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AN INEQUALITY OF OSTROWSKI-GRUSS TYPE FOR DOUBLE
INTEGRALS

HUSEYIN BUDAK AND MEHMET ZEKI SARIKAYA

ABSTRACT. In this study, we establish Ostrowski-Griiss type involving func-
tions of two independent variables for double integrals. Cubature formula is
also provided.

1. Introduction

In 1935, G. Griiss [6] proved the following inequality:

(1.1)

b—a/f x)dx — —a/f dm

provided that f and g are two integrable function on [a, b] satisfying the condition

/()dx @1 =)@ = p2),

(1.2) 01 < f(z) <@y and o < g(z) < Py for all z € [a, b)].

The constant i is best possible.
In 1938, Ostrowski established the following interesting integral inequality for

differentiable mappings with bounded derivatives [8]:

Theorem 1 (Ostrowski inequality). Let f : [a,b] — R be a differentiable mapping
n (a,b) whose derwative f' : (a,b) — R is bounded on (a,b), i.e. |f'l.
sup |f'(t)] < co. Then, we have the inequality

te(a,b)
L BNCEE O
(1.3) f(fv)—baa/f(t)dt < 4+(b—a)2] b—a)[lf'll,

1 - .
for all x € [a,b]. The constant 7 is the best possible.

In 1882, P. L. Cebysev [2] gave the following inequality:

(14) T(f,0)l < 50— 0 17 e 9/ le
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where f, g : [a,b] — R are absolutely continuous function, whose first derivatives f’

and ¢’ are bounded,
b
/f i [ o
— — [ 9(@)dz

a

(1.5) T(f x)dr —

and ||.||,, denotes the norm in Lo[a,b] defined as ||p||,, = esssup |p(t)|.

tela,b

The following result of Griiss type was proved by Dragomir and Fedotov [3]:
Theorem 2. Let f,u: [a,b] = R be such that u is L-Lipshitzian on [a,b], i.e

(1.6) |u(z) —u(y)| < Lz —y| for all x € [a,b],
f is Riemann integrable on [a,b] and there exist the real numbers m, M so that
(1.7) m < f(x) <M for all x € [a,b].

Then we have the inequality,

/f ydu(a) — /f do| < SL(OM —m)(b—a).

From [7], if f : [a,b] — R is differentiable on (a,b) with the first derivative f’
integrable on [a, b], then Montgomery identity holds:

b
(1) f@) = 5 [ swier [ Peoro.

where P(z,t) is the Peano kernel defined by
t—a
B oastze

P(x’t)_{ by <t <.
In [4], Dragomir and Wang proved following Ostrowski-Griiss type inequality using
the inequality (1.1) and Montgomery identity (1.8):
Theorem 3. Let f: I C R — R be a differantiable mapping in I° and let a,b €
IPwith a < b. If f € Ly [a,b] and

Y3 S f,(l') S (b?n VI S [a’a b]7

then we have the following inequality

b
el R L el G | S (ORI A}

(1.9) |f(x) —

for all x € [a,b].

Barnett and Dragomir established following Ostrowski inequality for double in-
tegrals in [1]:

Theorem 4. Let f : [a,b] X [c,d] = R be a continuous on [a,b] X [¢,d], foy =

Bxay
exists on (a,b) X (¢,d), and is bounded, i.e.,
0%f(z,y
el = sup | ZIED)
(z,y)€(a,b)x(c,d) oy
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then we have the inequality

(1.10) /b/df(t,s)dsdt— (b—a)/df(x,s)ds—k(d—c)/bf(uy)dt

—(b—a)(d=c) f(z,y)]|

< li(ba)2+<xa;b)2

for all (z,y) € [a,b] x [c,d].

1 fyll oo

e (s

In [1], the inequality (1.10) is established by the use of integral identity involving
Peano kernels. In [9], Pachpatte obtained an inequality in the view (1.10) by using
elementary analysis. The interested reader is also refered to ([1], [5], [9],[10],[12]-
[14]) for Ostrowski type inequalities in several independent variables.

Recently, Sarikaya and Kiris have proved the following Griiss type inequality for
double integrals in [11]:

Theorem 5. Let f,g: [a,b] x [¢,d] = R be two functions defined and integrable on
[a,b] X [¢c,d]. Then for

o < f(z,y) <@ and y < g(z,y) <T. for all (z,y) € [a,b] x [c,d]

we have

b d
(1.11) ( //fx y)g(z,y)dydx

b d b d
m//f(x,y)dydx - //g(:v,y)dydw

< J@-Qr 7).

In this work, using the inequality (1.11), we will obtain an Ostrowski-Griiss type
inequality for functions of two independent variables.

2. Main Results

Theorem 6. Let f : [a,b] X [c,d] = R be a continuous on [a,b] X [¢,d], foy =

Bxay
exists on (a,b) x (¢,d). If f integrable and

¢ < faoy(z,y) <@, Y(2,9) € [a,b] X [c,d]
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then we have the following inequality

@l)akﬁiw_c%fjfﬁﬁmwt—{Mic%jfwﬁﬂs+wiahfﬂuwﬁ
_ﬂ%yﬂ_f@¢0—i?fli§@g)+fw¢ﬂ(x_a;b>(y_c;d
< (P-p@-y)
where
P=max{(z—a)(y—c),(b—z)(d—y)}
and

p=min{(z—a)(y—d),(z—-b)(y— o)}
for all (z,y) € [a,b] x [c,d].

Proof. Define the kernel p(x,t;y, s) by

Et—a))((s—ccig, i;f ((t,s))e[[aw]]x([qg(/i}}

t—a)(s—d), if (¢,s) € |a,z]| X (y,

Py, s) (—t)(s—c). if (t.9) < (m.b] x [org]
(t—0b)(s—d), if (t,s)€ (z,b] x (y,d].

Then, we have

d
/pxtysftstsdsdt

\@

(2.2)

x

d
//t—a s—cftsts)dsdt—i—/ (t —a)(s —d)fis(t, s)dsdt

a y
b

d
//t—b (s —c) fes(t, 8)dsdt + /t—b d) fis(t, s)dsdt
y

x

= L+1+13+ 14
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Let us calculate the integrals Iy, I, I3 and I4. Firstly, we have the equality

]/y(t —a)(s —c) fes(t, s)dsdt

/(t —a) [(y —o)fi(t,y) — /ft(t,S)dS] dt

a

(y—c) ](t —a) fult,y)dt _/y (i(t - a)ft(as)dt) ds

a C a

(y—c) [(w —a)f(z,y) - /f(t, y)dt]

—/ [(m—a)f(x,s)—/xf(t,s)dt] ds

c

(- a)y — &) f () — (v - ©) / F(ty)dt

—(a:—a)/yf(x, s)ds+j/yf(t,s)dsdt.

Also, similar compitations we have the equalities

I

= /m/d(t —a)(s —d) fis(t, s)dsdt

(x — a)(d— ) f(z,y) — (d— ) / 1t )t

(:1:a)/df(x,s)d5+]/df(t,s)dsdt,
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by

(2.5) I3 = //(t —b)(s —¢) fis(t, s)dsdt

b
= D)y —Of@y) — (o / £t )t

Y

(bx)/f(x,s)der/b/yft s)dsdt,

and

b d

(2.6) I = / / (t = b)(s — d) fua(t, s)dsdt

b
= b-o)d—y)f(ey) — ([d—y) / £t y)dt

d b d
—(b—m)/f(a:,s)ds—i—//f(t,s)dsdt.

If we substitute the equalities (2.3)-(2.6) in (2.2), then we have

(2.7)
b d

//p ) fis(t, s)dsdt

d b b d
~ (h-a) (d—c)f(x,y)—(b—a)/f(:n, s)ds—(d—c)/f(t,y)dt+//f(t,s)dsdt.

Applying Theorem 5 to mappings p(z, .;y,.) and fis(.,.), we establish

(2'8)>(()_a)1(d_c)/b/dp ,t;y, 8) fus(t, 5)dsdt
b d b
Namatama [ [ (=ams [ [ rona)

HCRET

IN
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where
29I = sup  p(z,ty,s)
(t,s)€E€la,b] x[c,d]
= max sup (t—a)(s—2c), sup (t—a)(s—d),
(t,s)€la,z]x[c,y] (t,s)€la,z] x (y,d]
sup t—0)(s—c), sup (t—=0)(s—d)
(t,s)€(z,b] X [c,y] (t,s)€(x,b] % (y,d]
= max{(z—a)(y—c),(b—x)(d—y)} =P,
and
210y = inf x,t;y, s
( )Y (t7s)€[a,b}><[c,d]p( Y )
= min inf t—a)(s—c), inf t—a)(s—d),
{(t s)€la,z]x[c,y] ( )( ) (t,s)€la,x]x (y,d] ( )( )

inf t—0)(s—¢), inf (t—10) (sd)}

(t,s)€(z,b] X [c,y] (t,s)€(x,b]x (y,d]

= min{(z —a)(y—d),(z-0)(y—c)} =p.

Also, we have the equalities

b d
(2.11) / / (o, tiy, 5)dsdt
= ]/y(t—a)(s—c)dsdt+]i(t—a)(s—d)dsdt
//t—b s—cdsdt—l—//d d)dsdt

(@—a)’(y—c® (z-a)’(d-y)’ _(b—%)z(y—C)zJr(b—ﬂﬂ)z(d—y)2
4 4 4 4

(2= = 0-27] [y— 0~ (@~ v)’]
4

= G-a@-a(e-52) (-5

and

b d
(2.12) //fts(t,s)dsdt = f(b,d) — f(b,c) — f(a,d) + f(a,c).
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If we put the equalities (2.7) and (2.9)-(2.12) in (2.8), then we obtain the desired
inequality (2.1). O

Corollary 1. With the assumptions in Theorem 6, if |foy(z,y)| < M for all
(x,y) € [a,b] X [¢,d] and some positive constant M, then we have

b d d b
1 1 1
m a/ c/ f(t, s)dsdt — [(d—c) C/f(f, S)dS + m b/ f(t, y)dt

_flr 7f(bvd)_f(bvc)_f(aad)+f(avc) xia"’_b 7C+d
fz.y)l b—a)(d—0) < 2 ><y 2 >‘
< %(P—p)M
where

P=max{(z—a)(y—c),(b—x)(d—y)}
and

p=min{(z —a)(y—d),(z—-b)(y—0c)}
for all (z,y) € [a,b] x [c,d].
Corollary 2. Under assumptions of Theorem 6 with x = “t® and y = <2, we
have the following inequality

<b—>1<d—>/ / 1t s)dsdt

s [ (5t [ s (25252

c

< Sh-a)d-o®-).

Corollary 3. Under assumption of Theorem 6 with x = b and y = d, we get the
inequality

b d d .
1 1 1
(b_a)w_c)a/c/f(t,s)dsdt [(d—c) C/f(b,s)der =) a/f(t’d)dt

f(b,d)—f(b,c)—f(a,d)+f(a,c)
4

_f(b7 d)] -

< Jh-a)@d-o)@—g).

3. APPLICATIONS FOR CUBATURE FORMULAE

Let us consider the arbitrary division I, :a =xg < 1 < ... < x, = b, and J,, :
c=y <N <..<Yn=d, by =xi41 —x; (1=0,...,n—1), and I; :=yj41 —y;
(G=0,..,m—1),

v(h) :=max{h;| i=0,..,n—1},
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pu(l) :=max{l;| j=0,...,m—1}.
Then, the following theorem holds.
Theorem 7. Let f : [a,b] X [c,d] — R be as in Theorem 6 and & € [x;,Tit1]

(i=0,...,n—1), n; € [yj,yj+1] ( =0,....,m — 1) be intermediate points. Then we
have the cubature formula:

b d
(3.1) / / f(t, s)dsdt
n—1m—1 Yit+1 nelm—1 Titl
= > Dk / F&o)ds+> > 1 / f(t,m;)dt

=0=0 =0 j=0 g,
n—1m-—1

- hilj f (&, m;)
i=0 j=0
n—1m-—1

+ [f @ist,yj1) = f (@ivny5) = f (@i yin) + f (@i,55)]
i=0 j=0

X(& 1 21+1> (njy] 2y]+1>

+R(§7 777 I’na Jma f)
where the remainer term R(&,n, I, Jm, f) satisfies the estimation
1
where
Py =max {(& — ) (; — ;) (@it — &) (Y41 —m5) }
and
pij = min{(& — i) (0 — Y1), (& — zit1) (0 — ;)

Proof. Aplying Theorem 6 on the bidimentional interval [x;, zi41] X [y;,Y;+1], we
get

Ti+1 Yj+1 Yi+1 Tit1
(3.3) / / f(lf, S)dsdt — | h; / f(&7 S)dS + lj / f(t7 T]j)dt — hiljf(&', nj)
Zi Yy Yj Zg

—f @ir1,9541) — f(@it1,95) — (@i yjen) + F (20, 95)]

Ti + Tip1 Yi T Yj+1
> (51._2+> (nj_ﬂfr)‘

1

< il (P = pig) (@i — ¢35)
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where

q)ij = sup |ftS(t7s)|a Pij ‘= inf |ft5(t75)|

(t,8)€[zi,zip1] X [Y),Yj41) (t,8)€lws,wit1] X [y;,541]

foralli=0,1,....n—1;7=0,1,....m — 1.
Summing the inequality (3.3) over i from 0 to n — 1 and j from 0 to m — 1 and
using the generalized triangle inequality, we get

n

1
|R(£777a-[n7 vaf)‘ < 1

K3

i
=]

m—1
Z hilj (Pij — pij) (®ij — ©ij)
=0

Zu(h)u(l) max (Pij — pij)

) ;

IN
—_
-8
S
"
o
~
|
5
tv-,/
]
]
—

= %U(h)u(l) max (Pij — pij) (= ¢) .

This completes the proof. O
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