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INEQUALITIES FOR (m,M)-¥-CONVEX FUNCTIONS WITH
APPLICATIONS TO OPERATOR NONCOMMUTATIVE
PERSPECTIVES

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some inequalities for (m, M)-¥-convex
functions and apply them for operator noncommutative perspectives related
to convex functions. Particular cases for weighted operator geometric mean
and relative operator entropy are also given.

1. INTRODUCTION

Assume that the function ¥ : J C R — R (J is an interval) is convex on J and
m € R. We shall say that the function ® : J — R is m-W-lower convex if & — mW¥
is a convex function on J. We may introduce the class of functions [2]

(1.1) L(J,m, V) :={P:J — R|® —mT is convex on J}.

Similarly, for M € R and ¥ as above, we can introduce the class of M-U-upper
convez functions by [2]

(1.2) U, M, T):={P:J - RMT — P is convex on .J}.

The intersection of these two classes will be called the class of (m, M)-¥-convex
functions and will be denoted by [2]

(1.3) B(J,m, M, ¥) := L (J,m,®) NU(J,M,T).

If® e B(J,m,M,¥), then ®—m¥ and MU —P are convex and then (& — m¥)+
(MU — ®) is also convex which shows that (M —m) ¥ is convex, implying that
M >m (as ¥ is assumed not to be the trivial convex function ¥ (¢) =0, ¢t € J).

The above concepts may be introduced in the general case of a convex subset in
a real linear space, but we do not consider this extension here.

In [14], S. S. Dragomir and N. M. Tonescu introduced the concept of g-convex
dominated functions, for a function f : J — R. We recall this, by saying, for a
given convex function g : J — R, the function f : J — R is g-conver dominated
iff g+ f and g — f are convex functions on J. In [14], the authors pointed out a
number of inequalities for convex dominated functions related to Jensen’s, Fuchs’,
Pecari¢’s, Barlow-Proschan and Vasi¢-Mijalkovi¢ results, etc.

We observe that the concept of g-convex dominated functions can be obtained
as a particular case from (m, M)-U-convex functions by choosing m = -1, M =1
and U = g.

The following lemma holds [2].
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Lemma 1. Let ¥, ® : J C R — R be differentiable functions on JD7 the interior of
J and ¥ is a convex function on J.

(1) Form € R, the function ® € L (j,m, \IJ) iff
(1.4)  m[UE) =T (s) =V (s)(t—s)] < D(t) = D(s) — D' (5) (t— )

forallt,s € J.
(ii) For M € R, the function ® € U (j,M, \I/> iff
(1.5)  (t) =@ (s) = @' (s) (t =) < M[U(t) = V(s) =W (s)(t—s)]
for allt,s € J.
(ii7) For M, m € R with M > m, the function ® € B (j,m,M, \Il) iff both (1.4)
and (1.5) hold.
Another elementary fact for twice differentiable functions also holds [2].
Lemma 2. Let U, & : J C R — R be twice differentiable on J and U is convez on

J.
(1) For m € R, the function ® € L (Jo,m, \I/) iff

(1.6) m¥” (t) < & (t) for allt e J.
(ii) For M € R, the function ® € U (j,M, \I!> iff
(1.7) " (t) < MU" (t) forallte J.

(iit) For M, m € R with M > m, the function ® € B (j,m,M, \I/) iff both (1.6)
and (1.7) hold.

For various inequalities concerning these classes of function, see the survey paper
[5].
Let ® be a continuous function defined on the interval J of real numbers, B a
selfadjoint operator on the Hilbert space H and A a positive invertible operator on
H. Assume that the spectrum Sp (Afl/QBA’l/Z) C J. Then by using the contin-
uous functional calculus, we can define the noncommutative perspective Pg (B, A)
by setting

Po (B, A) := A2 (A‘1/2BA‘1/2) A2,
If A and B are commutative, then
Po (B,A) = A® (BA™Y)

provided Sp (BAfl) cJ.
It is known that (see [18] and [17] or [19]), if ® is an operator convex function
defined in the positive half-line, then the mapping

(B7A) - P<1> (BaA)

defined in pairs of positive definite operators, is convez.
In the recent paper [10] we established the following reverse inequality for the
perspective Py (B, A).
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Let @ : [a,b] — R be a convez function on the real interval [a,b], A a positive
invertible operator and B a selfadjoint operator such that

(1.8) aA < B <A,

then we have

(1.9) < b—a [® (a) (DA — B)+ ®(b) (B —aA)] — Pg (B, A)
< (bz :f |, (a) (bAUQ BA—1/2) (A—l/QB _ aAl/Q)
< 30— a) [# ()~ o (@) A

Let ® : J C R — R be a twice differentiable function on the interval .J , the
interior of J. Suppose that there exists the constants d, D such that

(1.10) d<®"(t)<Dforanyte.J.

If A is a positive invertible operator and B a selfadjoint operator such that the

condition (1.8) is valid with [a,b] C J, then we have the following result as well [11]
1

(1.11) 5d (bA1/2 - BA*”Q) (A*WB - aA1/2)

1
“b—-a

< L0 (b4 - Ba) (428 - aa1)

A

[® (a) (bDA— B)+ @ (b) (B —aA)] — Ps (B, A)

—

If d > 0, then the first inequality in (1.11) is better than the same inequality in
(1.9).

Motivated by the above results, in this paper we obtain some inequalities for
(m, M)-W-convex functions and apply them for operator noncommutative perspec-
tives related to convex functions. Particular cases for weighted operator geometric
mean and relative operator entropy are also given.

2. SCALAR INEQUALITIES FOR (m, M)-U-CONVEX FUNCTIONS

We have the following simple fact that has several particular cases of interest for
integrals and special means:

Proposition 1. Assume that the function ¥ : J C R — R is conver on J and M,
m € R with M > m. Then the function ® : J— R belongs to B(J,m, M, ¥) if and
only iff it satisfies the double inequality

(2.1) m[(1—v)¥(a)+ vV (b) — ¥ ((1 —v)a+vd)]
<A-v)®(a)+vd () —P((1—-v)a+vb)
<SM[(1=v)T(a)+vT(b) — ¥ ((1-v)a+vd)

for any a,b € J and any v € [0,1].

Proof. We have that ® € B(J,m,M,V) iff & — m¥ and MV — & and by the
definition of convexity, this is equivalent to (2.1). O
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Corollary 1. Assume that the function ¥ : J C R — R is convex on J and M,
m € R with M > m. If the function ® : J— R belongs to B(J,m, M, V), then for
any a,b € J with a < b we have the inequalities

0 m[(bt)\ll(aziréta)‘l’(b)\p(t)}
UL LICEICLLIURPY
SM{(bt)\IJ(a;irita)‘I’(b) \I,(t)}

and

0 m[(t—a)\lf(ab)j—éb—t)‘l’(b)_\I,(a+b_t)}

. (t—a)d)(ab)j-;b—t)q)(b) D (atb—t)
SM[(b—t)\I'(a;i—c(lt—a)‘I’(b) _\I,(Hb_t)]

for any t € [a,b].
In particular, we have

(2.4) m[wq,(a;bﬂ @) (I)(a+b)

for any a,b € J.
Proof. The inequality (2.2) follows by (2.1) on taking v = =2 € [0,1] while (2.3)

b—a
follows by (2.1) on taking v = &=t € [0, 1]. O
Remark 1. By adding the inequalities (2.2) and (2.8) and dividing by 2, we get
v v v v —
(2.5) m{ (@) +¥ (@) V(E)+¥(atbd t)]
2 2
< Pa) +2(b) 2(t)+P(at+b—1)
- 2 2
<M [\I/(a)—Qf—\If(b) B \If(t)+\112(a+b—t)]

for any t € [a,b].
If we replace in (2.4) a byt and b by a + b —t we get

(2.6) [¥@+¥a+b—t) o (ath
<[<I>(t)+‘1>(i+bt) @(Ejb))]
< 5 !
SM[\II(t)+\I'2(a+b—t) _‘I’<a;bﬂ

for any t € [a,b].
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We have the following Hermite-Hadamard type result:

Theorem 1. Assume that the function ¥ : J C R — R is convexr on J and M,
m € R with M > m. If the function ® : J— R belongs to B(J,m, M, V), then for
any a,b € J, b # a we have the inequalities

(2.7) ‘I’(“);\P(b)—bia/:qf(t)dt]
<¢(a>;¢(b)_b1a/ab¢(t)dt
<M ‘If(a);ﬁ/(b)_bia/ab\p(t)dt}

and

(2.8) m[biafwwdtqf(“;b)
gbia/abq)(t)dt—@<a;b>

<M[b1a/ab\11(t)dt—\lf(a;b)

Proof. If we integrate the inequality (2.1) over v € [0,1] and use the change of
variable t = (1 — v) a + vb, v € [0,1] we get the desired result (2.7).
From the inequality (2.1) we have

o n[H (12« P00 (1)

2 2 2 2

SM[xp(s)gw) _\D(s;—t)]

for any s,t € J.
If we take in (2.9) s = (1—v)a+vband t = (1 —v)b+ va with a,b € J and
v € [0,1], then we get

(2.10) m[‘l’((l”)a+%);‘1’((1V)b+ua)_qj<a;b>}
- [@((1—u)a+ub)—;—d)((l—z/)lﬂ—ua) _@(a;bﬂ
<M[\Il((l—V)a—l—ub)—;—\ll((l—u)b—&—ya) _qj(a;—b)}

for a,b € J and v € [0,1].
If we integrate the inequality (2.10) over v € [0, 1] and use the fact that

/1\11((1—V)a+yb)du:/1\D((1—y)b—|—ua)du

b
= [ fwa

then we get the desired result (2.8). O
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Theorem 2. Let ¥, ® : J C R — R be differentiable functions on J and ¥ is a

convex function on J. If the function ® : J— R belongs to B(J,m,M, V), then
for any a,b € J, b # a we have the inequalities
a+b_s
2

< bia/abmwdt—@(s)—cb'(s) (a;b_s)

/abqf(t)dt—\y(s)—qﬂ(s)(a;b—sﬂ

/ab\I/(t)dt—\IJ(s)—\Il’(s)<

(2.11) m [b—a

b—a

o]

for any s € J and

— a —a b
012w ;(www)(b tiff()(t >>_bia/a \I'(s)ds]
— a —a b
g;(@(tﬂ—@(b)(b t?:f( ) (¢ ))_bia/a P (s) ds
_ a —a b
. ;(\P(tH\y(b)(b t?:;lf( ) (t ))_bia/a \If(s)ds]
for any t € J.

Proof. Since ® € B(J,m, M, ¥), then by Lemma 1 we have

(213)  m[T(t) =W (s)— U (s)(t—s)] < D(t)—D(s)— D (s)(t—s)

<
S MU () =W (s) =¥ (s) (t— s)]

for all s € J and t € J.
Let a,b € J, b # a. The integral mean ﬁ f; is a linear positive functional.
Now, by taking the integral mean over ¢ in (2.13) we get

b b
m[bia/ U (t)dt — W (s)— ¥ (s) (bia/ tdt—s)}
< bia/bé(t)dt—Q(s)—cb’(s) <b_1a/btdt—s>
M[b_la/bllf(t)dt\ll(s)@’(s) (bia/btdts>]

for any s € j, that is equivalent to (2.11).

IN
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Now, if we take the integral mean in (2.13) over s we get

b b
\Il(t)—ﬁ \I/(s)ds—ﬁ/ \II'(S)(t—s)ds]

<Pt —7/ ds——/@’ ) (t—s)ds

\I/()—bia/ \Il(s)ds—bia/ qﬂ(s)(t—s)ds]

(2.14) m

<M

for any t € J.
Observe that, integrating by parts we have

b b
/\Il’(s)(t—s)ds:\IJ(S)(t—s)|Z+/ U (s) ds
a a b
:\IJ(b)(t—b)—\Il(a)(t—a)—i—/  (s)ds
‘ b
:—\Il(b)(b—t)—\ll(a)(t—a)+/  (s) ds,

which implies that

1 b
\Il(t)—b_a/\lf 5—7/ U’ (s)(t—s)ds

:\I,(t)+‘1/(b)(b—t2)4:a‘1’( a)(t —a) 7bfa/ W (s) ds

and a similar equality for ®.
By (2.14) we get then the desired result (2.12). O

Remark 2. If we take s = “£° in (2.11) then we recapture the inequality (2.8).
The same choice fort in (2.12) produces the inequality

1 a+b\  U(a)+ T (b) 1

— (WP — v

2< <2>+ 2 b—a/a (s) ds

1 a+b\ () +P(a) 1

2<<I>< 5 >+ > fb_a/aq)(s)ds

1 a+b\  U(a)+ (b 1t

2(@( 5 >+ 2 —b_a/a\ll(s)ds .
Remark 3. If the function ® € B(J,m, M, ¥), then ® = m¥ + g with ¥ and g
are convez functions, implying that ® is differentiable everywhere except a count-
ably number of points in J and the inequality (2.13) holds for almost every s € J

and every t € J. Making use of a similar argument as above we conclude that the
inequality (2.12) holds without the differentiability assumption.

(2.15)

IN

<M

3. INEQUALITIES FOR PERSPECTIVES

‘We have:
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Theorem 3. Let @ : J — R be a convex function on the interval of real numbers J,
M, m € R with M > m and the function ® : J— R that belongs to B (J, m, M, ¥).
If A is a positive invertible operator and B is a selfadjoint operator such that

(3.1) aA < B<bA

with [a,b] C J for some real numbers a < b, then we have the inequalities

32 m { L 19 (a) (bA = B) + U () (B — ad)] — P (B, A)]

[® (a) (bDA— B)+ @ (b) (B —aA)] — Pg (B, A)

<M{bia[‘I’(a)(bA—B)—s—\I/(b)(B—aA)}—PW(B,A)}

33  m [bl\y (a) (B — ad) + W (b) (bA — B) — Poars_ (B, A)}

® (a) (B — aA) + & (b) (bA — B) — Po(ars_ (B, A)

sM [b i ~U (a) (B —ad) + ¥ (b) (bA = B) = Py(atb-) (B,A)] ,

where
Paass— (B, A) = AY20 (4712 [(a +b) A — B A71/?) 412

and a similar expression for V.
Moreover, we have

(3.4) m [‘I’ (a) -QF v) , Pu (B,A) + P;<a+b,.) (B, A)]

< [ (a) + & (b)A _ Pao (B, A) + P<I>(a+b—.) (B, A)

- 2 2

<M |:\If (a) + ¥ (b)A _ Py (B, A) + Pw(atv—) (B,A)}
< 5 5 .

Proof. Using the continuous functional calculus, for any selfadjoint operator X with
Sp (X) C [a,b] we have from (2.2) that

35) . P(a) (bI—XZ:L;p(b) (X — al) \IJ(X)}
. @(a)(b[—Xgi—;I)(b)(X—aI) e (x)
oy [\y(a)(bf—xgj;y(b)(x—af) \IJ(X)]

in the operator order.
If (3.1) holds, then by multiplying both sides with A~'/? we get

al < A7V2BAY2 <l
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and by writing the inequality (3.5) for X = A~/?2BA~/? we get

m {b i - [q/ (a) (bf - A*1/2BA’1/2> + (D) (A*1/2BA*1/2 - aI)]

~w (a72pA712)]

< ! [@ (a) <b[ - A*1/2BA*1/2> + B (b) (A*I/QBA”/Z - aI)}

—a

—® (A‘l/QBA‘1/2>

<M { [\If (a) (b[ - A*l/QBA*/?) + 0 (b) (A*WBA*I/2 - aI)}

b—a
_v (A’1/2BA’1/2>]

that can be rewritten as

(3.6) m {b i a {\If (a) A"Y2 (bA — BY A~Y2 4 W (b) A"Y2 (B — aA) A*W]
- A*1/2BA71/2)}
<3 i a {<I> () A7V2(bA -~ B) A2 + & (b)) A™V/2 (B - aA)A*l/Q}

~ @ (a712BA1)

<M [bqu (@) A"Y2(bA—BYA™Y2 4+ U (b)) A™YV/2 (B — ad) A71/?

v (A*l/QBA*I/Q)} .

If we multiply (3.6) both sides with A2 we get the desired result (3.2).
The inequality (3.3) follows in a similar way from (3.3) and we omit the details.
If we add (3.2) and (3.3) and divide by 2 we get (3.4). O

Theorem 4. Let U, ® : J C R — R be continuously differentiable functions on J
and ¥ is a convex function on J. If the function ® : J— R belongs to B (J, m, M, ¥),
A is a positive invertible operator and B a selfadjoint operator such that the con-
dition (3.1) is valid with [a,b] C J for some real numbers a < b, then we have the
inequalities

1 b
(3.7) m [(b— a/ U (t) dt) A—"Py (B, A) *P\I’/(_)(QTH)i') (B, A)

b
< (bia/a @ (1) dt) A= Po (BA) =Py (22 (B 4)

)

—a 2

b
<M [(b 1 /a \Il(t)dt> A—Py (B’A)_P\p/(.)(m,,) (B, A)

where

b
Pas(etey (B, A) = AV (A*I/QBA*I/Q) A2 (“;A _ B>
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and a similar expression for .

Proof. Using the continuous functional calculus, for any selfadjoint operator X with
Sp (X) C [a,b] we have from (2.11) that

38) m Kb_la/abq/(t)dt> [0 (X)W (X) (“‘2”’1_)()]
< (lj_la/ab<l>(t)dt>l—<b(X)—<I>’(X)(a;bI—X)

gM[(b1@/;\1/(75)&)1—\1/()()—\1/()()(“;bf—x)].

If we write the inequality (3.8) for X = A~1/2BA~1/2 we get

(3.9 m

(bla/b\y(t)dt) I—-v (A—l/QBA—l/Q)

! (Afl/QBAfl/Q) (a ; b[ _ AI/QBA1/2>:|

< (2 /bcb(t)dt 1-@(a12BA12)
“\b—al/,

_ (A—1/2BA—1/2) (a—2|—bI _ A—1/2BA—1/2>

(bia /b 0 dt) I-w(a712pA712)

' (A’I/QBA’I/Q) (a + bI B A1/2BA1/2>} .

<M

2

If we multiply (3.9) both sides with A2 we get the desired result (3.7). O

We also have:

Theorem 5. Let ® : J — R be a convex function on the interval of real numbers J,
M, m € R with M > m and the function ® : J— R that belongs to B (J,m, M, V).
If A is a positive invertible operator and B is a selfadjoint operator such that the
condition (3.1) is valid with [a,b] C J for some real numbers a < b, then we have
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the inequalities

(3.10) n{;(nﬂ3¢n+bi@mumwA—By+wmuB—am0
1 b
_<ba/a \IJ(s)d8>A
gé(nﬂ3¢g+i@@ﬂwu4%+@mx3_am0
1 b
_<b—a/a @(s)ds)A
gﬂfﬁ(pﬂ3¢o+mww@A_By+mmﬂB_am0

The proof follows in a similar way as above by employing the scalar inequality
(2.12) and we omit the details.

4. APPLICATIONS FOR POWER FUNCTION

Let p € (—00,0) U (1,00) and ® : J C (0,00) — R be twice differentiable on .J
and such that for some v, I' we have

(4.1) yaP~2 < @ (2) < TaP~2 for any x € J.

We observe that the functions & — p(p'll)ﬁ’ and p(plll)ép — & where ¢ is the identity

function, i.e. £(t) = t, are convex functions on J. Since ¥ := (7 is also a convex

function, it follows that ® € B (J,m, M, ¥) with m = ﬁ and M = p(plil).
If we use the inequality (2.1), then we have the inequality
v P
4.2 —— [ =v)d? + v’ — (1 —v)a+vd
(4.2) p(p—-U[( ) (1=v) )]
<(1=v)®P(a)+vP () —P((1—v)a+vd)
Tr
<——  [(1=-v)a? +vb? — ((1 =v)a+ vb)?
p@*UK ) (1=w) )]
for any a,b € J and v € [0,1].
If we take p = 2 in (4.2), then we get
(4.3) g(l—y)y(b—a)2 <1=v)®P(a)+vP () —P((1—v)a+vd)

r
giﬂ—my@—QQ
for any a,b € J and v € [0, 1], provided ® is twice differentiable and

(4.4) v < ®" (2) <T for any = € J.

We observe that inequality (4.3) is a particular case of inequality (2.7) from [3],
for n =2, py = v, po =1 — v and when the inner product space H reduces to R.
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It has been obtained in this form recently in [1] by an interesting two variable
functions analysis argument and in [7] by a convexity argument similar to the one
from above.

If ® is twice differentiable and

(4.5) vz =3 < ®" (x) < Tz >for any z € J,

then by taking p = —1 in (4.2) we get

(4.6) %[(1—1/)(1_1 Fubl o ((l—z/)a-i—yb)_l]
<Q-v)®(a)+v®(b)—2((1—v)a+vb)
< g {(1 —v)a bt = (1 —v)a+ ub)fl}

for any a,b € J and v € [0,1].
Upon appropriate calculations, we have the following equivalent inequality

(b—a)’
ab[(1—v)a+ vb] <(1-v)®(a)+ve(b) —2((1-v)a+rvd)

(4.7) % 1-v)v

r (b—a)?
< —(1-
_2( V)Vab[(l—u)a—i—ub]
for any a,b € J and v € [0,1].
Since
min {a,b} 1 < 1 < 1 _ max{a,b}
ab - max{a,b} =~ (1-v)a+vb ~ min{a,b} ab

then by (4.7) we have the simpler, however coarser inequality

(4.8)

IN

1-v)®(a)+v®(b)—®((1—-v)a+vb)

N2

(1= v)vmin{a, b} (1_2)

(1 — v)vmax {a, b} (Lll a 117)2

IN

r
2

for any a,b € J and v € [0,1].
Let ¢ € (0,1) and @ : J C (0,00) — R be twice differentiable on J and such that
for some 7, I' we have

(4.9) 172 < ®" (z) < T2 for any z € J.
Since ¥ := —/7 is a convex function and
Y Y
o - —— () =D — ——— 1
q(lfq)( ) q(¢g—1)
and
T T

()b = —— (1 O,

Q(1*Q)( ) q(qg—1)
it follows that ® € B(J,m, M, V) with m = q(l’y—q) and M = q(Tr_l).
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By using the inequality (2.1) we have

v 9 (1_ ) a? — bl
(4.10) m[((l—u)a—kub) (1-v) Y]
<Q-v)®(a)+v® (D) —P((1-v)a+vd)
r T—(1-v)a?—vb?
Sm[((l—wa"‘”b) (1-v) b]

for any a,b € J and v € [0,1].
If we take ¢ = %, then we have

(4.11) 4y [\/(1—V)a+ub—(1—y)\/§fux/l;]

<1-v)®(a)+v® () —2((1—-v)a+wvb)

g4r[\/m—(1—u)\/a—m/5}

for any a,b € J and v € [0,1].
For positive x # y and p € R\ {—1,0}, we define the p-logarithmic mean (gen-
eralized logarithmic mean) Ly(z,y) by

yPHl — gptl 1/p
bn= [
: (P+1)(y — )
In fact the singularities at p = —1, 0 are removable and L, can be defined for
p = —1, 0 so as to make L,(z,y) a continuous function of p. In the limit as p — 0
we obtain the identric mean I(x,y), given by
1/(y—x)
1 [yY
4.12 I(z,y):== | & 7
(1.12) @ =1 (L)
and in the case p — —1 the logarithmic mean L(z,y), given by
y—
L ="
(z,9) Iny —Inz

In each case we define the mean as z when y = z, which occurs as the limiting
value of L,(z,y) for y — .

We define the arithmetic mean as A (z,y) := %, the geometric mean as
G (z,y) := /7y and the harmonic mean as H (z,y) = A~ (271, y71).

Let p € (—00,0) U (1,00) and ® : J C (0,00) — R be twice differentiable on .J
and such that for some v, I we have the condition (4.1). Then by (2.7) and (2.8)
we have

a b
(4.13) Iﬁ [A(a?,bP) — LE(a,b)] < 2 );L(I’(b) - bia/a O (1) dt
< zﬁ [A (a?,bP) — LE(a,b)]
and
b a
(4.14) ]ﬁ [L2(a,b) — AP (a,b)] < bia/a @ (t) dt—<I>< ‘2”)>

_
p(p—1)

IN

[Lb(a,b) — AP (a,b)] .
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From (2.15) we have

Y 1 ?(q aP — LP(a
(4.15) m |:2 (A ( 7b)+A( 7bp)) Lp( 7b)]

S;(@<a;b>+©(b);@(a)) bia/ab‘b(s)ds

L [1 (AP (a,b) + A(a”, 1)) — LE(a, bﬂ -

Tplp—1) |2
If we take p = 2 in (4.13)-(4.15) then we get
1 s ®(a)+®(b) 1 /b 1 2
. —~b—a)< — < —T(h—
(4.16) 127(() a)’ < 5 e O (t)dt < 12F(b a)’,
1 2 1 b a+b 1 2
. —~(b—a)? < —— - < —T(b—a).
(4.17) 247(1) a) <r—a a@(t)dt <I>< 5 )_24F(b a)
and
1 s 1 a+b\ @)+ (a) 1 /b
. —n(b—a) <= -
(4.18) 487(17 a) _2(<I>< 5 )-I— 5 T D (s)ds
1 2
< _
*48P(b a)’,

provided ® is twice differentiable and satisfies condition (4.4), see also [5].
If ® is twice differentiable and the condition (4.5) is satisfied, then by taking
p=—11in (4.13)-(4.15) we get

(4.19) 1 L(ab)—H(ab) _@(a)+2(b) 1 /bq)(t)dt

27 L(a,b)H (a,b) = 2 b—a

L(a,b) — H (a,b)
L

1 )
=2 L(a,b)H (a,b) ’

a — a b a
(4.20) ;A(’b) L((l’)b)g ! /cp(t)dt@( “’)

and

(4.21)

IN

DN | =
RS

A
RS

IS}

~ [\-)_i_

IA
[
=

4 Al(a,b) L(a,b) H (a,b)
Assume that A, B are positive invertible operators on a complex Hilbert space
(H,{-,-)) . We use the following notations for operators [28]

AV, B :=(1-v)A+vB,
the weighted operator arithmetic mean and

Af, B = A'/? (A‘1/2BA—1/2) CAv2,
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the weighted operator geometric mean, where v € [0,1]. When v = % we write
AV B and A$B for brevity, respectively.

The definition Aff, B can be extended accordingly for any real number v.

The following inequality is well as the operator Young inequality or operator
v-weighted arithmetic-geometric mean inequality:

(4.22) At,B < AV, B for all v € [0,1].

For recent results on operator Young inequality see [1], [15]-[24], [25] and [33]-
[34].

Let p € (—00,0) U (1,00) and @ : J C (0,00) — R be twice differentiable on J
and such that for some v, I" we have the condition (4.1). If we use the inequalities
(3.2), (3.7) and (3.10) we have the positive invertible operators A and B that satisfy
the condition

aA < B<0bB
for some 0 < a < b, that
gl 1 » 3 Al —

(4.23) m {ba [a? (bA — B) + b (B — aA)] AﬂpB]

< bia [® (a) (bA — B) + ® (b) (B — aA)] — Py (B, A)

r 1 , B b (B )
_p(p—l){b—a[a (bA — B) + P (B — aA)] AﬁpB},
il P(q _ _ at+b. 4

(4.24) i —1) {Lp( ,b)A — A,B — p(A,—1B) ( 5 I-A B)}

b

L P(a _ _ a+b a1
<7 [Lp( DA Az,B p(AﬁplB)( "oroa B)},
and
v [l 1o .
(4.25) p(p—l){? <AﬁpB+b_a[b (bA — B) +a? (B A)])
—Lb(a,b)A]

_ (bia/abcb(s)ds>A

I 1 1 ) - . »
<o [ (B, P 0A-B) 4@ (5 - ad))
—Lg(a,b)A} .

< % <7>q, (B, A) + % (@ (b) (bA — B) + @ (a) (B — aA)]>
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Let g € (0,1) and @ : J C (0,00) — R be twice differentiable on J and such that
for some ~y, I' we have the condition (4.9). Then

gl L oapa— 1(B—a
(4.26) e [AﬁqB [t (bA - B) + b7 (B A)]}
< b% (@ (a) (bA — B) + ® (b) (B — aA)] — P (B, A)
r L _—
<o {Aan [t (b4~ B) + b (B A)]}
Y a+ b —1 (g
a2 s [AﬁqB ~ ¢(A#,.B) ( I—A B> Ly J))A}

b
< <bia/a (D(t)dt)A—P@ (B’A)—P¢/(.)(a7+zn,_) (B, A)

< o [ -

a+b
2

I— AlB) — L¥(a, b)A] ,

and

v a(g
(4.28) PICE=T) [Li(a,b)A

1 1
-3 (Aqu+ ;

—a

(b7 (bA — B) +a? (B — aA)])}

~ (bia/abcp(s)ds>A

<
“q(l-q)

1 1
-3 (Aqu+ ;

—a

< % (7?@ (B, A) + % (@ (b) (bA — B) + @ (a) (B — aA)])

[Lg(a, b)A
b (bA— B) 4+ a% (B — aA)]):| ,

for positive invertible operators A and B that satisfy the condition (3.1).

5. APPLICATIONS FOR LOGARITHM

Let ® : J C (0,00) — R be twice differentiable on .J and such that for some 4,
A we have

(5.1) 6272 < ®" (x) < Az% for any z € J.

We observe that the functions ® — § (—1In) and A (—1In) — ® are convex functions
on J. Since ¥ := —In is also a convex function, it follows that ® € B (J,m, M, V)
with m = § and M = A.

We define the weighted arithmetic mean and geometric mean as follows

A, (a,b) = (1 —v)a+vband G, (a,b) :=a'~"b"
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If we use the inequality (2.1) we have
A 6
(5.2) In (,,(a,b)) <1=v)P(a)+vP(b)—P((1 —v)a+vd)

G, (a,b)
<n(Fen)

for any a,b € J and any v € [0,1].
From (2.7) and (2.8) we have

(5.3) 1H<CI;((C;:Z;))>5 . q)(a);rcb(b) - bia/ab<1>(t)dt§1n (é(((;’%)A

and
(54) In <;1((Z,’£))>6 < bia /abcb(t) dt — @ (a;b> <In <?((s:)))M
From the inequality (2.15) we have
5
(5:5) m( Aé,(Z{Z(a, b))
- % (q) (a;—b) N @(b);é(a)) _ bla/ab@(s)ds

A
<In < I(a.b) )
B A(a,b)G (a,b)

For similar results see [5].
Kamei and Fujii [20], [21] defined the relative operator entropy S (A|B), for
positive invertible operators A and B, by

(56) S(A|B) = A (ma~iBa}) Al

which is a relative version of the operator entropy considered by Nakamura-Umegaki
[32].

For some recent results on relative operator entropy see [12]-[13], [26]-[27] and
[29]-[30].

Consider the logarithmic function In. Then the relative operator entropy can be
interpreted as the permanent of In, namely

P (B,A) =S (A|B).

If we use the inequalities (3.2), (3.7) and (3.10) we have the positive invertible
operators A and B that satisfy the condition aA < B < bB, then we have

(5.7) 5 [s (A|B) —
1

gA[S(AB)—bl

—Qa

bia [lna(bA—B)—i-lnb(B—aA)]}

<

[® (a) (bA— B) + @ (b) (B —ad)] — Ps (B, A)

[lna(bA—B)+1nb(B — aA)]} )
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a+b
2

(5.8) ) [S (A|B) + AB™'A - lnI(a,b)A—A}

b

<A {s (A|B) + “T“’AB*A —InI(a,b)A— A}

and

(5.9) d[InT(a,b)A
—% (S(A|B) ot Inb(bA - B) —l—lna(B—aA)])}
<L (7:@ (B, A) + bia [ (b) (bA — B) + @ (a) (B—aA)])

1 (S (AIB) + 7= [Inb(bA - B) + na (B — “A”ﬂ '

b—a

Let @ : J C (0,00) — R be twice differentiable on J and such that for some 0,
O we have

(5.10) 027 <@ (2) <Oz for any z € J.

We observe that the functions & — 0¢In and ©¢In —® are convex functions on J,
where £ is the identity function £ (t) = t. Since ¥ := {In is also a convex function,
it follows that ® € B(J,m, M, ¥) with m =0 and M = ©.

If we consider the entropy function 7 (t) = —tInt, then it is well known that for
any positive invertible operators A, B we have

(5.11) S(A|B) = BY?y (B*I/QAB*W) BY2,

The function f (¢t) = tlnt = —n(t), ¢ > 0, is convex, then the perspective of this
function is

Pl (B, A) = A2 (ATVZBAT2) 412 = =5 (B|4),
where for the last equality we used (5.11) for A replacing B.

From the inequality (3.2) we have, for the convex function ¥ (¢) = tInt¢, ¢ > 0
that

(5.12) 0[ 1a[alna(bA—B)+blnb(B—aA)]—I-S(BA)}

S

1

IN

IN
O <

. [® (a) (bA— B) + @ (b) (B — ad)] — Ps (B, A)

[bla lalna (bA — B)+blnb (B — ad)] —I—S(BA)}
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provided that ® : J C (0,00) — R is twice differentiable on J and such that the
condition (5.10) holds while the operators A, B satisfy the condition (3.1) with
[a,b] C J.

Similar inequalities can be stated by utilizing the results in (3.7) and (3.10),
however the details are not presented here.
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