
IMPROVEMENT IN COMPANION OF OSTROWSKI TYPE
INEQUALITIES FOR MAPPINGS WHOSE FIRST DERIVATIVES

ARE OF BOUNDED VARIATION AND APPLICATION

1H. BUDAK, 1M. Z. SARIKAYA, AND 2A. QAYYUM

Abstract. The main aim of this paper is to obtain a improved and general-
ized version of companion of Ostrowski type integral inequalities for mappings
whose �rst derivatives are of bounded variation. Some previous results are also
recaptured as a special case. E¢ cient quadrature formulae are also provided.

1. Introduction

In 1938, Ostrowski [14] established a following interesting integral inequality
associated with di¤erentiable mappings.

Theorem 1. Let f : [a; b]! R be a di¤erentiable mapping on (a; b) whose deriva-
tive f 0 : (a; b)! R is bounded on (a; b) ; i.e. kf 0k1 := sup

t2(a;b)
jf 0(t)j <1: Then, we

have the inequality

(1.1)

������f(x)� 1

b� a

bZ
a

f(t)dt

������ �
"
1

4
+

�
x� a+b

2

�2
(b� a)2

#
(b� a) kf 0k1 ;

for all x 2 [a; b].

The constant 14 is the best possible.
Ostrowski inequality has applications in numerical integration, probability and

optimization theory, stochastic, statistics, information and integral operator theory.
During the past few years, many authors have studied on Ostrowski type inequal-
ities for function of bounded variation, see for example ([1],[2],[3],[5]-[12]). Until
now, a large number of research papers and books have been written on Ostrowski
inequalities and their numerous applications.
The following de�nitions will be frequently used to prove our results.

De�nition 1. Let P : a = x0 < x1 < ::: < xn = b be any partition of [a; b] and let
�f(xi) = f(xi+1)� f(xi); then f is said to be of bounded variation if the sum

mX
i=1

j�f(xi)j

is bounded for all such partitions.
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De�nition 2. Let f be of bounded variation on [a; b], and
P
�f (P ) denotes the

sum
nP
i=1

j�f(xi)j corresponding to the partition P of [a; b]. The number

b_
a

(f) := sup
nX

�f (P ) : P 2 P([a; b])
o
;

is called the total variation of f on [a; b] : Here P([a; b]) denotes the family of par-
titions of [a; b] :

In [9], Dragomir proved the following Ostrowski type inequalities related func-
tions of bounded variation:

Theorem 2. Let f : [a; b]! R be a mapping of bounded variation on [a; b] : Then������
bZ
a

f(t)dt� (b� a) f(x)

������ �
�
1

2
(b� a) +

����x� a+ b2
����� b_

a

(f)

holds for all x 2 [a; b] : The constant 12 is the best possible.

In [13], Liu proved following Ostrowski type inequalities for the functions with
�rst derivatives of bounded variation:

Theorem 3. Let f : [a; b]! R be such that f 0 is a continuous function of bounded
variation on [a; b] : Then for any x 2 [a; b] and � 2 [0; 1] we have������

bZ
a

f(t)dt� (b� a)
�
(1� �) f(x) + � f(a) + f(b)

2
� (1� �)

�
x� a+ b

2

�
f 0(x)

�������
� 1

16

h
4 (x� b)2 � 4� (b� a) (b� x) + �2 (b� a)2���4 (x� b)2 � 4� (b� a) (b� x)� �2 (b� a)2���i b_

a

(f 0)

for a � x � a+b
2 and������

bZ
a

f(t)dt� (b� a)
�
(1� �) f(x) + � f(a) + f(b)

2
� (1� �)

�
x� a+ b

2

�
f 0(x)

�������
� 1

16

h
4 (x� a)2 � 4� (b� a) (x� a) + �2 (b� a)2���4 (x� a)2 � 4� (b� a) (x� a)� �2 (b� a)2���i b_

a

(f 0)

for a+b
2 � x � b.

In [7], authors gave the following Ostrowski type inequality:
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Theorem 4. Let f : [a; b]! R be such that f 0 is a continuous function of bounded
variation on [a; b] : Then we have the inequality������ 1

b� a

bZ
a

f(t)dt� 1
2
[f(x) + f(a+ b� x)]

+
1

2

�
x� 3a+ b

4

�
[f 0(x)� f 0(a+ b� x)]

����
� 1

16

"
5 (x� a)2 � 2 (x� a) (b� x) + (b� x)2

b� a + 4

����x� 3a+ b4

����
#

b_
a

(f 0)

for any x 2
�
a; a+b2

�
.

In [4], Budak and Sarikaya obtained following Ostrowski type inequality in
weighted form for the mappings whose �rst derivatives are of bounded variation:

Theorem 5. Let w : [a; b]! R be nonnegative and continous and let f : [a; b]! R
be di¤erentiable mapping on [a; b] : If f 0 is of bounded variation on [a; b] ; then we
have the weighted inequality������

0@ bZ
a

(u� x)w(u)du

1A f 0(x) +
0@ bZ
a

w(u)du

1A f(x)� bZ
a

w(t)f(t)dt

������
�

0@ xZ
a

(u� x)w(u)du

1A x_
a

(f 0) +

0@ bZ
x

(u� x)w(u)du

1A b_
x

(f 0)

for any x 2 [a; b] :

Recently, Qayyum et. al [15], proved Ostrowski inequality using 5-step quadratic
kernel. In this paper, we establish a new companion of Ostrowski type integral
inequalities for functions whose �rst derivatives are of bounded variation. At the
end, we apply our results for new e¢ cient quadrature rules. The results presented
here would provide extensions of those given in [7].

2. Derivation of companion of Ostrowski type integral inequalities

Before we prove our results for the 5-step quadratic kernel, we give the following
lemma for 5-step linear kernel.

Lemma 1. Consider the kernel P (x; t) de�ned by Qayyum et al. in [15]

(2.1) P (x; t) =

8>>>>>>>>>>>>><>>>>>>>>>>>>>:

1
2 (t� a)

2
; t 2

�
x; a+x2

�
1
2

�
t� 3a+b

4

�2
; t 2

�
a+x
2 ; x

�
1
2

�
t� a+b

2

�2
; t 2 (x; a+ b� x]

1
2

�
t� a+3b

4

�2
; t 2

�
a+ b� x; a+2b�x2

�
1
2 (t� b)

2
; t 2

�
a+2b�x

2 ; b
�
:
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for all x 2
�
a; a+b2

�
; then the following identity

bZ
a

P (x; t)df 0(t)(2.2)

=

bZ
a

f(t)dt� b� a
4

�
f (x) + f (a+ b� x) + f

�
a+ x

2

�
+ f

�
a+ 2b� x

2

�

+

�
x� 5a+ 3b

8

�
ff 0 (a+ b� x)� f 0 (x)g

+
1

2

�
x� 3a+ b

4

��
f 0
�
a+ 2b� x

2

�
� f 0

�
a+ x

2

���
:

holds.

Proof. By using (2.1), we have

bZ
a

P (x; t)df 0(t)(2.3)

=
1

2

a+x
2Z
a

(t� a)2 df 0(t) + 1
2

xZ
a+x
2

�
t� 3a+ b

4

�2
df 0(t) +

1

2

a+b�xZ
x

�
t� a+ b

2

�2
df 0(t)

+
1

2

a+2b�x
2Z

a+b�x

�
t� a+ 3b

4

�2
df 0(t) +

1

2

bZ
a+2b�x

2

(t� b)2 df 0(t):

Integrating by parts, we obtain

bZ
a

P (x; t)df 0(t)

=
(x� a)2

8
f 0
�
a+ x

2

�
� x� a

2
f

�
a+ x

2

�
+

a+x
2Z
a

f(t)dt

+
1

2

�
x� 3a+ b

4

�2
f 0(x)� 1

8

�
x� a+ b

2

�2
f 0
�
a+ x

2

�

�
�
x� 3a+ b

4

�
f(x)� 1

2

�
x� a+ b

2

�
f

�
a+ x

2

�
+

xZ
a+x
2

f(t)dt

+
1

2

�
a+ b

2
� x

�2
f 0(a+ b� x)� 1

2

�
a+ b

2
� x

�2
f 0 (x)
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�
�
a+ b

2
� x

�
f(a+ b� x)�

�
a+ b

2
� x

�
f (x) +

a+b�xZ
x

f(t)dt

+
1

8

�
a+ b

2
� x

�2
f 0
�
a+ 2b� x

2

�
� 1
2

�
3a+ b

4
� x

�2
f 0 (a+ b� x)

�1
2

�
a+ b

2
� x

�
f

�
a+ 2b� x

2

�
+

�
3a+ b

4
� x

�
f (a+ b� x) +

a+2b�x
2Z

a+b�x

f(t)dt

� (x� a)
2

8
f 0
�
a+ 2b� x

2

�
� x� a

2
f

�
a+ 2b� x

2

�
+

bZ
a+2b�x

2

f(t)dt

After simpli�cation, we get our required identity (2.2). �

Now using above identity, we state and prove the following theorem.

Theorem 6. Let f : [a; b]! R be such that f 0 is a continuous function of bounded
variation on [a; b] : Then we have the inequality

������
bZ
a

f(t)dt� b� a
4

�
f (x) + f (a+ b� x) + f

�
a+ x

2

�
+ f

�
a+ 2b� x

2

�
(2.4)

+

�
x� 5a+ 3b

8

�
ff 0 (a+ b� x)� f 0 (x)g

+
1

2

�
x� 3a+ b

4

��
f 0
�
a+ 2b� x

2

�
� f 0

�
a+ x

2

�������
� 1

2
max

(�
x� 3a+ b

4

�2
;
1

4

�
a+ b

2
� x

�2
;
(x� a)2

4

)
b_
a

(f 0);

where x 2
�
a; a+b2

�
and

bW
a
(f 0) denotes the total variation of f 0 on [a; b] :

Proof. It is well known that if g; f : [a; b] ! R are such that g is continuous on

[a; b] and f is of bounded variation on [a; b] ; then
bR
a

g(t)df(t) exists and

(2.5)

������
bZ
a

g(t)df(t)

������ � sup
t2[a;b]

jg(t)j
b_
a

(f):



6 1H. BUDAK, 1M. Z. SARIKAYA, AND 2A. QAYYUM

On the other hand, by using (2.5), we get

������
bZ
a

P (x; t)df 0(t)

������
� 1

2

264
�������
a+x
2Z
a

(t� a)2 df 0(t)

�������+
�������

xZ
a+x
2

�
t� 3a+ b

4

�2
df 0(t)

�������+
������
a+b�xZ
x

�
t� a+ b

2

�2
df 0(t)

������
+

�������
a+2b�x

2Z
a+b�x

�
t� a+ 3b

4

�2
df 0(t)

�������+
�������

bZ
a+2b�x

2

(t� b)2 df 0(t)

�������
375

� 1

2

24 sup
t2[a; a+x2 ]

(t� a)2
a+x
2_
a

(f 0) + sup
t2[ a+x2 ;x]

�
t� 3a+ b

4

�2 x_
a+x
2

(f 0)

+ sup
t2[x;a+b�x]

�
t� a+ b

2

�2 a+b�x_
x

(f 0) + sup
t2[a+b�x; a+2b�x2 ]

�
t� a+ 3b

4

�2 a+2b�x
2_

a+b�x
(f 0)

+ sup
t2[ a+2b�x2 ;b]

(t� b)2
b_

a+2b�x
2

(f 0)

35
=

1

2

24 (x� a)2
4

a+x
2_
a

(f 0) + max

(�
x� 3a+ b

4

�2
;
1

4

�
a+ b

2
� x

�2) x_
a+x
2

(f 0)

+

�
a+ b

2
� x

�2 a+b�x_
x

(f 0) + max

(�
x� 3a+ b

4

�2
;
1

4

�
a+ b

2
� x

�2) a+2b�x
2_

a+b�x
(f 0)

+
(x� a)2

4

b_
a+2b�x

2

(f 0)

35
� 1

2
max

(�
x� 3a+ b

4

�2
;

�
a+ b

2
� x

�2
;
(x� a)2

4

)
b_
a

(f 0):

This completes the proof. �

Remark 1. If we choose x = a in Theorem 6, we get the result proved by Budak
et al. [7].
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Corollary 1. Under the assumption of Theorem 6 with x = a+b
2 , then we have the

following inequality

������ 1

b� a

bZ
a

f(t)dt� 1
2
f

�
a+ b

2

�
� 1
4

�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

��
(2.6)

�b� a
32

�
f 0
�
a+ 3b

4

�
� f 0

�
3a+ b

4

������
� b� a

32

b_
a

(f 0):

Corollary 2. Under the assumption of Theorem 6 with x = 3a+b
4 , then we get the

inequality

������
bZ
a

f(t)dt� b� a
4

�
f

�
3a+ b

4

�
+ f

�
a+ 3b

4

�
+ f

�
7a+ b

8

�
+ f

�
a+ 7b

8

��
(2.7)

+
b� a
32

�
f 0
�
a+ 3b

4

�
� f 0

�
3a+ b

4

������
� b� a

32

b_
a

(f 0):

Under assumption of of Theorem 6, we have the following corollaries:

Corollary 3. Let f 2 C2 [a; b] : Then we have the inequality

������
bZ
a

f(t)dt� b� a
4

�
f (x) + f (a+ b� x) + f

�
a+ x

2

�
+ f

�
a+ 2b� x

2

�
(2.8)

+

�
x� 5a+ 3b

8

�
ff 0 (a+ b� x)� f 0 (x)g

+
1

2

�
x� 3a+ b

4

��
f 0
�
a+ 2b� x

2

�
� f 0

�
a+ x

2

�������
� 1

2
max

(�
x� 3a+ b

4

�2
;
1

4

�
a+ b

2
� x

�2
;
(x� a)2

4

)
kf 00k[a;b];1

for all x 2
�
a; a+b2

�
; where k:k[a;b];1 is the L1�norm, namely

kf 00k[a;b];1 =
bZ
a

jf 00(t)j dt:
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Corollary 4. Let f 0 : [a; b] ! R be a Lipschitzian mapping with the constants
L > 0: Then, we have the inequality

������
bZ
a

f(t)dt� b� a
4

�
f (x) + f (a+ b� x) + f

�
a+ x

2

�
+ f

�
a+ 2b� x

2

�
(2.9)

+

�
x� 5a+ 3b

8

�
ff 0 (a+ b� x)� f 0 (x)g

+
1

2

�
x� 3a+ b

4

��
f 0
�
a+ 2b� x

2

�
� f 0

�
a+ x

2

�������
� L (b� a)

2
max

(�
x� 3a+ b

4

�2
;
1

4

�
a+ b

2
� x

�2
;
(x� a)2

4

)

for all x 2
�
a; a+b2

�
.

Proof. As f 0 is L-Lipschitzian on [a; b], it is also of bounded variation. If P([a; b])
denotes the family of divisions on [a; b], then

b_
a

(f 0) = sup
P2P([a;b])

n�1X
i=0

jf 0(xi+1)� f 0(xi)j

� L sup
P2P([a;b])

n�1X
i=0

jxi+1 � xij

= L (b� a)

and the required result (2.9) is proved. �

3. Derivation of Efficient Quadrature Rule

Our obtained inequalities has many applications but in this paper, we apply our
result only for e¢ cient quadrature rule.
Let us consider the arbitrary division In : a = x0 < x1 < ::: < xn = b with

hi := xi+1�xi and �(h) := max fhij i = 0; :::; n� 1g. Then the following Theorem
holds:
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Theorem 7. Let f : [a; b]! R be such that f 0 is a continuous function of bounded
variation on [a; b] and �i 2

h
xi;

xi+xi+1
2

i
(i = 0; :::; n� 1) : Then we have the quad-

rature formula:

bZ
a

f(t)dt

=
1

4

n�1X
i=0

�
f(�i) + f(xi + xi+1 � �i) + f

�
xi + �i
2

�
+ f

�
xi + 2xi+1 � �i

2

��
hi

+
1

4

n�1X
i=0

�
�i �

5xi + 3xi+1
8

��
f 0
�
xi + 2xi+1 � �i

2

�
� f 0

�
a+ �i
2

��
hi

+
1

8

n�1X
i=0

�
�i �

3xi + xi+1
4

��
f 0
�
xi + 2xi+1 � �i

2

�
� f 0

�
xi + �i
2

��
hi

+R(In; f; �):

The remainder term R(In; f; �) satis�es

jR(In; f; �)j(3.1)

� 1

2
max

i2f0;:::;n�1g

(
max

(�
�i �

3xi + xi+1
4

�2

;
1

4

�
xi + xi+1

2
� �i

�2
;
(�i � xi)

2

4

))
b_
a

(f 0) :

Proof. Applying Theorem 6 to interval [xi; xi+1] ; we have

������
xi+1Z
xi

f(t)dt� hi
4
[f(�i) + f(xi + xi+1(3.2)

��i) + f
�
xi + �i
2

�
+ f

�
xi + 2xi+1 � �i

2

�
+

�
�i �

5xi + 3xi+1
8

��
f 0
�
xi + 2xi+1 � �i

2

�
� f 0

�
a+ �i
2

��
+
1

2

�
�i �

3xi + xi+1
4

��
f 0
�
xi + 2xi+1 � �i

2

�
� f 0

�
xi + �i
2

�������
� 1

2
max

(�
�i �

3xi + xi+1
4

�2
;
1

4

�
xi + xi+1

2
� �i

�2
;
(�i � xi)

2

4

)
xi+1_
xi

(f 0):

Summing the inequality (3.2) over i from 0 to n� 1; then we have
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jR(In; f; �)j

� 1

2

n�1X
i=0

max

(�
�i �

3xi + xi+1
4

�2
;
1

4

�
xi + xi+1

2
� �i

�2
;
(�i � xi)

2

4

)
xi+1_
xi

(f 0)

� 1

2
max

i2f0;:::;n�1g

(
max

(�
�i �

3xi + xi+1
4

�2
;
1

4

�
xi + xi+1

2
� �i

�2
;
(�i � xi)

2

4

))
n�1X
i=0

xi+1_
xi

(f 0)

� 1

2
max

i2f0;:::;n�1g

(
max

(�
�i �

3xi + xi+1
4

�2
;
1

4

�
xi + xi+1

2
� �i

�2
;
(�i � xi)

2

4

))
b_
a

(f 0) :

This completes the proof of the Theorem. �

Corollary 5. Under the assumption of Theorem 7 with �i = xi; we have

bZ
a

f(t)dt =
1

2

n�1X
i=0

�
f(�i) + f(xi+1)�

f 0 (xi+1)� f 0 (xi)
4

hi

�
hi +R(In; f)

where remainder term R(In; f) satis�es

jR(In; f)j �
(�(h))

2

8

b_
a

(f 0) :
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