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Abstract. In this study, we obtain some new inequalities of weighted Grüss

type for functions of two independent variables. The results presented here
would provide extensions of those given in earlier works.

1. Introduction

In 1935, G. Grüss [3] proved the following inequality:

(1.1)

∣∣∣∣∣∣ 1

b− a

b∫
a

f(x)g(x)dx− 1

b− a

b∫
a

f(x)dx
1

b− a

b∫
a

g(x)dx

∣∣∣∣∣∣ ≤ 1

4
(Φ− ϕ)(Γ− γ),

provided that f and g are two integrable function on [a, b] satisfying the condition

(1.2) ϕ ≤ f(x) ≤ Φ and γ ≤ g(x) ≤ Γ for all x ∈ [a, b].

The constant 1
4 is best possible.

In 1882, P. L. Čebyšev [1] gave the following inequality:

(1.3) |T (f, g)| ≤ 1

12
(b− a)2 ‖f ′‖∞ ‖g

′‖∞ ,

where f, g : [a, b]→ R are absolutely continuous function, whose first derivatives f ′

and g′ are bounded,

(1.4) T (f, g) =
1

b− a

b∫
a

f(x)g(x)dx−

 1

b− a

b∫
a

f(x)dx

 1

b− a

b∫
a

g(x)dx


and ‖.‖∞ denotes the norm in L∞[a, b] defined as ‖p‖∞ = ess sup

t∈[a,b]
|p(t)| .

The following result of weighted Grüss type was proved by Dragomir [2]:

Theorem 1. Let f and g be two functions defined and integrable on [a, b] . If
(1.2) holds, where ϕ,Φ, γ and Γ are given real constant, and w : [a, b] → [0,∞) is
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integrable and
b∫
a

w(x)dx > 0, then∣∣∣∣∣∣
b∫

a

w(x)dx.

b∫
a

f(x)g(x)dx−
b∫

a

f(x)w(x)dx.

b∫
a

g(x)w(x)dx

∣∣∣∣∣∣(1.5)

≤ 1

4
(Φ− ϕ)(Γ− γ)

 b∫
a

w(x)dx

2

and the constant 1
4 is the best possible.

In the last years, many authors were interested in the generalization of Grüss
type inequalities for mapping of one variable, we can mention the works [2], [4]-[8].

Recently, Sarikaya and Kiris have proved the following Grüss type inequality for
double integrals in [9]:

Theorem 2. Let f, g : [a, b]× [c, d]→ R be two functions defined and integrable on
[a, b]× [c, d] . Then for

ϕ ≤ f(x, y) ≤ Φ and γ ≤ g(x, y) ≤ Γ for all (x, y) ∈ [a, b]× [c, d]

we have∣∣∣∣∣∣ 1

(b− a) (d− c)

b∫
a

d∫
c

f(x, y)g(x, y)dydx(1.6)

−

 1

(b− a) (d− c)

b∫
a

d∫
c

f(x, y)dydx

 1

(b− a) (d− c)

b∫
a

d∫
c

g(x, y)dydx

∣∣∣∣∣∣
≤ 1

4
(Φ− ϕ)(Γ− γ).

In this study, we establish some new inequalities of weighted Grüss type involving
functions of two independent variables for double integrals.

2. Main Results

Throughout this work, we assume that the weight function h : [a, b] × [c, d] →
[0,∞), is integrable, nonnegative and satisfies

m(a, b; c, d) =

b∫
a

d∫
c

h(x, y)dydx <∞.

Definition 1. Consider a function f : V → R defined on a subset V of Rn, n ∈
N. Let L = (L1, L2, ..., Ln) where Li ≥ 0, i = 1, 2, ..., n. We say that f is L-
Lipschitzian function if

|f(x)− f(y)| ≤
n∑

i=1

L |xi − yi|

for all x, y ∈ V [9].
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Theorem 3. Let h be as above and let f, g : [a, b] → R be two functions defined
and integrable on [a, b]× [c, d]. If

(2.1) ϕ ≤ f(x, y) ≤ Φ and γ ≤ g(x, y) ≤ Γ for all x ∈ [a, b]× [c, d] ,

then we have

(2.2)

∣∣∣∣∣
(

b∫
a

d∫
c

h(x, y)dydx

)
b∫
a

d∫
c

f(x, y)g(x, y)dydx

−

(
b∫
a

d∫
c

f(x, y)h(x, y)dydx

)(
b∫
a

d∫
c

g(x, y)h(x, y)dydx

)∣∣∣∣∣
≤ 1

4 (Φ− ϕ)(Γ− γ)

(
b∫
a

d∫
c

h(x, y)dydx

)2

.

The constant 1
4 is the best possible in the sense that it cannot be replaced by smaller

one.

Proof. For mappings f, g : [a, b]× [c, d]→ R, we have the identity

(2.3)

b∫
a

d∫
c

b∫
a

d∫
c

[f(x, s)− f(t, y)] [g(x, s)− g(t, y)]h(t, y)h(x, s)dsdtdydx

=
b∫
a

d∫
c

b∫
a

d∫
c

[f(x, s)g(x, s)h(t, y)h(x, s)− f(x, s)g(t, y)h(t, y)h(x, s)

f(t, y)g(x, s)h(t, y)h(x, s) + f(t, y)g(t, y)h(t, y)h(x, s)] dsdtdydx

= 2
b∫
a

d∫
c

h(t, y)dydt
b∫
a

d∫
c

f(x, s)g(x, s)dsdx

−2

(
b∫
a

d∫
c

f(x, s)h(x, s)dsdx

)(
b∫
a

d∫
c

g(t, y)h(t, y)dydt

)
.
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Appling Cauchy-Buniakowski-Schwarz’s inequality, we have the inequality
(2.4)[

1
2[m(a,b;c,d)]2

b∫
a

d∫
c

b∫
a

d∫
c

[f(x, s)− f(t, y)] [g(x, s)− g(t, y)]h(t, y)h(x, s)dsdtdydx

]2

≤

(
1

2[m(a,b;c,d)]2

b∫
a

d∫
c

b∫
a

d∫
c

[f(x, s)− f(t, y)]h(t, y)h(x, s)dsdtdydx

)

×

(
1

2[m(a,b;c,d)]2

b∫
a

d∫
c

b∫
a

d∫
c

[g(x, s)− g(t, y)]h(t, y)h(x, s)dsdtdydx

)

=

 1
m(a,b;c,d)

b∫
a

d∫
c

f2(x, s)h(x, s)dsdx−

(
b∫
a

d∫
c

f(x, s)h(x, s)dsdx

)2


×

 1
m(a,b;c,d)

b∫
a

d∫
c

g2(x, s)h(x, s)dsdx−

(
b∫
a

d∫
c

g(x, s)h(x, s)dsdx

)2
 .

It is easy to observe that

1
m(a,b;c,d)

b∫
a

d∫
c

f2(x, s)h(x, s)dsdx−

(
b∫
a

d∫
c

f(x, s)h(x, s)dsdx

)2

=

(
Φ− 1

m(a,b;c,d)

b∫
a

d∫
c

f(x, s)h(x, s)dsdx

)

×

(
1

m(a,b;c,d)

b∫
a

d∫
c

f(x, s)h(x, s)dsdx− ϕ

)

− 1
m(a,b;c,d)

b∫
a

d∫
c

[Φ− f(x, s)] [f(x, s)− ϕ]h(x, s)dsdx.

Since [Φ− f(x, s)] [f(x, s)− ϕ] ≥ 0 for each (x, s) ∈ [a, b]× [c, d] , then we get

(2.5)

1
m(a,b;c,d)

b∫
a

d∫
c

f2(x, s)h(x, s)dsdx−

(
b∫
a

d∫
c

f(x, s)h(x, s)dsdx

)2

≤

(
Φ− 1

m(a,b;c,d)

b∫
a

d∫
c

f(x, s)h(x, s)dsdx

)
(

1
m(a,b;c,d)

b∫
a

d∫
c

f(x, s)h(x, s)dsdx− ϕ

)
.
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Similarly, we obtain

(2.6)

1
m(a,b;c,d)

b∫
a

d∫
c

g2(x, s)h(x, s)dsdx−

(
b∫
a

d∫
c

g(x, s)h(x, s)dsdx

)2

≤

(
Γ− 1

m(a,b;c,d)

b∫
a

d∫
c

g(x, s)h(x, s)dsdx

)
(

1
m(a,b;c,d)

b∫
a

d∫
c

g(x, s)h(x, s)dsdx− γ

)
.

Using (2.5) and (2.6) in (2.4), we get the following inequality
(2.7)[

1
2(b−a)2(d−c)2

b∫
a

d∫
c

b∫
a

d∫
c

[f(x, s)− f(t, y)] [g(x, s)− g(t, y)] dsdtdydx

]2

≤

(
Φ− 1

m(a,b;c,d)

b∫
a

d∫
c

f(x, s)h(x, s)dsdx

)(
1

m(a,b;c,d)

b∫
a

d∫
c

f(x, s)h(x, s)dsdx− ϕ

)

×

(
Γ− 1

m(a,b;c,d)

b∫
a

d∫
c

g(x, s)h(x, s)dsdx

)(
1

m(a,b;c,d)

b∫
a

d∫
c

g(x, s)h(x, s)dsdx− γ

)
.

Now, using the elementary inequality for real numbers

4pq ≤ (p+ q)
2
, p, q ∈ R

we get[
1

2[m(a,b;c,d)]2

b∫
a

d∫
c

b∫
a

d∫
c

[f(x, s)− f(t, y)] [g(x, s)− g(t, y)]h(t, y)h(x, s)dsdtdydx

]2

≤ 1
16 (Φ− ϕ)2(Γ− γ)2

which completes the proof. To prove the sharpness of (2.2), let choose h(x, y) = 1
and

f(x, y) = g(x, y) =


1, a ≤ x < a+b

2 , c ≤ y < c+d
2

−1, a ≤ x < a+b
2 , c+d

2 ≤ y ≤ d
−1, a+b

2 ≤ x ≤ b, c ≤ y < c+d
2

1, a+b
2 ≤ x ≤ b,

c+d
2 ≤ y ≤ d

then
b∫

a

d∫
c

h(x, y)dydx = (b− a)(d− c),

b∫
a

d∫
c

f(x, y)g(x, y)dydx = (b− a) (d− c) ,
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b∫
a

d∫
c

f(x, y)h(x, y)dydx =

b∫
a

d∫
c

g(x, y)h(x, y)dydx = 0

and

(Φ− ϕ) = (Γ− γ) = 2

which the equality (2.2) is realized. This implies the constant 1
4 is the best possible.

�

Remark 1. If we choose h(x, y) = 1 in (2.2), then the inequality (2.2) reduces the
inequality (1.6).

The following inequality of weighted Gruss type for Lipschitzian mappings holds:

Theorem 4. Let f, g : ∆ ⊂ R2 → R satisfies L-Lipschitzian conditions. That is,
for (x, s) and (t, y) belong to ∆ := [a, b]× [c, d] , then we have

|f(x, s)− f(t, y)| ≤ L1 |x− t|+ L2 |s− y|

|g(x, s)− g(t, y)| ≤ L3 |x− t|+ L4 |s− y|
where L1, L2, L3 and L4 are positive constants. Then, we have the following in-
equality:

(2.8)

∣∣∣∣∣
(

b∫
a

d∫
c

h(x, y)dydx

)
b∫
a

d∫
c

f(x, y)g(x, y)dydx

−

(
b∫
a

d∫
c

f(x, y)h(x, y)dydx

)(
b∫
a

d∫
c

g(x, y)h(x, y)dydx

)∣∣∣∣∣
≤ L1L3

m(a, b; c, d)
b∫
a

d∫
c

x2h(x, y)dydx−

(
b∫
a

d∫
c

xh(x, y)dydx

)2


+L2L4

m(a, b; c, d)
b∫
a

d∫
c

y2h(x, y)dydx−

(
b∫
a

d∫
c

yh(x, y)dydx

)2


+L1L4+L2L3

2

b∫
a

d∫
c

A(x, y)dxdy

where

A(x, y) =

b∫
a

d∫
c

|x− t| |y − s|h(t, y)h(x, s)dsdt.

Proof. Since f, g are L-Lipschitzian, we have

|[f(x, s)− f(t, y)] [g(x, s)− g(t, y)]|

≤ L1L3(x− t)2 + L2L4(s− y)2 + (L1L4 + L2L3) |x− t| |s− y|
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for all (x, s), (t, y) ∈ ∆ := [a, b]× [c, d] . Then by (2.3) we have that∣∣∣∣∣ 12 b∫
a

d∫
c

b∫
a

d∫
c

[f(x, s)− f(t, y)] [g(x, s)− g(t, y)]h(t, y)h(x, s)dsdtdydx

∣∣∣∣∣
≤ 1

2

b∫
a

d∫
c

b∫
a

d∫
c

|[f(x, s)− f(t, y)] [g(x, s)− g(t, y)]|h(t, y)h(x, s)dsdtdydx

≤ 1
2

b∫
a

d∫
c

b∫
a

d∫
c

[
L1L3(x− t)2 + L2L4(s− y)2

+(L1L4 + L2L3) |x− t| |s− y|]h(t, y)h(x, s)dsdtdydx

= L1L3

m(a, b; c, d)
b∫
a

d∫
c

x2h(x, y)dydx−

(
b∫
a

d∫
c

xh(x, y)dydx

)2


+L2L4

m(a, b; c, d)
b∫
a

d∫
c

y2h(x, y)dydx−

(
b∫
a

d∫
c

yh(x, y)dydx

)2


+L1L4+L2L3

2

b∫
a

d∫
c

A(x, y)dxdy

which completes the proof. �

Remark 2. If we choose h(x, y) = 1 in the inequality (2.8), then we have the
inequality ∣∣∣∣∣ 1

(b−a)(d−c)

b∫
a

d∫
c

f(x, y)g(x, y)dydx

−

(
1

(b−a)(d−c)

b∫
a

d∫
c

f(x, y)dydx

)(
1

(b−a)(d−c)

b∫
a

d∫
c

g(x, y)dydx

)∣∣∣∣∣
≤ (b−a)2

12 L1L3 + (d−c)2
12 L2L4 + (b−a)(d−c)

18 (L1L4 + L2L3)

which was given by Sarikaya and Kiriş in [9].
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[1] P. L. Čebyšev, Sur less expressions approximatives des integrales definies par les autres prises
entre les memes limites, Proc. Math. Soc. Charkov, 2, 93-98, 1882.

[2] S. S. Dragomir , Some integral inequalities of Grüss type, Indian J. Pure Appl. Math., 31(4),
397-415, April 2000.
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