a+6)(1—q)"Tela) Tela+t) — (a+1)(1—q) Tyl +1)
holds for every t € (0,1).

(17)

Proof. Let v(t) = In¢(t) for every t € (0,00). Then,

(a+t)e KTy (a + ¢)
(1—q) T (a+1t)

v(t) =In

Ink —~
k

=In(a+1t) —tln(l —q) — ¢( )+ InTy(a+1t) —InT (a+1)
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Ink — 1
V'(t) = —% —In(1—q)+ o + Yp(a+1t) — Y,(a +t) > 0. (by Lemma 2.7)

That implies v is increasing on t € (0,00). Hence ¢ is increasing on ¢ € (0, 00)
and for every t € (0,1) we have,

¢(0) < ¢(t) <¢(1)  yielding,

aet(lni_w)ljk(a) Fe(a+t)  (a+ 1)e(t_1)(lnl7c_7)I‘k(oz +1)
(1)1 —q)"Ty(a)  Tyla+t)  (a+8)(1—q)'Tyla+1)

Corollary 3.4. Ift € [1,00), then the following inequality holds.

Ink

(4 1)e= DT (o + 1) < Dila+1)
(a+1t)(1—q) Ty(a+1) ~ TFyla+t)
Proof. If t € [1,00), then we have ¢(1) < ¢(t) yielding the result.

Remark 3.5. This paper is a corrected version of the paper [%].
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