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NEW INEQUALITIES FOR OPERATOR NONCOMMUTATIVE
PERSPECTIVES RELATED TO CONVEX FUNCTIONS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some new inequalities for operator non-
commutative perspectives related to convex functions. Applications for weighted
operator geometric mean and relative operator entropy are also given.

1. INTRODUCTION

If ®: 1 — R is a convex function on the real interval I and T is a selfadjoint
operator on the complex Hilbert space (H; (-,-)) with the spectrum Sp (T') C I the
interior of I, then we have the following

(1.1) (@(T)w,z) = ¢ ((Tw,x))
for any « € H with ||z]| = 1.

For various Jensen’s type inequalities for functions of selfadjoint operators, see
the recent monograph [2] and the references therein.

In the recent paper [7] we showed that if A is a positive invertible operator and
B is a selfadjoint operator such that Sp (A*1/2BA71/2) C I, then

A1/2CI) A—l/QBA—1/2 Al/2
(12) ( ( ) z,T) > @ (Bz, x) ,
(Az, ) (Az, )
for any x € H, x # 0. This result can be reformulated in terms of perspective as
follows.

Let ® be a continuous function defined on the interval I of real numbers, B
a selfadjoint operator on the Hilbert space H and A a positive invertible opera-
tor on H. Assume that the spectrum Sp (A~/2BA~1/2) C I. Then by using the
continuous functional calculus, we can define the perspective Pg (B, A) by setting

Po (B, A) := AV (A—1/2BA—1/2) A2,
If A and B are commutative, then
Po (B, A) = A® (BA™)

provided Sp (BAfl) cl.
It is well known that (see [9] and [8] or [10]), if ® is an operator convex function
defined in the positive half-line, then the mapping
(B,A) = Pg (B, A)

defined in pairs of positive definite operators, is convez.
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Let @ : [m, M] — R be a convex function on the real interval [m, M], A a positive
invertible operator and B a selfadjoint operator such that

(1.3) mA < B < MA,

then we have

(14 o0< <I>(m)+<I>(M)A+<I’(M)—<I>(m) (B_m+M

2 M—-—m

< oL (]\]4\4) : :+ (m) (MAUZ _ BA—l/Q) (A—l/zB _ mAl/z)

< 3 (M —m) [2 (M) — @, (m)] A

A) — Py (B, A)

This result has been obtained in an equivalent form in the recent paper [3].
Let ® : J C R — R be a twice differentiable function on the interval J, the
interior of J. Suppose that there exists the constants d, D such that

(1.5) d<®"(t)< D forany t € J.

If A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.3) is valid with [m, M] C J, then we have the following result as well

(16)  gd(MA? —BAT2) (4728~ maV?)

. q)(m);(b(M)A*@(]\fw):i(m) (B—”LZMA)—%(BA)

< %D (MAl/2 _ BA‘l/Q) (A—WB - mAl/Q) .

This result has been obtained in an equivalent form in the recent paper [4].

If d > 0, then the first inequality in (1.6) is better than the same inequality in
(1.4).

In this paper we obtain some new inequalities for operator noncommutative
perspectives of convex functions. Applications for weighted operator geometric
mean and relative operator entropy are also provided.

2. THE RESULTS

Let ¢ € R and consider the convex function f; : R — [0, 00) defined by f; (z) :=
|z —t|. We define the permanent

Ppi (B, A) =Py, (B, A) = AY? A7V (B — tA) A7V/2| AV2,
We have:

Theorem 1. Let ® : I — R be a convex function on the interval of real numbers
I, A a positive invertible operator and B a selfadjoint operator such that

(2.1) Am < B< MA
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with [m, M| C f, for some real numbers m, M with m < M. Then we have

(2.2) {W By (sz” (A M% Py msa (B, A))

< q)(m);q)(M)A+‘p(]\Q:i(m) (Bm+MA> — Py (B, A)
- {@(m);cb(M) _@(m‘;M>:| <A+M3 P min (B, A))

Proof. Recall the following result obtained by Dragomir in 2006 [1] that provides a
refinement and a reverse for the weighted Jensen’s discrete inequality:

18 I
2.3 i = ‘
@3 ) |y ) 0| D5
1 <& 1 <
<5 p® @)~ | 5 Y pw
n j=1 n j=1

1 — 1 —
< _ _ .
< nje{llr,lf.}.(.,n} {pj n g " ; Z; )

where ® : C' — R is a convex function defined on convex subset C of the linear space
X, {xj}je{l,z;i.,n} are vectors in C and {p;} } are nonnegative numbers
with P, = ijl p; > 0.

For n = 2, we deduce from (2.3) that

je{1,2,...,n

(2.4) 2min {,1 — v} [‘I)(f);q’(y) _ (z;—y)}
<ve(z)+(1-v)@(y) - <I>[ux+(1_y)y]
< 2max{r,1—v [q’(x CI)(%“;ryﬂ

for any z,y € R and v € [0, 1].
Let t € [m, M] and take = M, y = m and v = == Then

t—m M—t
1— M =t
v+ ( v)y = M —m +M—mm

and by (2.4) we get

(2.5) 2min{]\t/[__n;, Af‘;_—;} P(m)+<1>(M) — % (ﬂHMﬂ

2 2
t—m M—1
< D (M P D (¢
<™ g )+ (m) - ()

t—m M-t d(m M) m+ M
< _
<o 2, ML B 80 (20

for any t € [m, M].

Since

T —

. t—m M-t 1 1
MY S M —m[ T2 M—-m

m+M‘
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and
t—m M-t _l+ 1 - m+M
PN M —mf T2  M—m [T 2
then by (2.5) we get
2 m+ M ®(m) + ®(M) m+ M
09 (1o gt o)) [EmLte00 g (s
t—m M-t
< D (M P -
< L7 g ()4 L ) - e 1)
§<1+ 2 xm+M’>[<I>(m)+<I>(M)(I)<m+M>]
M —m 2 2 2

for any t € [m, M].
Using the continuous functional calculus for a selfadjoint operator X with Sp (X) C
[m, M] we have from (2.6) that

e [P4(2)] -e-25)

2 2 M—m 2
g@(M)z__T:rf—k@(m)%—@(X)
®(m) + d(M) m + M 2 m+ M
<[Pt ()| (e )
and since
X —ml MI—X
(M) T+ @ (m) 5
_ (I)(m)—;q)(M)I—i—fb(m) (1\]\4415 —é[) + (M) (i\;_”;f —1I>
:é(m)q;CD(M)I_q)(m) <X];[T_”%:I>+®(M)< A;miﬂjI)
B (m)+ (M), B(M)—®(m) m+ M
= 5 I+ —=— <X— 5 1)7

then by (2.7) we get

(2.8) F(m) O (m+M>} (I— 2 ‘X - m;MID

D) 2 M—m
. q)(m).gé(M)I_i_d)(]\]/.\/}:i(m) (X_m+MI> _o(X)
e (B e -22)

which is an inequality of interest in itself.
If the condition (2.1) is valid, then by multiplying both sides by A~/2 we get

ml < A~Y2BA"Y?2 < M.
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Now, if we take X = A='/2BA~1/2 in (2.4), then we get
P (M M
(2.9) { (m); (M) —@(m; )}

2 m+ M
I- A~Y2BATY2 o T g
% < Mm’ 2

< B OON QO (e yova MM )

_ (A—l/QBA—l/Q)

[ (25

2 m+ M
I+ |a-v2pa-t2 O
X< +Mm’ 2

By multiplying both sides of (2.9) with A2 we get
[@(m) +eM) o (m + M)}

2 2

% <A _ LAU? A~Y2BA"Y2 MI‘ A1/2>
M—m 2

SCIJ(m)+<I>(M)A+<I>(M)7<I>(m) <BA—m+MA)
2 M —m 2
_ A28 (A’l/QBA’l/Q> AL/2

[ (2

A2tz Mt M'A1/2)
2

2 1/2
X <A+M_mA

and the inequality (2.2) is proved. O
For the function f. o : R — [0,00), fe2 (z) = (z — ¢)* we consider the perspective
(2.10) Pr, (B, A) = AY2f, , (A—WBA—W) AL/2

where A is a positive invertible operator and B a selfadjoint operator on the Hilbert

space H.
‘We observe that

2
(211) Py, (B, A) = A2 (A—l/?BA—l/2 - cf) A2

— A1/2 (A71/2 (B — cA) A71/2)2A1/2
=(B—cA)A™' (B-cA)=(cA—B)A™' (cA-B).
We have:

Theorem 2. With the assumptions of Theorem 2 and if we define the function
O (M) — (1) B D (t) — P (m)
M —t t—m

Ug (t;m, M) = >0, te(m,M)
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then we have

(2.12) @(m);@(M)A+ <I>(J\J4W):;I';L(m) (B_ mJ;MA) — Py (B, A)
= Mim te(S:PM) Lo (t5m, M) [‘11 (M_m)QA_KPf#’Q (B7A)}
< 20D -2, () E 1w A= Py, (B A)}
< i(M—m) [ (M) — @, (m)] A

and

(2.13) ‘I’(m);q’(M)A+ Q(Aj}:i(m) (B— m’;MA> — Py (B, A)
< i(M =) Pug (sm,n) (B, A) < %(M —m) o Tg (t;m, M) A
< 3 (M —m) [21 (M)~ @, (m)] A

where
Pragn, (B A) = (B_ m;MA) AL (B— m;MA)

and

Py (m,ar) (B, A)
— A1/2 ((I) (M)I— & (A’l/QBA*”)) (MI - A71/2BA*1/2)*1 A1/2

_ A2 (cp (A*I/QBA*I/Z) — 3 (m) 1) (A*l/?BA*l/2 — ml)_1 A2,
Proof. By denoting

t—m)®(M)+ (M —t)®(m)

Aq>(t;m,M)::( =

—®(t)>0 te[m,M]

we have

t—m)®(M)+ (M —2t)®(m)— (M —m)P(t)

(2.14)  Ag (t;m, M) = e

_ t—m)®(M)+ (M —-t)®(m)— (M —t+t—m)D(¢)
M—-—m
_({t=m)[®(M) - (#)] - (M=) [®(t) = P (m)]
M—-—m
(M —t)(t—m)

=——F—FUs (t;m, M).
M_m <I)(7m7 )
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Since ® is a convex function, then we have

(@ (M) — @ (¢t O(t)—
o Ut M) sy [EOD 002 <m>}
te(m,M) te(mamy L M—t t—m
_‘I’(M)—‘P(t)} [
sup ———F———— | + sup —
te(m,M) L M —t te(m,M)

'@(M)—(b(t)}_ nf [(I)(t)—@(m)
te(m,M) t—m

IN

= sup
te(m,M) L M —t

= (M)— 9 (m).

Therefore

(M —t)(t—m)
M—m

W SUPte (m,mr) Yo (L m, M)

\IJ<I> (t7 m, M)

IN

\I’<I> t;m M) SUPte(m,M) {W}

{ (M—t)(t—m) t(t m) CI)’ (1\4)_(1)/+ (m)]
<X
4

iM m) Ve (t;m, M)

) [@ (M) - &, (m)]

for any t € (m, M).
By making use of (2.14) we get

(t—m)®(M)+ (M —t)®(m)

< —d(¢
0= M —m ( )
QEOE) Sup, e oty Vo (£m, M)
<
1 (M —m)Ug (t;m, M)
MEDE=m) (@) (M) — @, (m)]
<

(M - m) Supte(m,M) \I}‘P (t7 m, M)

=

< 3 (M —m) [2 (M) — @, (m)]

and since, as in the proof of Theorem 1,

(t—m)® (M) + (M —t)®(m)

Y ® (¢)
_@(m)—gé(M)+<I>(]\]é\f4):i(m) (t_mj;M>_q)(t)7
and
(Mt)(tM)i(Mm)Q(th;M)
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then we have the following inequality of interest in itself

0 < @(m);q>(M)+<I>(J\Q:i(m) (tm;M> —® (1)

L [E O = m)? = (6~ 52 supie o an) W (1, M)

g
3

IN

(M —m) Vg (t;m, M)

{ v (£ (= m)? = (¢ = 252)°] [0 (M) - @/, (m)]
1
4

il

IN

(M - m) Supte(m,M) \I]¢‘ (t7 m, M)

PN

(M —m) [ (M) — @, (m)]

for any t € (m, M).
Now, by employing a similar argument to the one in Theorem 1 for the operator
A~Y2BA~Y/2 we deduce the desired results (2.12). The details are omitted. (]

3. APPLICATIONS FOR OPERATOR GEOMETRIC MEAN

Assume that A, B are positive invertible operators on a complex Hilbert space
(H,(-,-)). We use the following notations for operators [20]

AV,B:=(1-v)A+vB,
the weighted operator arithmetic mean and
At B = AV (A‘l/QBA‘1/2>V A2,

the weighted operator geometric mean, where v € [0,1]. When v = % we write
AV B and AfB for brevity, respectively.
The definition of Af, B can be extended accordingly for any real number v.
The following inequality is well as the operator Young inequality or operator

v-weighted arithmetic-geometric mean inequality:
(3.1) At,B < AV, B for all v € [0,1].

For recent results on operator Young inequality see [13]-[16], [17] and [25]-[26].
For z # y and p € R\ {—1,0}, we define the p-logarithmic mean (generalized
logarithmic mean) Ly(z,y) by

yp+1 _ $p+1 1/p
b = [ 2]
3 (p+ 1y -2
In fact the singularities at p = —1, 0 are removable and L, can be defined for
p = —1, 0 so as to make L,(z,y) a continuous function of p. In the limit as p — 0

we obtain the identric mean I(x,y), given by

1 [y 1/(y—x)
3.2 I =—- | =
(32) =1 (%)

and in the case p — —1 the logarithmic mean L(z,y), given by

y—
L ="
(z,9) Iny—Inz
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In each case we define the mean as z when y = z, which occurs as the limiting
value of L,(z,y) for y — .

If we consider the continuous function f, : [0,00) — [0,00), f, (z) = ¥ then the
operator v-weighted arithmetic-geometric mean can be interpreted as the perspec-
tive Py, (B, A), namely

Py, (B,A) = At B

Consider the convex function f = —f,. Then by applying the inequalities (2.2)
we have

(3.3) K””M)V - erM} (A 2P| st (B, A))

2 2 M —m
§Ajj,,B—m + M A—M —mY <Bm+MA>
2 M—-—m 2
m+M\" m¥+ MY 2
C[(mY T 2 )

for any v € [0, 1] and A, B positive invertible operators that satisfy condition (2.1).
Consider the function

tl/ _ ml/ B Ml/ _ tV t
t—m M-t~
then by the inequalities (2.12) and (2.13) we have

v MY MY —mY? M
mY + m (B_m—i— A)

Uy, (tym, M) = € (m, M),

(84)  ARB- A

<

1 2
sup v, (t;m, M [ M—-—m)"A—=Ps . u B,A}

Ml v _ml v
- V(M —m) M1=vml-v
Ml—y _ ml—l/

1
0T APy, (B4

<L A
4 (M —m) Ml-vml-v
and
O (m)+ @ (M) O (M) —®(m) m+ M
. A B— Al — B, A

< 2 (M =) Pay () (BLA) < 2 (M —m) sup W, (t5m, M) A
4 4 te(m,M)

- }V Ml—z/ _ ml—l/

~ 4 (M —m)M'-vml-v7

for any v € [0, 1], where
Py (m,ar) (B, A)
AL/ (<A71/2BA71/2>” . mt/[) (A71/QBA71/2 . m1>_1 AL/2
_AL/2 (MVI . (A’I/QBA’1/2>VI) (MI . A71/2BA71/2)_1A1/2

and A, B positive invertible operators that satisfy condition (2.1).
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4. APPLICATIONS FOR RELATIVE OPERATOR ENTROPY
Kamei and Fujii [11], [12] defined the relative operator entropy S (A|B), for
positive invertible operators A and B, by

(41) S(A|B) = At (ma~iBA}) A%,

which is a relative version of the operator entropy considered by Nakamura-Umegaki
[24].
For some recent results on relative operator entropy see [5]-[6], [18]-[19] and
[21]-[22].
Consider the logarithmic function In. Then the relative operator entropy can be
interpreted as the permanent of In, namely
Pm (B,A) =S (A|B).

If we use the inequalities (2.2) for the convex function f = —1In we have

(4.2) In (;@%) <A M% Py msns (B, A))
< S(AB) - (lnm)A—w <B— m+MA>

M—-—m 2

<In (;1\/+7M><A+ 2 le+M(BA)>

and A, B are positive invertible operators that satisfy condition (2.1).
Consider the function

1nt—1nm+1nt—lnM
t—m M —t

— [(T’;) (;4)] >0, t e (m, M).

Then by the inequalities (2.12) and (2.13) we have

(43)  S(A|B) - (mwTM)A—M (B— ””MA)

\If,m(t;m,M) =

M—-—m 2

1 1 2
U_y, M) |~ (M —m)* A~ B, A
< S, (M) |G O —m)* A=y, (5.4)
1 5 1(M —m)?
< — |2 (M- - <z
< g [T 00—t AP, ) < 1R
and
(44) S(AB) — (InVmdl) A - 1“%::17” <B m;MA>
1 1
< —(M-=m)Py_,,(smm) (B,A) <~ (M —m) sup W_y,(t;m, M)A
4 4 te(m,M)
2
< LM =m) A,
—4 Mm
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where
(4.5) P‘I’—ln(‘;’”hM) (B,A)
-1
— A2 (1n (A*WBA*W) . 1nm1) (A*1/2BA*1/2 - mI) AL/

_ A2 (1n MI —Tn (A‘I/QBA‘I/Q)) (MI - A—l/QBA—l/?)_1 A2

and A, B are positive invertible operators that satisfy condition (2.1).
If we consider the entropy function 7 (t) = —tInt, then it is well known that for
any positive invertible operators A, B we have

(4.6) S(A|B) = BY?y (B‘I/QAB‘”Q) BY2,

The function f(t) = tlnt = —n(t), t > 0, is convex, then the perspective of this
function is

Plyme) (B, A) = —A?n (A‘WBA‘W) AY? = S (B|A),

where for the last equality we used (4.6) for A replacing B.
From the inequality (2.2) we have for the convex function f (¢) = tlnt, ¢t > 0
that

(4.7)

{mlnerMlnM erM1 <m+M)]
— n
2 2 2

2

M—-—m
mlnm+ MInM MInM—mlnm m+ M
< S(B|A A B — A
< S(B|A) + 5 + 7 —m ( 5 )
< [mlnm—i—MlnM_m—i—Mln(m—i—M)}
- 2 2 2

2
X (A + mpl,l’mgM (B,A)) s

where A, B are positive invertible operators that satisfy condition (2.1).
Similar results may be stated by employing the inequalities (2.12) and (2.13),
however the details are not presented here.
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