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INEQUALITIES FOR OPERATOR NONCOMMUTATIVE
PERSPECTIVES OF CONVEX FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some inequalities for operator noncom-
mutative perspectives of convex functions. Applications for weighted operator
geometric mean and relative operator entropy are also provided.

1. INTRODUCTION

If ®: 1 — R is a convex function on the real interval I and T is a selfadjoint
operator on the complex Hilbert space (H; (-, -)) with the spectrum Sp (T') C I the
interior of I, then we have the following oo

(1.1) (P (T)z,z) > O ((Tx,x))

for any « € H with ||z]| = 1.

For various Jensen type inequalities for functions of selfadjoint operators, see the
recent monograph [1] and the references therein.

Let ® be a continuous function defined on the interval I of real numbers, B
a selfadjoint operator on the Hilbert space H and A a positive invertible opera-
tor on H. Assume that the spectrum Sp (A~1/2BA~1/2) C I. Then by using the
continuous functional calculus, we can define the perspective Pg (B, A) by setting

Po (B, A) := A2 (A‘1/2BA‘1/2) A2,
If A and B are commutative, then
Po (B, A) = A® (BA™)

provided Sp (BAfl) cl.
It is well known that (see [7] and [6] or [8]), if ® is an operator convex function
defined in the positive half-line, then the mapping

(B,A) — Ps (B, A)

defined in pairs of positive definite operators, is convez.

In the recent paper [2] we established the following reverse inequality for the
perspective Pg (B, A).

Let @ : [m, M] — R be a convex function on the real interval [m, M], A a positive
invertible operator and B a selfadjoint operator such that

(1.2) mA < B<MA,
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then we have

(13) o< Mim@ m) (MA — B) + & (M) (B — mA)] — Pa (B, A)

_OL(M) - ¥, (m)
- M—m

1
4

Let ® : J C R — R be a twice differentiable function on the interval .J , the
interior of J. Suppose that there exists the constants d, D such that

(1.4) d<®"(t)<Dforanyte.J.

(MA1/2 _ BA—l/z) (Afl/zB B mAl/Z)

< = (M —m) [® (M) — &, (m)] A.

If A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.2) is valid with [m, M| C J, then we have the following result as well

(1.5) %d (MA”2 - BA—l/Q) (A‘l/QB - mAl/Q)
1
~—M-m
< %D (MAl/2 — BA—1/2) (A‘1/2B _ mA1/2> .

[®(m)(MA—B)+® (M) (B—mA)] —Ps (B, A)

If d > 0, then the first inequality in (1.5) is better than the same inequality in
(1.3).

In this paper we obtain some new inequalities for operator noncommutative
perspectives of convex functions. Applications for weighted operator geometric
mean and relative operator entropy are also provided.

2. OPERATOR INEQUALITIES FOR PERSPECTIVES

Suppose that I is an interval of real numbers with interior Tand ®: 1 — Ris
a convex function on I. Then @ is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if xz,y € I and z < y, then @ (z) <
', (z) < @' (y) < @, (y) which shows that both ® and &/, are nondecreasing
function on 1. It is also known that a convex function must be differentiable except
for at most countably many points.

For a convex function ® : I — R, the subdifferential of ® denoted by 9 is the

set of all functions ¢ : I — [—00, 00| such that ¢ (I) C R and

(2.1) ®(z) > P(a)+ (z—a)p(a) for any x,a € 1.

It is also well known that if ® is convex on I, then 0® is nonempty, ®’_, &’ € 9P
and if ¢ € 0P, then

P () < p(x) <P\ (2) for any z € I.

In particular, ¢ is a nondecreasing function.
If @ is differentiable and convex on I, then 9% = {®'}.
We have:

Theorem 1. Let @ : I — R be a convex function on the interval of real numbers
I, A a positive invertible operator and B a selfadjoint operator such that

(2.2) Am < B< MA
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with [m, M| C I, for some real numbers m, M with m < M.
Then for any ¢ € 0P and any t € I we have

(2.3) Po (B, A) > & (t) A+ (t) (B —tA).

In particular,
(2.4)  Po(B,A) ><I><m—;M)A+<p<m—;M) (B— m;MA>.

Proof. From (2.1) we have
(2.5) ()22 () +(z-t)e(t)

for any = € [m, M] and t € 1.
Using the continuous functional calculus for a selfadjoint operator X with Sp (X) C
[m, M] C I we have from (2.5) in the operator order that

(2.6) O(X)> D) + ¢ () (X —t)

for any t € I.
If the condition (2.2) is valid, then by multiplying both sides by A=/2 we get

ml < A7Y2BATY2 < MT.

Now, if we take X = A~1/2BA~1/2 in (2.6), then we get
(2.7) o (A*1/2BA*1/2> > (1)1 + o (t) (A*WBA*W - tI)
for any t € I.

By multiplying both sides of (2.7) with A2 we get
(2.8)

A2 (A*WBA*I/Q) A2 > & (1) A+ o () A2 (A*WBA*”Q - tI) AL/

=D (t)A+ ¢ (t)(B—-tA)

for any ¢ € I and the inequality (2.3) is proved. O

Corollary 1. With the assumptions of Theorem 1, we have for any x € H \ {0}
that

29 PoBa)zo( R are (00 (- T00a).

In particular,

(Ps (B, A)z,x) (Bz, x)
210 Azzy 20 <<Ax,$>) -

Proof. For z € H \ {0} we have
(Ba,z) (AY? (A7Y2BATY2) AY2z, )

tap = (Az,x) (AV2g, AV2g)
<(A—1/2BA—1/2) Al/Qx,A1/2m> <(A—1/QBA—1/2) Al/zx,A1/2x>
<A1/2x,A1/2x> HAl/QxHQ
If we put
Al o,

O A
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then |Jul| = 1 and

o

tap = <<A*1/2BA*1/2) u,u> € [m,M]ClI.

s

By taking t =t4 p in (2.3) we get (2.9).
The inequality (2.9) is equivalent to

@) (PaB ) > 0 (G0 ) ()

e () (owo) - Gy o)
for any y € H.

This is an inequality of interest in itself.
In particular, if we take in (2.11) y = x, then we get the desired result (2.10).

We also have:

Corollary 2. With the assumptions of Theorem 1, we have

(2.12) 77<1>(B,A)22<M1m/M<I>(t)dt>A

1
M—-—m

[® (M) (MA— B) + @ (m) (B — mB)].

Proof. If we take the integral mean in the inequality (2.3), then we get

M—m

+ <M1—771/M<P(t)dt> B — (Ml_m/Mw(t)dt> A.

(2.13) P¢(B,A)z< ! /M<I>(t)dt>A

Observe that

and
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and by (2.13) we get

%(B,A)z(M - ) Ay PEZ000)
M® (M) — m® (m
( M —m M- m/ )
:2<M1_m/mM<I>(t)dt>A
1

~ M —m [®(M)(MA - B)+ ®(m)(B—mB)]
that proves the desired result (2.12). O
The following reverse of inequality (2.3) is as follows:

Theorem 2. Let ® : I — R be a continuously differentiable convex function on IO,
A a positive invertible operator and B a selfadjoint operator such that the condition
(2.2) is valid with [m, M) C I, for some real numbers m, M with m < M.

Then for any t € I we have

(2.14) Py (B, A) < ®(t) A+ Parg (B, A) — tPy (B, A)
D(t) A+ (t) (B—tA)+ [®_ (M) -, (m)] P+ (B,A),
where £ is the identity function, i.e. £(t) =t and
Ppic (B, A) = A2 ’A*W (B - tA)A*1/2’ A2,

In particular, we have

m+ M m+ M

)A+P<I>’€(B7A)_ 9

() s (23 o252

+[(I)I_(M)f<1>/( )]PHerM( ,A

() e (252) (- 23200

b5 (M —m) [ (M) — @ (m)] .

(2.15) Po (B, A) < ® ( Por (B, A)

Proof. By the gradient inequality we have
(2.16) O (z)(x—t)+ P (t) > P ()

for any z € [m, M] and t € I
Using the continuous functional calculus for a selfadjoint operator X with Sp (X) C
[m, M] C I we have from (2.16) in the operator order that

(2.17) O (X) (X —tI) + @ (t) 1 > ®(X)

for any t € I.
Now, if we take X = A~1/2BA~1/2 in (2.17), then we get

(2.18) o' (A‘l/QBA‘l/Q) (A—l/?BA—U2 - tl) FOM) > D (A‘l/QBA‘l/Q)
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for any t € I.
If we multiply both sides of (2.18) by A'/2, then we obtain

(2.19) A2 (A‘l/QBA‘l/z) (,4—1/23,4—1/2 - tI) A2 Lot A
> AV29 (A—l/zBA—1/2> AL/2
for any t € I.
Since
AL/2q! (Afl/QBAfl/Q) (A71/2BA71/2 _ tI) AL/2
= Poro (B, A) — tPg: (B, A),

then by (2.19) we get the first inequality in (2.14).
Now, observe also that

AV2g! (A‘l/QBA‘1/2> (A—l/?BA—l/2 - tI) AV 4B (1) A

= AV [0/ (AT2BATY) — 0! @) 1] (ATV2BATY2 — ) AV
+® (t)(B—tA)+®(t) A

for any t € I.
Since @’ is nondecreasing on I we have for any = € [m, M| and ¢t € I that

0< (P (z) =@ (1) (z —t) = (2 (x) — @' () (x — )]
= |0 (z) = @' (t)| |z — t| < [@L (M) — @, (m)] |« — 1],

which, as above, implies in the operator order that

A1/2 |:q)/ (Afl/QBAfl/Z) ;Y (t) I] (A71/2BA71/2 o tI) A1/2

< [@L (M) — @, (m)] A2 [A72BAT2 41| AV

= [@ (M) — @, (m)] A2 (A—W (B — tA) A—l/zj A2,
This proves the second inequality in (2.14).

We need to prove only the last part of (2.15).

Since « € [m, M], then |z — 24| < 1 (M —m) that implies in the operator

order
M| 1
ATV2BAT? %1 <M —m),

which by multiplication on both sides with A'/? gives that

1



INEQUALITIES FOR OPERATOR NONCOMMUTATIVE PERSPECTIVES 7

Corollary 3. With the assumptions of Theorem 1, we have for any x € H \ {0}
that

(o ) A+ Poe (B~ (0

)
<o (a2 (i) (B- )
[0 (M) = &, ()] P ey (BA).

H’(Am,m)

(2.20) Po (B, A) < ® ( Po (B, A)

In particular
(2.21) (Pg (B, A)x,x)

(Bz, z) (Bzx, z)

<o (B20) (hoa) + (Pare (B.4) .0) = 2 Py (5. 4) 0,2
(Bz, z) ) /

=* <<A$7$>> (Az, 2) + [0L (M) — & (m)] <P.|,§§:;;; (B,A)x,x>

for any x € H\ {0}.
We also have:

Corollary 4. With the assumptions of Theorem 1, we have

m+ M

1 M
(2.22) Ps (B,A) < (M ™ / (0] (t) dt) A+ Pory (B,A) — Po (B,A)

- m

1 M
<ol—— [ @ A
<2 | 2@

1
M—m

M
L [8 (M) — &, (m)] ﬁ/ P (B A)dt.

[® (M) (MA— B)+ ®(m)(B—mB)]

Proof. If we take the integral mean in (2.14), then we get

1
M—-—m

< (Mlm M<1>(t)dt>A+M1m/mMcI)’(t)(B—tA)dt

m

m+ M

(2.23) Py (B, A) < ( / Y dt) A+ Pare (B, A) - Par (B, A)

1
M—-—m

Since, as in the proof of Corollary 2, we have

Ml_m/qu)/(t)(BtA)dt— (Ml_m/qu)(t)dt>A
1

[®(M)(MA—-B)+®(m)(B—-mB)],

M
+ [(I)/— (M) — <I)f~_ (m)] / P (B, A)dt.

CM-m
then by (2.23) we get the last part of (2.22). O
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3. APPLICATIONS FOR OPERATOR GEOMETRIC MEAN

Assume that A, B are positive invertible operators on a complex Hilbert space
(H,{-,-)). We use the following notations for operators [18]

AV, B:=(1—-v)A+vB,
the weighted operator arithmetic mean and

Af, B = Al/? (A—1/2BA—1/2)V A2,

the weighted operator geometric mean, where v € [0,1]. When v = % we write
AV B and A#B for brevity, respectively.

The definition Af, B can be extended accordingly for any real number v.

The following inequality is well as the operator Young inequality or operator
v-weighted arithmetic-geometric mean inequality:

(3.1) At,B < AV, B for all v € [0,1].

For recent results on operator Young inequality see [11]-[14], [15] and [23]-[24].
For z # y and p € R\ {—1,0}, we define the p-logarithmic mean (generalized
logarithmic mean) Ly(z,y) by

gl gptl ]1/19
)

Lole.y) == {(p+ Dy —=

In fact the singularities at p = —1, 0 are removable and L, can be defined for
p = —1, 0 so as to make L,(z,y) a continuous function of p. In the limit as p — 0
we obtain the identric mean I(x,y), given by

(32) I(a,y) = - (yy)l/(y_x),

e \x%

and in the case p — —1 the logarithmic mean L(z,y), given by
y—x
Lw,y) := Iny —Inx’
In each case we define the mean as z when y = z, which occurs as the limiting
value of L,(z,y) for y — .

If we consider the continuous function f, : [0,00) — [0,00), f, (x) = & then the
operator v-weighted arithmetic-geometric mean can be interpreted as the perspec-
tive Py, (B, A), namely

Py, (B, A) = At B.

Consider the convex function f = —f,. Then by applying the inequalities (2.3)

and (2.4) we have

(3.3) A B< (L-v)t"A+vt" "B = (t"A)V, (1"'B),
for any t > 0 and v € [0, 1], and

v v—1
(3-4) Af,B < (1-v) (m;M> A+y<m;M) B

for any v € [0,1], provided the condition (2.2) is valid.
From (2.9) and (2.10) we have for any = € H \ {0} and v € [0, 1] that

(3.5) Af,B < (1-v) (2§§:§§>VA+V<2233>1_VB
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and
(3.6) (At, Bz, z) < (Az,z)'™" (Bz,z)",

for any v € [0,1].
The Young’s inequality (3.1) can be written as

(3.7) (Af,Bz,z) < (1 —v){Az,z) + v (Bz,z)

for any z € H.
By utilizing the scalar arithmetic mean-geometric mean inequality we also have

(3.8) (Az,2)" ™" (Bz,z)" < (1 —v) (Az,z) + v Bz, z)

for any z € H.
Therefore by (3.6) and (3.8) we have the following vector inequality improving
(3.7)

(3.9) (At, Bz, z) < (Az,z)' 7" (Bz,z)" < (1 —v) (Az,z) + v (Bz, x)
for any z € H.

From (2.12) we have

(3.10)  A#B < 2LY(m, M)A — ﬁ MY (MA— B) +m"” (B — mB)]

for any v € (0,1).
From the inequality (2.14) we have for any ¢ > 0 and A, B positive invertible
operators that

(3.11) A4, B > t"A+ vAf, B — vtAf, B
>t A+ vt (B —tA) + v (MY = m" ) P (B A),

for any v € [0,1].
From the first inequality in (3.11) we have

1
AfyB = T (A~ vtAs, 1 B)
— VvV

for any v € (0,1) and ¢ > 0.
If A and B satisty the condition (2.2), then by (2.15) we have

m+ M m+ M

(3.12) A4,B > ( A4, _\B

v v—1
>(1_V)(m—i2—M> A+V<m—’2—M) B
+V(MI/—1 _ml/—l) 7)‘|7m42»M <B7A)

v v—1
2(1—y)(m_;M> A—i—u(m—gM) B

+ %V(M—m) (M7=t —m¥ ).

> A+ vA4,B—v
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From the last inequality in (3.12) we get
leu _ mlfu
ml—uMl—l/ )

M\"” M
m+ )A+V(m+

(3.13) %V(M —m) (

v—1
>(1—1/)< > B - A4,B >0,

for any v € [0, 1], which provides a simple reverse for (3.4).

4. APPLICATIONS FOR RELATIVE OPERATOR ENTROPY

Kamei and Fujii [9], [10] defined the relative operator entropy S (A|B), for pos-
itive invertible operators A and B, by

(4.1) S (A|B) := A% (mA—%BA—%) A3,
which is a relative version of the operator entropy considered by Nakamura-Umegaki
[22].

For some recent results on relative operator entropy see [4]-[5], [16]-[17] and
[19]-[20].

Consider the logarithmic function In. Then the relative operator entropy can be
interpreted as the permanent of In, namely

Puy (B, 4) = 8 (A|B).
If we use the inequalities (2.3) and (2.4) for the convex function f = —In we have
(4.2) S(AB) < (Int)A— A+t'B,

for any ¢t > 0 and A, B positive invertible operators.
In particular, if A, B satisfy the condition (2.2), then

(4.3) S(A|B)§[ln(m—;M)]AJr(m;M>_1<B—m;MA>.
From the inequalities (2.9) and (2.10) we have

(4.4) S (A|B) gm(ﬁi;ii) A+ égz:i;B—A

and

(4.5) (S (A|B)z,z) < (Az,z)In (gii;) :

for any z € H, x # 0.
The following inequality for the relative operator entropy is well known

(4.6) S(A|B)<B-A

for any A, B positive invertible operators.
This inequality is equivalent to

(4.7 (S (A|B)z,z) < (Bzx,x) — (Az, x)

for any z € H.
We know the following elementary inequality that holds for the logarithm

Int <t —1 for any ¢ > 0.
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(Bz,z)

If we take in this inequality ¢ = (Aez) > 0, x € H, x # 0 and multiply with

(Az,z) > 0, then we get

(4.8) (Az,z)In (

for any z € H, z # 0.
Therefore, by (4.5) and (4.8) we have

(Bzx, x)
(Azx, x)

> < (Bz,z) — (Az, )

(Bzx, x)
(A2, )

for any « € H, x # 0 that is an improvement of (4.7).
From (2.12) we also have

(4.9) S(A|B) < 2[InI (m, M)] A

(S (A|B)z,z) < (Az,z)1In ( ) < (Bz,x) — (Ax, x)

(InM (MA—-B)+1InM(B—-mB)|,

where I (m, M) is the identric mean defined in (3.2) and

1 M
/ Intdt =InI (m,M).

M-m/,
From the inequality (2.14) we have
(4.10) S(A|B) > (Int) A+ A—tAB™'A
M—-—m
>(Int)A-—A+t'B- 1 (B, A
—(n) + mM PH,t( ’ )7

for any ¢ > 0, where A, B are positive invertible operators satisfying the condition
(2.2)
From (2.15) we also have

411)  S(A|B) > {m (m;MﬂfH—A—m;MAB‘lA

> [ (252 s (252 (- M)

M —
T p e (B, A)
‘lv P)

mM

M M\ M
> | m + At m + B_ m + A
2 2 2
1M -m)
2 mM
provided A, B are positive invertible operators satisfying the condition (2.2).
From the last part of (4.11) we get
1(M —m)®
mM

(252 (24) o220 -suam

0

(4.12)

\V]

v

that provides a simple reverse of (4.3).
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