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INEQUALITIES VIA GG-CONVEXITY

KUBRA YILDIZ* AND MERVE AVCI ARDIC**

ABSTRACT. In this paper, we established some integral inequalities for func-
tions whose derivatives of absolute values are GG—convex.

1. INTRODUCTION
We will start with the definiton of convexity:

Definition 1. The function f : I C R — R is a convex function on I, if the
inequality

flz+ A —t)y) <tf(z)+1—-1)f(y)
holds for all x,y € I and t € [0,1]. We say that f is concave if —f is conver.

Let f: I C R — R be a convex function where a,b € I with a < b. Then the
following double inequality hold:

() < ks [ e 20220

This inequality is well-known in the literature as Hermite-Hadamard inequality that

gives us upper and lower bounds for the mean-value of a convex function. If f is

concave function both of the inequalities in above hold in reversed direction.
Anderson et. al. mentioned mean function in [5] as following:

Definition 2. A function M : (0,00) x (0,00) — (0,00) is called a Mean function
if

M (z,y) = M (y, z),
M (z,2) =z,
x < M (x,y) <y, whenever x < y,
M (az,ay) = aM (z,y) for all a > 0.
Based on the definition of mean function, let us recall special means (See [5])
1. Arithmetic Mean: M (z,y) = A (z,y) = ZH2.
2. Geometric Mean: M (z,y) = G (z,y) = \/Zy.
3. Harmonic Mean: M (z,y) = H (z,y) = 1/A (%,i
4. Logarithmic Mean: M (x,y) = L (z,y) = (x — y) / (logz — log y) for z # y nd
L(z,z) = .
5. Identric Mean: M (z,y) = I(z,y) = (1/e) (z*/y*)"/ "™ for 2 # y nd
I(z,z) = x.

(1)
(2)
(3)
(4)
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In [5], Anderson et. al. also gave a definition that include several different classes
of convex functions as the following:

Definition 3. Let f: I — (0,00) be continuous, where I is subinterval of (0,00).
Let M and N be any two Mean functions. We say f is M N-convezx (concave) if

M (2,y)) < (Z)N (f (), f ()
forallz,y € I.
In [4], Niculescu mentioned the following considerable definition:

Definition 4. The GG—convex functions are those functions f : I — J (acting on
subintervals of (0,00)) such that

(1.1) zyyel and A€ [0,1] = f () < f(2)' " fF(w)*.

Every real analytic function f(z) =Y " ¢,2" with nonnegative coefficients ¢,
is a GG—convex function on (0,r), where r is the radius of convergence of f. The
functions such as exp, sinh, cosh are GG—convex on (0,00) ; tan, sec, csc, + — cot &
are GG—convex on (0,3); 1+ is GG—convex on (0.1). (See [4])

Anderson et al. gave the following Theorem and an immediate consequence of
this Theorem in [5].

Theorem 1. Let I = (0,b), 0 < b < oo and let f: I — (0,00) be continuous. f is
GG — convez(concave) on I if and only if log f(be™t) is convex (concave) on (0,0).

Corollary 1. Let I = (0,b), 0 < b < 0o and let f : I — (0,00) be differentiable. f
is GG—convex(concave) on I if and only if xf'(x)/f(x) is increasing (decreasing).

For some results about GG—convex functions one may see the references [1]-[9].
The main aim of this paper is to prove some new integral inequalities for GG —convex
functions by using a new integral identity.

2. MAIN RESULTS
We need the following integral identity to get our new results.

Lemma 1. Let f : I C IR = (0,00) — IR be a differentiable function on I°
where a,be IPwith a<h . If f € L [a, b], then the following equality holds:

b

bf(b) —af(a)— [ flu)du
_ L’;lm Uol (b'a®>?) f (b%a?) dt + /01 (a'v**) f (a%b%) dt]

Proof. Let

and
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By the change of the variable u = bia’T" and integrating by parts , we have

Vab
L = T [\/»ff_af( ) — /a f(u)du] ‘

Conformably, we have

) b
I, = nb—Ina [bf(b) - \/%f\/@—/mf(u)dU]

Inb—Ina
2

Multiplying I; and Iy by and adding the results we get the desired
identity. (Il

Our first result is given in the following Theorem.

Theorem 2. Let f: I C IR, = (0,00) — IR be a differentiable function on I°
where a,b € I°with a < b ,and f € Lla,b]. If ‘fl‘ is GG— convex on [a,b], then
the following inequality holds:

b) - af(a /f
< 2R (i@ i) £ (a/ir@layir o)

Proof. From Lemma 1, using the property of the modulus and GG— convexity of

’ .
’f ’ we can write

b~ af(a /f

Inb—1Ina

. f (b’a;> ’ dt + /01 (a'6>")
Inb—1Ina

. of @[ a | S |f (a)\ 40 %tdt}

el (MO el ] [ (2TE)

If we calculate the integrals above, we get the desired result. O
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Theorem 3. Let f: I C IR, = (0,00) — IR be a differentiable function on I°
where a,be I°with a < b ,and f € L]a,b).
x € [a,b], the following inequality

b) - af(a /f
< 202 iy @l o) wey? (2 (yir @ |q,¢|f'<b>|q)>é

holds where ¢ > 1 and 2 5+ % =1.

is GG— convex on [a,b] for all

;|9
Proof. From Lemma 1, using the property of the modulus, GG— convexity of ‘ f ‘
and Holder integral inequality, we can write

b~ af(a /f

_ L;m“ [ /0 (a>) | (v2a’s") |t + /O () | (asbz-t)‘dt]

lnb% </abbtpa<2—ﬂpdt> ' (/01 I (béa?;t)‘th);

IN

%1 , (2;t)q %
7 (@) dt)

+b? (/01 (Z:)tdt);</ol ¥ f'(b)’@;)q dt)é}.

If we calculate the integrals above, we get the desired result. [
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Theorem 4. Under the assumptions of Theorem 3, the following inequality holds:

b) - af(a /f
< B (o (Virw rawf'(b)q))é

% [(bp+l'_1ﬁ’_'b>})a2 If (a)| + (ap+1'_1Xl_‘l>I)b2 If (b)

p+1 p+1

] |

/4
Proof. From Lemma 1, using the property of the modulus, GG— convexity of ’ f ’
and Holder integral inequality, we can write
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b) - af(a / flu
1 1
mb*lna { btpdt) ( a1 |’ (béazzt)‘th)
0

(!
AL (vt
( :

Inb—1Ina lna / T e z
btpdt> a0 )| |y (a)‘ dt
0

+ </1atpdt>p (/ p2—ta B f (b)‘(zﬂ)é}.
0 0

By a simple computation we get the desired result.

f ()

O

Theorem 5. Under the assumptions of Theorem 3, the following inequality holds

b) - af(a /f
e CUEIRT) (L(aqwf'<a>|q,bqwf'<b>|q))‘l’

Proof. From Lemma 1, using the property of the modulus, GG— convexity of ‘ f ’

and Holder integral inequality, we can write

b) —af(a / flu
mb;m{</;dt>” </; e () )
th>é}

t q

! " ! tqr(2—t ! t,2-t
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If we calculate the integrals above, we get the desired result. O

Theorem 6. Under the assumptions of Theorem 3, the following inequality holds:

0 (0) ~ afta) ~ [ Flu)a
< lnb;na{(l’m;);a izt (/i @l eyir or)
e (52 i wint (@i o) } .

/19
Proof. From Lemma 1, using the property of the modulus, GG— convexity of ‘ f ’

and Holder integral inequality, we can write

b
bf(b) — af(a) - / f(w)du

2

nb—In ! v 1 , ta
< # </0 btdt) (/0 bta(2—t)q‘f (b)
( / 1 atdt)” ( / Lave-na|f @) ¥ |5 <b>1(1”"dt>“
0 0

If we calculate the integrals above, we get the desired result. O

Theorem 7. Under the assumptions of Theorem 3, the following inequality holds:

b
bi(b) — af(a) - / f () du

Inb—1Ina p
(251
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- 2

x(L(aH,b%ﬁ’))lﬁ L(ap I (a)|* +bP |f’(b)|q>>;.

)

/19
Proof. From Lemma 1, using the property of the modulus, GG— convexity of ’ f ’

and Holder integral inequality, we can write
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b) - af(a /f

- 1 sy N e 4
< 1nb21na{</ (bta2—t) dt> (/ (Bta®~") ’f (a)‘( )a £ ) dt>
0 0
1 24 1_% 1 ’ (%)q ’ %1 ‘
4 </ (G,tbzit) q—1 dt) / (atb27t)p f (b)’ f (Cl)
0 0
If we calculate the integrals above, we get the desired result. O

Theorem 8. Let f: I C IR, = (0,00) — IR be a differentiable function on I°
’ ;14

where a,be I°with a < b ,and f € Lla,b]. If ‘f ‘ is GG— convex on [a,b] for all

x € [a,b], the following inequality

b~ af(a / fu
< “’b% (o @+ 7 <b>) (200" (2 (oI @Foy/r <b>|q));

holds for ¢ > 1.

/4
Proof. From Lemma 1, using the property of the modulus, GG— convexity of ‘ f ’

and power-mean integral inequality, we can write

—af(a / flu
“”’?““{UJ ) ([ )
() (i e

b= In {a2<1—;> (/0 (b>dt> (/0 (b) ¥ o
e () ([ G

We get the desired result by a simple calculation. (I

f (a)

Remark 1. In Theorem 8, if we choose ¢ =1, Theorem 8 reduces to Theorem 2.
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