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IMPROVEMENT IN COMPANION OF OSTROWSKI TYPE
INEQUALITIES FOR MAPPINGS WHOSE FIRST DERIVATIVES
ARE OF BOUNDED VARIATION AND APPLICATION

1. BUDAK, M. Z. SARIKAYA, AND 2A. QAYYUM

ABSTRACT. The main aim of this paper is to obtain a improved and general-
ized version of companion of Ostrowski type integral inequalities for mappings
whose first derivatives are of bounded variation. Some previous results are also
recaptured as a special case. Efficient quadrature formulae are also provided.

1. INTRODUCTION

In 1938, Ostrowski [14] established a following interesting integral inequality
associated with differentiable mappings.

Theorem 1. Let f : [a,b] — R be a differentiable mapping on (a,b) whose deriva-
tive f' : (a,b) — R is bounded on (a,b), i.e. ||f'|| := sup |f'(t)] < oo. Then, we
t

€(a,b)

have the inequality

1

b ain?
(L1.1) /(@) - b_a/f(t)dt <Ly o)

4 v 2
4 (b-a)

1 (b—a)[lfll

for all x € [a, b].

The constant i is the best possible.

Ostrowski inequality has applications in numerical integration, probability and
optimization theory, stochastic, statistics, information and integral operator theory.
During the past few years, many authors have studied on Ostrowski type inequal-
ities for function of bounded variation, see for example ([1],[2],[3],[5]-[12]). Until
now, a large number of research papers and books have been written on Ostrowski
inequalities and their numerous applications.

The following definitions will be frequently used to prove our results.

Definition 1. Let P:a=1z¢ < z1 < ... < T, = b be any partition of [a,b] and let
Af(z;) = f(xir1) — f(x;), then f is said to be of bounded variation if the sum

> IAfG)

is bounded for all such partitions.
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Definition 2. Let f be of bounded variation on [a,b], and > Af (P) denotes the
n

sum Y |Af(x;)| corresponding to the partition P of [a,b]. The number
i=1

b
V() i=sup {3 AF(P): P e P(la,]) },

is called the total variation of f on [a,b]. Here P([a,b]) denotes the family of par-
titions of [a,b].

In [9], Dragomir proved the following Ostrowski type inequalities related func-
tions of bounded variation:

Theorem 2. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then

s[;(baw‘x“;bu\b/(f)

a

b
f@)dt — (b —a) f(z)

holds for all © € [a,b]. The constant  is the best possible.

In [13], Liu proved following Ostrowski type inequalities for the functions with
first derivatives of bounded variation:

Theorem 3. Let f : [a,b] — R be such that f' is a continuous function of bounded
variation on [a,b]. Then for any x € [a,b] and 0 € [0, 1] we have

/b #)dt — (b — a) {(1—9)f(:v)+0f(a)—2i_f(b)—(1—9) <x—“;b> f’(x)H

< [ (= )2 —40 (b—a) (b—z) + 6% (b — a)?

1
16

b
A(z—b)°—40(b—a)(b—z)— 62 (b—a)2H \/ ()

foragzg%rb and

Se—

2

s — - |1-0) f) + 0D gy (o 220 o) ‘

IN

[4(:6—(1)2—49(b—a)(3:—a)+02(b—a)2

=

1o~ 00— a) o a) 0 - ]| V)

for‘%bgmﬁb.

In [7], authors gave the following Ostrowski type inequality:
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Theorem 4. Let f : [a,b] — R be such that f' is a continuous function of bounded
variation on [a,b]. Then we have the inequality

b

5o [ £Od = (5@ + fa+b-o)

+3 (o= 20 1@ - aro-a)
- 1l5(x—a)2—2(m—a)(b—x)+(b—x)2
- 16 b—a

for any x € [a, ‘%H’]
In [4], Budak and Sarikaya obtained following Ostrowski type inequality in
weighted form for the mappings whose first derivatives are of bounded variation:

Theorem 5. Let w : [a,b] — R be nonnegative and continous and let f : [a,b] — R
be differentiable mapping on [a,b]. If ' is of bounded variation on [a,b], then we
have the weighted inequality

b b b
/ (u— 2) w(w)du | f() + / wlw)du | f(z) - / w(t) f(£)dt
z x b b

< / (u— ) w(wydu | \/(F) + / (u— z)wlu)du | \/(f)

for any x € [a,b].

Recently, Qayyum et. al [15], proved Ostrowski inequality using 5-step quadratic
kernel. In this paper, we establish a new companion of Ostrowski type integral
inequalities for functions whose first derivatives are of bounded variation. At the
end, we apply our results for new efficient quadrature rules. The results presented
here would provide extensions of those given in [7].

2. DERIVATION OF COMPANION OF OSTROWSKI TYPE INTEGRAL INEQUALITIES

Before we prove our results for the 5-step quadratic kernel, we give the following
lemma for 5-step linear kernel.

Lemma 1. Consider the kernel P(x,t) defined by Qayyum et al. in [15]

%(tfa)Q, te [z, 4]

(2.1) Pla,t) =4 L(t— )’ te(z,a+b—a]

L(e— =), te (atba, o2me]

=), te [et2=r p).
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for all x € [ ] then the following identity
b
/ x, t)df' (t
/b

2

( 5a+3b> (a+b—x)— f' ()}
!
T3

(=) (=32)-r ()]

Proof. By using (2.1), we have

b
(2.3)/ Pla, )df (1)
= 5 7(t—a)2df'(t)+1 ] (t—3a+b>2df’(t)+1a+/bx(t—
N 2 4 2

D 1302 L

a !
s [ () oy [ oe-vtae
a+b—x +2b—=

Integrating by parts, we obtain

b

/ P, t)df' (1)

a

_ (x—8a)2f,<a—;—x>_x (a—i—x) /f
+;(m_3a2—b)2f,(x)_é<x_a—2kb> f,<a—12—x>

_(x_3a2—b)f(x)_;<x_a—2|—b>f<a42—x>+jf(t)dt

atx

1 /a+b 2 , 1 /a+Db 2,
+2< 5 m) f(a+bx)2< 5 a:) ' (x)

a[ » )+f(a+b_$)+f(a+x)+f(a+22b—x>
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at+b—zx

_<a;b—x>f(a+b—x)—(a;—b—x>f(x)+ / F()dt
1/a+b 2 la+2b—z 3a+b z
+8< 5 —x) f <2>—2( 1 :zc) ffla+b—2x)

_2(a—2&—b x>f<a+22b—x)+(3a2—b_x>f(a+b_x)+ / F(t)dt

a+b—x
(x—a) , (a+2b—=x x a+2b—
g (1) gt () [ o

a+2b—x
2

After simplification, we get our required identity (2.2). O

Now using above identity, we state and prove the following theorem.

Theorem 6. Let f : [a,b] — R be such that f' is a continuous function of bounded
variation on [a,b]. Then we have the inequality

0 |f 0
+<x_5a;3b) {f (a+b—2)— f (@)}

A= () (5]

< im{(m3a4+b>2’i<a§bI)Q’(xff}\b/(f'),

{f(:c)+f(a+bx)+f<a;m>+f<a+22b_m>

b
where x € [a, “£2] and \/(f') denotes the total variation of f' on [a,b].
a

Proof. 1t is well known that if g, f : [a,0] — R are such that ¢ is continuous on

[a,b] and f is of bounded variation on [a, b] , then f g(t)df (t) exists and

b b

(2.5) / nar(n)] < sup Lo \/(F).

t€la,b] a
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On the other hand, by using (2.5), we get

b

/ P, t)df'(t)

a

7 [ 3a+b)> T b\
< || emorwols| [ (-22) aol+| [ (-5 ao
a atx €T
2
a+22b71, ” ) b
+ / (t—az ) df' ()| + (t — b)2df' (1)
a+b—z a+22b—:c
ul = 3a+b\2\"
a+ B
< 3 sup  (t—a)? \/(f’)-i— sup <t— 1 ) \/(f/)
te[a,"’;’r] a té[%,x} atax
L 2
a+2b—x
a+b\2ethe a+3b\>
+  sup <t 5 > \/ (f)+ sup (t 1 > \/ (f)
te[z,a+b—x] s te[a+b x “+2b71] at+b—z

te[a+22b—w 75]

[V e (-2 () Y

b
+ sup (-0 \/ ()

b\ 3a+0\2 1 /a+b \2\ v .
() Va2 (5] Y 0
7(1,2 b
Lz 1 ) \V (f’)]
1 3a+b\> [a+b * (z—a) b ,
= 2max{<:c 4 ) a< 9 —SU) ) 4 \a/(f)
This completes the proof. [

Remark 1. If we choose x = a in Theorem 6, we get the result proved by Budak

et al. [7].
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“;b, then we have the

Corollary 1. Under the assumption of Theorem 6 with © =
following inequality

(2.6) lhl(za/bf(t)dt—;fc;rb)—i[f<3a:b)+f<az3b>}
_bg—2a {f,(a—z?)b) _f,<3a2—b)}‘

b—a\’ ,
< 5 V)

a

Corollary 2. Under the assumption of Theorem 6 with x = 3“T+b, then we get the
inequality

(2.7) /f £di — [f(?)a:b)—&-f(az%)+f<7a8+b>+f<a;7bﬂ
) )

b

A\

a

Under assumption of of Theorem 6, we have the following corollaries:

Corollary 3. Let f € C?[a,b]. Then we have the inequality

=

@ raremar (S50) e (C50)

+(x 5“+3b){f< Fh—a) - 7 (@)
A=) () (3]
< ;max{(x_i“jb)g,jl(“;b—x)2,(”"’jj)2}||f~||[a,b]_,1

for all z € [a, “E2] , where [-ljq,0),1 %5 the Li—norm, namely

b

17" i = / ) d.

a
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Corollary 4. Let f' : [a,b] — R be a Lipschitzian mapping with the constants
L > 0. Then, we have the inequality

(2.9) /bf(t)dt_b;a[f($)+f(a+b—m)+f<a;x>+f<a+22b_x>

< 5a+3b
+ |z —

) s b—2) - (@)
A el
. L(bz—a)max{(m_?)a:b> ,le<a+b x) }

for all x € [a, “TH’]

Proof. As f’ is L-Lipschitzian on [a,b], it is also of bounded variation. If P([a,b])
denotes the family of divisions on [a, b], then

V()

a

wp S 1) - Fe)

PeP([ab) =5

< sup |xie1 —
PEP([LL b]) ;
= L(b-a)
and the required result (2.9) is proved. O

3. DERIVATION OF EFFICIENT QQUADRATURE RULE

Our obtained inequalities has many applications but in this paper, we apply our
result only for efficient quadrature rule.

Let us consider the arbitrary division I, : ¢ = zg < z1 < ... < x,, = b with
hi = x;y1—x; and v(h) ;== max{h;| i =0,...,n — 1}. Then the following Theorem
holds:
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Theorem 7. Let f : [a,b] — R be such that f' is a continuous function of bounded
variation on [a,b] and §; € [mi, %} (1=0,....,n—1). Then we have the quad-

rature formula:

S
[y
—~
=

&

n—1
= X e e —g)w () s (BEEE )

1 iy 5T; + 3xi41 p (Tt 201 — & RS
AR () ()

<
(=)

S
—

1 3x; + Tit1 ;T + 2$i+1 - fz yf Ti+ gz
e (- e fr () - (255

+R(In, f,£).

The remainder term R(I,, f,£) satisfies

(3.1) |R(In, f,€)]

1 3z + i1\
2 ic{0,om—1} {max { (’Ei - 4)
1z +xiq 2 (51*1”71)2 ’ /
Y e |

Proof. Applying Theorem 6 to interval [z;, z;11], we have

62) | [ f0d- e + S min
Z; + £i iz + 21'7;_;,_1 — 51
—e)+p (T ) 4 g (RS

5L; + 3%i41 s T F 2201 — & i fa+é§;
ot {r () - (50}
1 3x; + Tit1 ;[ i+ 2240 — fz s i+ gz
*2(2“4) {f <2>‘f ( 2 )H

: 3Ti + T ! Ti + Tit1 ? (fi—xi)z N
) Qmax{<€i_4) (e e ’4}\/(f>.

Summing the inequality (3.2) over 4 from 0 to n — 1, then we have
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|R(I, £,€)]
n—1 2 2 2 Ti41

1 3T; + Tit1 1 (@ +xip (§; — i) ’

< §;max <§¢—4> ,4<2—§i> g Y(f)
2 2 2 n—1Ti+1

1 3x; + Tit1 1 (2 + 2z (& —x4) p
< Z LT T Bl Bk B s Y Si )
= Defomop |0 (52 1 ) 4 ( 2 51) 1 > V@

b
1 3x; + Tit1 2 1 [x;+ Tit1 2 (f — :171‘)2 ,
< = P S Nl o =T __ ¢, A .
= Qi | (5’ 1 ) "4 ( 2 S) T V)

This completes the proof of the Theorem. O

Corollary 5. Under the assumption of Theorem 7 with &; = x;, we have

/b =25 (€0 + sy - LS @ i
i=0
wherearemamder term R(I,, f) satisfies
Rl 1l < SO\ (g1,
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