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INEQUALITIES FOR OPERATOR NONCOMMUTATIVE
PERSPECTIVES OF CONTINUOUSLY DIFFERENTIABLE
FUNCTIONS WITH APPLICATIONS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some inequalities for operator perspectives
of continuously differentiable functions. Applications for weighted operator
geometric mean and relative operator entropy are also provided.

1. INTRODUCTION

Let f be a continuous function defined on the interval I of real numbers, B a self-
adjoint operator on the Hilbert space H and A a positive invertible operator on H.
Assume that the spectrum Sp (A_l/zBA_1/2) C I. Then by using the continuous
functional calculus, we can define the perspective Py (B, A) by setting

Py (B, A) = AV2f (A—l/QBA—l/Q) A2,
If A and B are commutative, then
Pr(B,A)=Af (BA™")
provided Sp (BAfl) cl.

It is well known that (see [7] and [6] or [8]), if f is an operator convex function
defined in the positive half-line, then the mapping

(B, A) — Py (B, A4)

defined in pairs of positive definite operators, is convez.

In the recent paper [1] we established the following reverse inequality for the
perspective Py (B, A) .

Let f : [m, M] — R be a convez function on the real interval [m, M], A a positive
invertible operator and B a selfadjoint operator such that

(1.1) mA<B<MA,

then we have

(12)  0< o [f (m) (MA = B)+ [ (M) (B~ mA)| - Py (B, 4)
< fL (]\Q:ﬁr(m) (MA1/2 —BA*1/2> (A71/2B_mA1/2)

< 3 (M = m) [ () =~ £ (m)] A
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Let f: J C R — R be a twice differentiable function on the interval J, the
interior of J. Suppose that there exists the constants d, D such that
(1.3) d< f"(t)<DforanyteJ.

If A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.1) is valid with [m, M] C J, then we have the following result as well

2]
(1.4) %d (MAl/Q—BA‘l/Q) (A—1/QB_mA1/2)

1
M—m

< %D (MA1/2 - BA*I/z) (A*1/2B - mA1/2> .

<

[f (m) (MA = B) + f (M) (B —mA)| = P (B, A)

If d > 0, then the first inequality in (1.4) is better than the same inequality in
(1.2).

Motivated by the above results, we give in this paper some integral represen-
tations for the perspective Py (B, A) of continously differentiable functions f and
apply them in obtaining various norm and vector inequalities including the cases
of weighted operator geometric mean and operator relative entropy.

2. SOME IDENTITIES

We have the following lemma that is of interest in itself:

Lemma 1. Let f: I — C be a continuously differentiable function on I the interior
of I. If T is a selfadjoint operator such that the spectrum Sp (T') C I, then for any
a €I and p € C we have

(2.1) f(T)=f(a)I+p(T—al)
+(T—a1)/1 [ (1= ) al + {T) — pI] dt.
0

In particular, for any x € H, ||z|| = 1 we have

(2.2) F(T) = f (T, 2)) I+ p(T — (T, z) I)
1
+ (T — (Tx,x) I)/O [ (1 —¢)(Tx,x) I +tT) — pl]dt.
Proof. We have, by the change of variable [0,1] 3 ¢ — s = (1 — t) a + tb that
b ! ! !

fO-1@= [ rwa=o-o [ ra-garma
giving that
(2.3) f(b) = f(a)+(b—a)/ (1= t)a+ th) de

0

for any a, b € I.

Fix a € I, and take the real numbers m, M such that Sp (T) C [m,M] C 1. If
{Ex} cr is the spectral family of the operator T', then by the spectral representation
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theorem (SRT) we have

M M
F@ = [ fWdB= tm [ fO)aBs,

m—0 m—e
where the integral is taken in the Riemann-Stieltjes sense.

Let ¢ > 0 small enough such that [m —e, M] C I, then by integrating the
equality (2.3) on the interval [m — e, M| and using the Fubini theorem, we have

(2.4) / f(\) dE

—f()/idE,\—i— " (/01 (1—t)aI+t/\)dt>dE,\

:f(a)/ dEA+/ ( " (1—t)aI+t)\)dE,\>dt

for any a € I.
Taking the limit over € — 0+ in (2.4) we get by SRT that

(2.5) f(T):f(a)I+/0 (T — al) f' (1 — ) al +¢T)dt
:f(a)I+(T—aI)/l[u[—l—f’((l—t)a[-l—tT)—,uI]dt
0

— f@) T+ p(T —al)+ (T—a[)/ol [F/ (1 = t)al +¢T) — I} dt
and the identity (2.1) is obtained.

Now, since Sp (T') C [m, M| C I where m, M is as above, then (T'z, z) € [m, M]
for any « € H, ||z|| = 1 and by taking a = (T'z, z) in (2.1) we get the desired result
(2.1). O
Corollary 1. With the assumptions of Theorem 1 we have for any x,y € H, that
(2.6) (F(T)z,y) = f(a)(z,y) + p(Tz,y) —alz,y))

+/01 (FF(A=t)al +tT)x — px, Ty — ay) dt
and, in particular,
(2.7) (f(T)z2) = f(a) + n((Tz2) —a)
—|—/01 (f'((A—=t)al +tT)z — pz, Tz — az) dt
and
2.8)  (f(T)z2) = f({Tz2))
+/01 (f'(L=)(Tz,2) [ +tT) 2z — pz, Tz — (Tz,2) z) dt

for any z € H with ||z|| = 1.
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Proof. By using the identity (2.1) we have
(f(T)z,y) = f(a)(z,y) + pn((T - al)z,y)

< (T—a[)/l [f’((l—t)aI+tT)—uI]dt) a:y>

f(a) wy>+u<(T—aI)a?,y>

<< (1 =t)al +tT) — u[]dt)x,(TaI)y>
(a) (z,y) + p{(T — al) x,y)

1

f
/ (T=t)yal +tT)x — px, (T —al)y) dt

for any x,y € H, which proves the equality (2.6).
The rest is obvious. O

Remark 1. If T is such that mI < T < M with [m, M] C I and f:I—=Cisa
continuously differentiable function on I, then we also have

@9 @ =r ("5 ) ren (- 25 0)

2
+<T—m+2M1>/1 [f’ <(1—t)mJ;MI+tT)—uI} dt,
0

m+

@10) (£ D)) = 1 ("5 ) @)+ u ((T20) - 5 )

1
+/ <f’ ((1t)m—’2_MI+tT>xux,Tym+My>dt
0

2
(252)en{mes-252)

1
M M
+/ <f’((1t)m—’2_ I+tT>z,uz,sz—g z>dt,
0

for any xz,y € H and any z € H with ||z|| = 1.

and

(2.11) (f(T) 2 z2)

We say that the function defined an interval I containing the real number 1 is
normalized, if f (1) = 0. In this situation, the equality (2.1) has a simpler form,

Q1) fO) = uT =D+ =) [ (=0 1+T) —
the equality (2.6) becomes
(2.13) (f (M) z,y) = n(Tz,y) = (z,y))

1
+/ (A=t I+tT)z— px, Ty —y)dt
0
for any x,y € H, while (2.7) can be written as

(2.14) <f(T)z,z>:u(<Tz7z>—1)+/O (f'(Q1=t)I+tT)z—pz,Tz—z)dt
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for any z € H with ||z]| = 1.
Corollary 2. If T is such that mI < T < MIT with [m, M] C I and f:I—Cis

a continuously differentiable function on Ic, then we have

(2.15) f(T)Mim/me(u)duI+u<TmJ;MI)

+M1_m/M [(T_ul)/ol[f’((l—t)uI+tT)—uI]dt} du

M
_ Mim/m f(u)du[—i—u(T—m;MI)
M
(

+Ml_m/ol l/m TUI)[f'((lt)uIthT),uj}du]dt,

The proof follows by taking the integral mean in the equality (2.1) and using
Fubini’s theorem.

Now, let A be a positive invertible operator, B a selfadjoint operator such that
the spectrum Sp (A_1/2BA_1/2) C I and f : I — C be a continuously differen-
tiable function on I. We define, by the use of continuous functional calculus, the
noncommutative perspective of f and A, B as
(2.16) Py (B, A) = AV2f (A*1/23A71/2) A2,

If £, :[0,00) — [0,00), fo, (t) =", v €[0,1], then

Py, (B, A) = A2 (A72BAT12) A2 = Ay, B,

the weighted operator geometric mean of the positive invertible operators A and B
with the weight v.
We define the weighted operator arithmetic mean by

AV, B:=(1-v)A+vB, ve0,1].
It is well known that the following Young’s type inequality holds:
Af,B < AV,B
for any v € [0,1].
If we take the function f = In, then
P (B, A) := AY21n (A—1/2BA—1/2) AY2 = S (A|B),

the relative operator entropy, for positive invertible operators A and B.

Kamei and Fujii [9], [10] defined the relative operator entropy S (A|B), for posi-
tive invertible operators A and B, which is a relative version of the operator entropy
considered by Nakamura-Umegaki [22].

Theorem 1. Let A be a positive invertible operator, B a selfadjoint operator such
that the spectrum Sp (A™Y2BA~Y2) C I and f : I — C be a continuously differ-
entiable function on I. Then for any a € I and p € C we have

(2.17) P (B,A) = f(a) A+ (B —ad)

1
+ (BA™! fal)/ Pyi_,, ((aA) VB, A) dt.
0
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Proof. If we take T = A~'/2BA~"/2 in (2.1), then we have

(2.18) f (A‘l/QBA‘1/2)
= f(@) I +p(A72BAT2 —al)
1
+(a2BA —al) / 7 (= t)al + 24712 BATY2) — i dt
0
= f(a) I+ pA~Y2 (B —ad) A71/2

A2 (B~ qd) AL /1 {f’ (A—1/2 [(1—t)aA + tB] A—1/2) - MI} dt.
0

If we multiply both sides of (2.18) by A'/? we get
A1/2f (A71/23A71/2) A1/2
— [ (@) A+ (B - ad)

4 (B —ad)A~Y? /1 [f’ (A—1/2 [(1—¢)aA + tB] A‘1/2> - M} A2t
0
— [(@) A+ (B - ad)

1
+(BA™ - aI)/ AL/ {f’ (A—1/2 [(1—t)aA + tB] A—1/2) - MI} A2t
0

and the representation (2.17) is obtained.

We observe that if 1 € I and the function f is normalized, then the equality
(2.17) has a simpler form

(2.19) P;(B,A)=pu(B—A)+ (BA™' =) /01 Pp_, (AVB, A) dt.

Corollary 3. Let A be a positive invertible operator, B a selfadjoint operator such
that

(2.20) mA<B<MA

for some real numbers m, M with [m,M] C I and f I — C be a continuously
differentiable function on I. Then for any p € C we have

(2.21) Pf(B,A):f(m—;M>A+M<B—m—;MA>

1
+ <BA—1 - sz1> / Py, ((mJ;MA> VtB,A> dt
0
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and

M
(2.22) Pf(B,A):< L f(u)du>A+u<B—m;MA)

<
|
3

{(BA‘l —ul) /01 Py, ((uA) VB, A) dt} du

B Mm[an(u)dU>A+M(B_m;MA)

1 1 M -
T —m 0 [/m (BA™' —ul) Ppr_p, (uA) V¢ B, A) du

dt.

From the condition (2.20) we have by multiplying both sides with A~/2 that
ml < A=Y2BA-Y2 < M. If we take T = A~Y/2BA~1/2 and use the inequalities
(2.9) and (2.15) we get (2.21) and (2.22).

Corollary 4. With the assumptions of Theorem 1 we have for any x € H, x # 0
that

(2.23)  Py(B,A)=f (ifii i; ) Atp (B - gz: ii A)

(=) | o () voa) o

and
(224) (P (B.A)a,a)
(Bzx,x)
= A
() e
1
(Bzx, x) 4 (Bzx,x)
Py A B, A BA — .
# [ (e (i) veboa) o Ba~ta = F200a b
Proof. Since Sp (A_1/2BA_1/2) C I then there exists some real numbers m, M

such that Sp (A=1/2BA~1/2) C [m, M] C I
Let z € H, x # 0 and put

(Bx,z) <A1/2 (A_l/zBA_l/g) Al/zx,x>

(Az,x) (AV2g, AY/27)
Afl/QBAfl/Z A1/2$,A1/2$
- HAl/z):cll2 - ((472BA72) uu) € fm, M
where u = % #0 and |Jul| = 1.
Now, by taking a = {524 in (2.17) we get (2.23).

The equality (2.24) follows by (2.23) on taking the inner product (Py (B, A) z, x)
and doing the appropriate calculation in the right side. The details are omitted. [
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3. INEQUALITIES FOR BOUNDED DERIVATIVES

Now, for ¢, ® € C and I an interval of real numbers, define the sets of complex-
valued functions (see for instance [5])

Ur (¢, )
= {g : I — C|Re [(Cb —g(t) (m-@)] > 0 for almost every t € I}

and
_ o+
Aron®)={g: 1l Jo) - 25
The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that Ur (¢, ®) and Ar (¢, ®)
are nonempty, convexr and closed sets and

1
§§|<I>—¢| fora.e.te[}.

Proof. We observe that for any z € C we have the equivalence
o+ 1
_P TP <2 —
-2 < Sl

if and only if

Re[(® — 2) (2 — ¢)] > 0.
This follows by the equality
2

1 o+ _
fo=of |- 22 —Rel(@ - ) (- o)
that holds for any z € C.
The equality (3.1) is thus a simple consequence of this fact. O

On making use of the complex numbers field properties we can also state that:
Corollary 5. For any ¢, ® € C, ¢ # ®, we have that
(3.2) Ur(¢,®)={g: I —C| (Re®—Reg(t) (Reg(t) — Reo)
+(Im®—Img(t)) Img () —Ime) >0 for a.e. t € I}.

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:

(3.3) Sr(¢,®):={g:1— C| Re(®) > Reg(t) > Re(¢)
and Im (®) > Img (¢t) > Im (¢) for ae. t € I}.
One can easily observe that S; (¢, ®) is closed, convex and
(3.4) 0# S1(¢,®) C UL (,9).
We need the following lemma:
Lemma 2. Let T be a selfadjoint operator and A > 0. Then we have
(3.5) AV |T| AY2 < AV2T AV < AV2|T| AV

in the operator order, where |T'| is the absolute value of T.
We also have

(3.6) HA1/2TA1/2H < HA1/2 IT| A1/2H .



INEQUALITIES FOR OPERATOR NONCOMMUTATIVE PERSPECTIVES 9

Proof. If we use Jensen’s operator inequality for the convex function f(t) = [t],
then we have

Ty, y)| <{ITy,y)

for any y € H.
If we take in this inequality y = A2z, = € H, then we get

‘<TA1/2.’L‘,A1/2CL'>‘ < <|T| A1/2x,A1/2x>
that is equivalent to
(3.7) ’<A1/2TA1/2x7m>‘ < <A1/2 |T|A1/2x,x>
or to
- <A1/2 |T| Al/zx,x> < <A1/2TA1/2x,x> < <A1/2 T Al/zx,x>

for any x € H, which proves the inequality (3.5).
By taking the supremum over € H, ||z|| = 1 in (3.7) we obtain the desired
inequality (3.6). O

Theorem 2. Let A be a positive invertible operator, B a selfadjoint operator such
that the spectrum Sp (A=Y/2BA~Y2) C I and f : I — C be a continuously differen-
tiable function on I and such that f' € A; (¢, ®) for some ¢, ® € C, ¢ # ®. Then

for any a € I we have

(38) | Pr(B.A) = f(a)A— # (B — aA)” < % 1 — 9| [ BA! — af| | A].
In particular, we have
(Bzx, x) o+ (Bzx,x)
o e () a0t (- )|
1 1 (Bz,z)
< glo ol [pamt - 2]y

for any x € H, x # 0.

Proof. Using the identity (2.17) for p = ‘b‘g@ and taking the operator norm, then
we have

(3.10) pr (B,A) — f(a) A— % (B - aA)H
< |BA~ ~al]
x /01 A2 {f’ (477211 = ) ad + 1B A712) - “2@1] A1/2dtH
< |[BA~ ~ i
x /01 ‘A”Q [f’ (A—1/2 [(1—1t)aA +tB] A—1/2) — ¢+2¢>I] AY2? || at
for any a € I )
Since f' € Aj (¢, ®), then for any s € I we have
(311) Fio) - 32 < S 1e -l
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‘We observe that
Sp (A*l/2 [(1—1t)aA+tB] A*1/2) =Sp ((1 —t)al + tA71/2BA71/2) ci

for any a € Tandte [0,1], and by the continuous functional calculus we get from
(3.11) that

(3.12)

f! (A—1/2 [(1—1t)aA +tB] A—1/2) _

) 1
Mj‘g@_(m[
2 2

for any a € I and ¢ € [0,1].
Now, multiplying both sides of (3.12) by A'/2, we get

Al/? o —¢|A

o 1
i (A—1/2 [(1—t)aA+tB] A—1/2) - ‘ﬁ;]‘ AV < o

and by taking the norm in this inequality, we get

(3.13) ‘ Al/?

f (A—1/2 [(1—t)aA +tB A—1/2) - @bl‘ A2

1
<212 -4l

for any a € I and ¢ € [0,1].
Using Lemma 2 we get

HA1/2 |:f/ (A—1/2 [(1 _ t) aA +tB] A—1/2> _ d)—gq)]'] A1/2

< ' A2 g (A*I/Q [(1—t)aA +tB] A*W) - (“2@1' AL/
1
S
and by (3.10) we obtain the desired result (3.1). O

From Theorem 2 we have the following particular inequalities of interest:

Corollary 6. Let A be a positive invertible operator, B a selfadjoint operator such
that the inequality (2.20) is valid for some real numbers m, M with [m, M] C I and
f I — C be a continuously differentiable function on I and such that fle Ai (¢, D)
for some ¢, ® € C, ¢ # ®. Then for any p € C we have

(3.14) HPf(B,A)—f<mJ;M>A—¢;q)(B—m;MA)H
1 1 m+M
< 5100l pa —21H 4]
and
(3.15) || P (B,A) - ( )A (b;q)(B—m;MA)‘
1 .
< 51— 9l 4] - m/m 1BA™ — ul du.
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Remark 2. Since mA < B < MA, then

M
m + A

1
|- < 21— m)a|

implying that

-2 -

2 2
o= e
< 5 (M —m) 4] |47
Therefore by (3.14) we obtain the following simpler (however coarser) inequality
(3.16) HPf(B7A)—f<m—gM>A—¢—g(I)(B—m—;MA)H

1
< 712 =6l (M —m) | 4" A7

We observe that if f : [m, M] — R is a convex function and if f} (m) and f/ (M)
are finite, then from the above inequalities we can state the following inequalities
that provide a large number of examples:

fi (m) + 1 (M)
2

(3.17) Py (B,A) — f(a) A -

(5~ 0)|

<3 UL O0) = 7 ] [[BA™ — a] 141,

018) [y (B0 SO ELLOD (B )|

(Az, ) 2 (Az, )
< 51700 - g1 ) |amt = B2y

for any z € H, z # 0,

(3.19) HPf (B,A)—f (

m+M>A_ﬁOm+ﬁUW<B_m+MAN

2 2
< 5 n) - f ) | at - 2 ] ay
< 3 [ (M0) = 4 (m)] (M — m) A |47
and
M
(3.20) P; (B, A) — ( - 1_ - / £ (u) du> A

2 2

1 f/ M _f/ M B
g2[ +(M)mf(m)] ||A||/m |BA™" — | du.

AL 200 () m+MA>H
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Now, by taking the inner product in the equality (2.17) we have

(3.21) (Py (B, A)z,y) = [ (a) (Az,y) + p ((Bz,y) — a (Az,y))
+ <(BA1 —al) Al Py, ((aA) VB, A) dtm,y>

= [ (a) (Az,y) + p((Bz,y) — a (Az,y))

+ /1 (Pyr— ((aA)V B, A)z, (BA™! — al) y) dt
0

for any z,y € H.
We have:

Theorem 3. Let A be a positive invertible operator, B a selfadjoint operator such
that the spectrum Sp (A=Y/2BA=Y/2) C I and f : I — C be a continuously differen-

tiable function on I and such that f' € A; (¢, ®) for some ¢, ® € C, ¢ # ®. Then
for any a € I we have

o+

(3.22) (Pr (B, A) z,y) = f(a) (Az,y) — —

(<B$7y> _a<A$7y>)
1

< s le—ollAl[|BA™ Yy — ay| |l=]

1

<gle—ollAlf|BA™" —al][ |l ]y

forallx, y € H.
In particular, we have

(3.23) ‘( (B, A)z,z) — ( “””?)
1 < x,T)
<3 le - olla] |Bate - E00 H
for any x € H, ||z|| = 1.
Proof. By the equality (3.21) we have
B20) (P (B A) ) @) (Any) - O3 (B - a A

1
2 g (4=1/211 —i2) 0ty
g/o <A12[f (A Y2[(1 —t)aA +tB] A 12) . 1] AV,

(B/f1 — aI) y>| dt
< [[(BA™ —al)y|

1
X/
0

where for the last inequality we used the Schwarz inequality.
Since

I| AY?z|| dt,

A2 {f’ (A*W [(1—t)aA+tB] A*W) _¢+2 ; e }

[(BA™! —al) y|| < | BA™" = aI|| |||l
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and
1/2 | o1 [ 4-1/2 —1/2 p+ @ 1/2
AV (4712 (1 - t)ad +tB) A )—TI A2y
1/2 | pr [ 4=1/2 —1/2 o+ 1/2
<|Aavz|f (A [(1—t)aA+tB] A )_TI A2 ||z
<512 - gl
— 2 X )
then by (3.24) we get the desired inequality (3.22). O

We notice that, if f : [m, M] — R is convex, then by (3.23) we have the following
reverse of Jensen’s inequality for perspectives

(3.25) 0< (P, (B, A)a,a) — (gii; ) (Az, 7)
< 5100 - 74 (] | A=t - B2

for any x € H, ||z|| = 1, provided mA < B < M A.

Corollary 7. With the assumptions of Corollary 6 we have

(3.20 iy 6.2 - £ (") ta

222 (1B - 5 (o))

m+ M
2
m+ M
2

IN

]

1 _
1%~ oll4l B~y -

|

A

1

< ] lll

1 _
312 - olll4l |34~ -

IN

1
112 ol(M —m) LA A~ [l 1yl

for any x,y € H.

4. APPLICATIONS FOR OPERATOR GEOMETRIC MEAN

If we consider the continuous function f, : [0,00) — [0,00), f, (t) =t", v € [0,1],
then the operator v-weighted arithmetic-geometric mean can be interpreted as the
perspective Py, (B, A), namely

Py, (B, A) = A4, B.

For recent results on operator Young inequality see [11]-[14], [15] and [23]-[24].
Using the representation (2.17), we have for positive invertible operators A, B
that

(4.1) Af,B=a"A+ pu(B—ad)
+ (BA™! —al)

1 v—1
></ AL/ {y (A—1/2 [(1—t)aA+tB]A-1/2) —,LI} A2y,
0

for any @ > 0 and p € R.
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If we take in this equality a = 1 and pu = v, then we get the equality
A, B=A+v(B-A)
+v(BA™' —1)

1 v—1
></ Al/? {(AW [(1_t)A+tB]A*1/2) —1} AV,
0

that is equivalent to

(4.2) (0<)AV,B — At, B

! v—1
ZV(I—BA‘l)/O AY? [(A_l/z[(l—t)A—s—tB]A_l/Q) —1] A2t

Similar equalities may be obtained by utilizing the other results from the second
section, however the details are omitted.
The function f (t) = —t¥, v € [0,1] is convex, and by (3.17)-(3.19) we have

mufl + Mufl

(4.3) HAﬁVB —a"A—v 5

(B~ an)|

< gv(m" ™ = M) [BAT —ar| 4]

[ (B) e o)

1 _ _ 1 (Bz,z)
< Z v—1 _ v—1 Al_ ’ T A
< gl = ar) | pan - B0y

for any = € H, z # 0 and

v v—1 Mufl M
(4.5) HAjjl,B—<m+M> A, (B-”” A)H
2 2 2
< %I/ (m"~t—M¥) HBA1 - J; MI | A]

IN

1
v (m? ™ = M) (M = m) 4] A7),

where A, B are positive invertible operators such that mA < B < MA and 0 <
m < M.
From (3.25) we also have for v € [0, 1] that

(4.6) 0 < (Bz,z)" (Az,z)'"" — (At, Bz, z)
< %y (m*~* = M¥71) | A HBA‘lx - gi i;xH

for any x € H, ||z|| = 1, provided mA < B < M A.

5. APPLICATIONS FOR RELATIVE OPERATOR ENTROPY

Consider the logarithmic function In. Then the relative operator entropy can be
interpreted as the permanent of In, namely

Pin (B’A) = S(A|B)

For some recent results on relative operator entropy see [3]-[4], [16]-[17] and [19]-][20].
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Using the identity (2.17) for f = In, we have for the invertible positive operators
A, B that
(5.1) S (A|B)
=lnaA+ u (B —aA)

1

+ (BA™! —al) / AL/ [AW [(1—t)ad+¢tB]"" AV2 - u[} A2t
0

=IlnaA+ u(B—aA)

+ (B - aA) (/1 [0~ t)aA+ 18] — pa~] dt) A

0
for any a > 0 and p € R.
If we take in (5.1) a =1 and p = 1, then we have the simpler equality

(52)  S(A|B)=B— A+ (B—A) (/1 [[(1 —t)A+tB]"" - A—l] dt) A

If we consider the convex function f (t) = —Int and assume that mA < B < M A
for 0 < m < M, then by (3.17)-(3.19) we get

(5.3) HS(A|B) Cnad— ”;gﬂf (B - aA)H
< B BAT —all| A,
s [sm-n(a)a- G (5 24|
Ay B

for any x € H, © # 0, and

m+ M m+ M m+ M
(5.5) S(A|B)—ln< : )A— T (B— : A)H
M—m . m+M (M-m)® o, 1
— < — .
<M A < e a
From (3.25) we also have
B
(5.6) 0<In (2 Aig) (Az,z) — (S (A|B) z, z)
M-m _ (Bzx, x)
< A|l||BA ' — ==
- 2mM 14l ” * (Azx, x) H

for any x € H, ||z|| = 1, provided mA < B < M A.
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