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SOME ¢-ANALOGUES OF HERMITE-HADAMARD INEQUALITY
OF FUNCTIONS OF TWO VARIABLES ON FINITE
RECTANGLES IN THE PLANE

M. A. LATIF!, S. S. DRAGOMIR2, AND E. MOMONIAT?3

ABSTRACT. Preliminaries of g-calculus for functions of two variables over fi-
nite rectangles in the plane are introduced. Some g-analogues of the famous
Hermite-Hadamard inequality of functions of two variables defined on finite
rectangles in plane are presented. A gig2-Holder inequality for functions of
two variables over finite rectangles is also established to provide some quan-
tum estimates of trapezoidal type inequality for functions of two variables
whose q1g2-partial derivatives in absolute value with certain powers satisfy
the criteria of convexity on co-ordinates.

1. INTRODUCTION

Quantum calculus or g-calculus is the study of calculus without limits. In the
eighteenth century, Euler initiated the study g-calculus by introducing the ¢ in
Newton’s work of infinite series. Many remarkable results such as Jacobi’s triple
product identity and the theory of g-hypergeometric functions were obtained in the
nineteenth century. In early twentieth century, Jackson [7] has started a symmetric
study of g-calculus and introduced g¢-definite integrals. The subject of quantum cal-
culus has numerous applications in different areas of mathematics and physics such
as number theory, combinatorics, orthogonal polynomials, basic hypergeometric
functions, quantum theory, mechanics and in theory of relativity. This subject has
received exceptional consideration by many researchers and hence it has appeared
as an interdisciplinary subject between mathematics and physics. Interested read-
ers are referred to [4, 5, 8] for some recent developments in the theory of quantum
calculus and theory of inequalities in quantum calculus.

Theory of inequalities and theory of convex functions have been observed to
be profoundly dependent on each other and consequently a vast literature on in-
equalities has been produced by a number of researchers by using convex functions,
see [1, 2, 6]. The following result has been extensively studied during the past
three decades which provides a necessary and sufficient condition for a function
f: I CR— R to be convex on [a,b], where a, b € I with a <b

(1.1) f(a;b)gbia/abf(as)dxgw.
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The inequalities in (1.1) are known as Hermite-Hadamard inequalities. Tariboon et
al. [16, 18] introduced the concept of quantum derivatives and quantum integrals
on finite intervals and developed various quantum analogues for Holder inequal-
ity, Hermite-Hadamard inequality and Ostrowski inequality, Cauchy-Bunyakovsky-
Schwarz, Griiss, Griiss-Cebysev and other integral inequalities using classical con-
vexity. Most recently, Noor et al. [12, 13, 14] and Zhuang et al. [20] have con-
tributed to the ongoing research and have developed some integral inequalities
which provide quantum estimates for the right part of the quantum analogue of
Hermite-Hadamard inequality through g-differentiable convex and g-differentiable
quasi-convex functions. Motivated by the recent progress in the field quantum cal-
culus, our aim is to further develop this theory for functions of two variables and
to provide some quantum analogues of Hermite-Hadamard inequality of functions
of two variables over finite rectangles. At the next step, we will also provide some
quantum estimates for the right part of the g-analogue of Hermite-Hadamard in-
equality of functions of two variables by using convexity and quasi-convexity on
co-ordinates of the absolute value of the ¢;¢o-partial derivatives.

2. PRELIMINARIES

In this section we recall some g-calculus essentials over finite intervals and intro-
duce some results of quantum calculus over finite rectangles from the plane.

Let J = [a,b] C R be an interval and 0 < ¢ < 1, ¢g-derivative of a function
f:+J —=Rat apoint x € J is given in the following definition.

Definition 1. [16] Let f : J — R be a continuous function and let x € J. Then
q-derivative of f at x is defined by the expression

fx)—flgz+ (1 —q)a)
T-g@-a
Since f:J — R is a continuous function, thus we have oDyf (a) = lim Dy f (z).
r—a
The function f is said to be q-differentiable on J if oD, f (x) exists for all x € J.
If a = 0 in (2.1), then ¢Dyf (x) = Dyf (), where D, f (x) is the well-known g-
deriwative of f defined by the expression
flgx) — f(2)
(l-qz '

For more details on q-derivative given above by (2.2), we refer the reader to [8].

(2.1) JDyf (&) = v #a

(2.2) Dof () = x #0.

Definition 2. [16] Let f : J — R be a continuous function. A second-order q-
derivative on J denoted by aDgf, provided Dy f is q-differentiable on J, is defined
as oD}f = oDq(aDgf) : J — R. Similarly higher order q-derivatives on J is
defined by oDy [ = oDy (aDg’lf) :J = R.

The following result is very important to evaluate ¢g-derivative of monomials.

Lemma 1. [16] Let o € R and 0 < ¢ < 1, we have

aDg(x —a)® = (1_qa> (x—a)* ",

1—¢q

One can find further properties of g-derivatives in [19].
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Definition 3. [16] Suppose that f : J — R is a continuous function. Then the
definite g-integral on J is defined by

(2.3) /f dz= (- a)(1- )3 a"F (¢ + (1 - ¢")a)

n=0
forxz e J. If c € (a,x), then the definite g-integral on J is defined as

[t = [ f@de [ 5@,

=@@—a)(1-9)) ¢"f("z+(1-q")a)

n=0

+(c—a) quchrl—))

n=0
If a =0 in (2.8), then we get the classical q-definite integral defined by (see [4])

/f 0dez =(1—-q)x Zq”qu ,x € [0,00).

n=0
The following results hold about definite g-integrals.

Theorem 1. [19] Let f : J — R be a continuous function. Then
aDq [ | )y dgt = f ()
fc aqu(t)dt— (@) = f(c), c€(a,).

Theorem 2. [19] Suppose that f,g : J — R are continuous functions, a € R.
Then, for xz € J,

(1) N [f(t) dt—fmf dqt+f;”g<t)adqt;
2) [ a dt—af ft
(f f) g(t), dt—f() |:—f;”g<qt+(1—q)a)aqu(t>adqt,ce

The following is a valuable result to evaluate definite g-integrals of monomials.

Lemma 2. [16] For o € R\ {—1} and 0 < ¢ < 1, the following formula holds:

‘ «@ 1- q a+1
/a (Jf - a) adqﬂf = (1_qa+1> (Z‘ — CL) :

We will also use the following definite g-integrals to prove our results.
Lemma 3. [16] Let 0 < g < 1, the following hold
q(1+49+¢?)
(1+q+¢*) (1+9)"
q (1 +3¢° + 2q3)
(1+4¢+¢*) (1+09)°

1
A, ::/ 1= (14 )t odyt =
0

1
v, ;:/ (=)l = (1+q)t| odgt =
0

and

2q
(1+q)*

In what follows we introduce g-partial derivatives and definite g¢-integrals for
functions of two variables.

1
. :/ 1= (14 )t odyt =
0
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Definition 4. Let f : [a,b] x [¢,d] C R? — R be a continuous function of two
variables and 0 < q1 < 1, 0 < g2 < 1, the partial q;-derivatives, gz-derivatives and
q1q2-derivatives at (x,y) € [a,b] X [¢,d] can be defined as follows

aalhf (x’y) _ f (qlm + (1 - ql)a’y) — f (xvy)

O 00— a) S
Canf(x,y) o f(x,q2y+(lfq2)c)ff(z,y)
Opy (1-gq2)(y—c Y7o
and
a,cagthf(x7y) o 1

R A e I T I R A
—flar+ (A -q)ay) - f(@ey+ 1 -g)o)+ f(@y)],z#ay#c
The function f : [a,b] X [c,d] € R? — R is said to be partially q1-, q2- and q1qo-
differentiable on [a,b] x [c,d] if "’aqlf(z’y), Da J(@0) g 00,0 (20) exist for all

aOqy @ cOq2y aOqy Te Ogpy

(x,y) € [a,b] X [¢,d]. We can similarly define higher order partial derivatives.

Definition 5. Suppose that f : [a,b] x [¢,d] C R?> — R is a continuous function.
Then the definite q1qa-integral on [a,b] X [c,d] is defined by

ey | ' / " f (@09), dy Tedayy = (2 — a) (y — ) (1 — 1) (1 — @2)

X YD atasf (gte+ (1—qf) a,q5y + (1 — ") c)

m=0n=0

for (z,y) € [a, [e,d]. It is clear from (2.4) that

//ffﬂy dqlxaqzy—//fxy dg>Yadg

If (x1,y1) € (a,z) X (¢,y), then

(2.5)
Yy x Yy x Yy 1

/ / f(xay)a dqlxadqzy :/ / f(xvy)a dlhxad%y_/ / f<x7y)a dglxadlhy
Y1 J 21 y1 Ja y1 Ja

Y T Y1 x

:/ / f($7y)a dl]lxadqzy_/ / f(‘r’y)a d‘]lxad@y
c a y o c a " -
[ ey [ 1@, dynady

From (2.5), we also note that

/cy /awf(x,y)a dqlxcdqu:/cy (/jf(x,y)a dqlx) odany
= [ ([ 1) atr

The following theorems hold for definite ¢;g2-double integrals.

Theorem 3. Let f : [a,b] X [¢,d] CR? — R be a continuous function. Then
(1) 8q1rzl qqzzy fyf f(t:8) adg,tedg,s = [ (2,y)
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fyfmw dg, tedg .5 = [(z,y)

8q1t gy 8
T a, Laq ,q ( )
(3) yylle W dgtedg,s = f(x,y) — f(z,y1) — f (w1, 9) + f (21, 91),
(xlayl) € (CL,IZ?) (C7y)'
Proof. (1) By Definition 5 and the definition of partial ¢; go-derivatives, we have
2

)
2,€7q1,92 _ _ _ _
007 Oy [(z—a)(y—c)(1—-q)(l—q)

oo oo
XD D dtey f g+ (1—af) a5y + (1 —a5") c)

m=0n=0
1
Sl l—au-ge—onel-0)l-el-9E-aq

© oo
<Y Y daf (@ e+ (T-a ) ety + (1-a ) o)
m=0n=0
—q(x—a)(y—c)(1—q) (1 —q)

x> N gy f (e + (-t ) a, gy + (11— a8 o)

m=0n=0

—gp@—a)(y—c)(1—q) (1 —q)
x Z Z a5 f (qtz+ (1 —qf) a, ¢y + (1- q72n+1) o)
m=0

n=0
+@—a)(y—c) (1 —q1) (1 — g2)

x> > ata f(ate+ (1 —af)a, a5y + (1 - g5") )
m=0n=0

=Y > ataf(ate+ (1 =gl a, g5y + (1 —g5") o)
m=1n=1

- > ata gt + (=) a, g5y + (1 —g5") )
m=0n=1

=Y > aa gl +(1—a)a, ¢y + (1 —g5") )
m=1n=0

D) e fgir+(1—qt)a, gy + (1 — g5 e) = f(z,9)

m=0n=0

(2) By the definition of partial g1 go-derivatives and Definition 5, we have

[ [ s ot

1
/ / 1—(]1 1—q2)(s—c)( a) [f(cht"'(l_QI)G,QQS“F(l—qg)C)
(at+ A —aq)a,s) = f(t,qes+ (1= q2) c) + f (£,9)],. dg, Sadg, t
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>

m

NE

e+ (1—ai™) e, y+ (1-¢5" ") ¢)

0n=0
— (e + (1—q7™) a, ¢y + (1 —g5") )
—fatz+ (1 —gl)a, gy + (1—g5" ) c)
+f (@i + (1 —q7)a), (g3 + (1 —g5") c))]
=Y > flatr+ (=gl a, gy + (1 —q5")c)
m=1n=1

= > @+ (=g agy+(1-q)o)
m=0n=1

“ > flate+ (- a, gy + (1 —g5")c)
m=1n=0

+ZZf gtz +(1—q)a), (@y+ (1 - ) = f(z,y).
m=0n=0

(3) By using (2.5) and applying the result (2), we obtain

/ / G‘C ‘h q2 ) d t d S
Y1 aqrfc =Y
2
//acafhtm ) dtds /y1/ va1q2 ts) wdo tedy, s
6,11.1'0 Q2y a1111‘0 Q2 “ Q2

// ac q1q2 ) dtds+/ / acagl‘h ) dtds
a‘hxc qzy “ ” 8q1x6 Q2y
y) = fxy) = fzny) + (o, 0).

(]

Theorem 4. Suppose that f,g : [a,b] x [c,d] C R? — R are continuous functions,
a € R. Then, for (z,y) € [a,b] X [¢,d],
D Y[R (88) + g (4, 8)], dgtedg,s = [ fzf t,8)g dat+ [ [T g (t,s), dg tedg,s.

fyfaafts Ja dgitedg,s = a [V [T f (2, dtds
(3) The following integration by parts formula for mtemted q1q2-double integrals

holds:
‘10 Q17Q2 (t 3)
adg, ted
/yl/ f 8q1$ aqzy q1 QZS

=f(x,y) 9@y — f(x,y)g(x,y) — f(z1,9) 9 (x1,y) + [ (21,91) g (21, 91)

Y .0
g+ 1@ I g
c QQS

Y1

v <0 1,8
+/ 9(9517(1254'(1—(12)0)% cdqgs
Y1 cUqy 8

N aa 1 ta
*/ g(qt+(1 *ql)a,y)# adg, t
1 a™qi
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aath f (t yl)
Ot

/y/ at+(1—q)a,qs+(1—g)c)

¢ aagz thf (t’ S)
X—
¢0gs5a0g, t

+/ g(@t+(1—a)am) gt

adqltcdqzsa (:Elayl) S (CL7.'13) X (C, y) .

Proof. The proof of (1) and (2) follows by definition of definite ¢; go-double integrals.
(3) By applying (3) of Theorem 2, we have

a,c00 4.9 (t, )
QI,qz
/y1 </ fa aOgi te Oy 8 et | oo

:/ [f(z 5 04,9 (2, 5) ~ Flans) 04,9 (a, 5)

¢0q, 8 c0q, 8
1—
/ Q2g qlt—"( ql)a 8) a(hf(tas) adqlt qu28
¢0g, 8 a0g, t
Yy Yy
23 (I 5) ca 29 (’Il,S)
/1 q 04, 5 clgys — /yl [ (x1,8) qcaqzs = cdg, s

/ (/ <I2g q1t+ (1 _ql)a' S) alhf(tvs) qugs) adqlt
Y1 Ca(hs aaqlt

=f(z.y)g(zy) — f(z.91) 9 (2,91)
—/yg(x,Q28+ (1—g2)c) M g, s

Y 0gy 8
_f (mhy)g (331>y) + f (371791)9(95171/1)

+/y9($17q28+(1—q2)c)m

dg, S
9 g2
Y1 c fIzS

* aa 1 t7
gt + 00— e I
T arqi

r aal t?
+/ glat+ (1 —a)a,p) Dul G0 g

1 aatnt
v W02, f (1,5)
+/ / glat+ (1 —q)a,gs+ (1 —q)c) % adg, tedg, s
y1 JT1 c qzsa q1
which is the expected result. (I

3. MAIN RESULTS

In this section, we first prove Hermite-Hadamard type inequality for functions
of two variable which are convex on the co-ordinates on [a, b] X [c, d].
We recall the following definition before proving our main results.

Definition 6. [3] A mapping f : [a,b]x[c,d] = R is said to be convex on [a, b] X [c, d]
if the inequality

fOz+ (1 =)z, y + (1 = Nw) < Af(z,y) + (1= N f(zw0)
holds for all (z,y), (z,w) € [a,b] X [¢,d] and X € [0,1].
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Definition 7. [3] A function [ : [a,b] X [¢,d] — R is said to be convex on co-
ordinates on [a,b] X [c, d] if the partial mappings f, : [a,b] = R, f,(u) = f(u,y) and
fo e, d] = R, fo(v) = f(z,v) are convex where defined for all x € [a,b],y € [c,d].

A different approach of stating convexity of f on co-ordinates on [a,b] X [c,d] is
given in the definition below.

Definition 8. [9] A function f : [a,b] X [c,d] — R is said to be conver on co-
ordinates on [a,b] X [c,d] if the inequality

flz+ (1 —t)y,sz+ (1 —s)w)
< tSf(.%‘,Z) + t(l - S)f(.’L’,’U}) + 8(1 - t)f(l/?Z) + (1 - t)(l - s)f(y7w)
holds for all (t,s) € [0,1] x [0,1] and (z, 2), (y,w) € [a,b] X [¢,d].

Definition 9. [15] A function f : [a,b] X [c,d] C R? — R is said to be quasi-convex
on [a,b] x [c,d] if the inequality

fOx+ (1 =Xz, Ay + (1 = Mw) < max{f(z,y), f(z,w)}
holds for all (z,y), (z,w) € [a,b] X [¢,d] and X € [0,1].

Definition 10. [15] A function f : [a,b] X [¢,d] — R is said to be quasi-convex
on the co-ordinates on [a,b] x [c,d] if the partial mappings f, : [a,b] = R, f,(u) =
fluyy) and fy : [e,d] = R, fo(v) = f(x,v) are quasi-convex where defined for all
x € [a,b],y € [, d].

Another way of expressing the concept of co-ordinated quasi-convex functions is
stated in the definition below.

Definition 11. [15] A function f : [a,b] x [¢,d] C R? — R is said to be quasi-convex
on co-ordinates on [a,b] X [¢,d] if

f(td? + (1 - t)Z,Sy + (1 - S)w) < max{f (I7y)’f (:E,’LU) 7f (Zvy)vf (va)}
holds for all (x,y), (z,w) € [a,b] X [c,d] and (s,t) € [0,1] x [0,1].

Theorem 5. Let f : [a,b] x [c,d] C R? — R be convex on co-ordinates on [a,b] x
[e,d], the following inequality holds

() () e ()
< (b_a)l(d_c)/ab /cdf(%y)cd@yadqlx
d d
= 2(1+q?1)(d—0)/c f(a’y>ch2y+W[: F(0,y), oy
Jr2(1+q21)(b—a)/abf(x’d)“dqlx+z(1+qfw/abf(x’c)adqlx

< qu?f(a>C) +QIf(a’d) +aq2f (b>c) +f(b7d)
- (I+a) (1 +q2)
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Proof. Since f : [a,b] x [¢,d] € R? — R is convex on co-ordinates on [a,b] x [, d],
we have

f<a—|-b c—|—d> :f(ta+(1—t)b+tb+(1—t)a c—l—d)

2 7 2 2 )
1 c+d 1 c+d
2f<ta+(1—t)b,2)+2f<ta+(1—t)b, 5 )

The ¢;-integration with respect to ¢ over [0, 1], go-integration with respect to y over
[¢, d] on both sides of the above inequality and by the change of variables, gives

IN

a+b c+d 1 b c+d
. < —_— .
(3.1) f( 5 3 >_ba/a f(x, 5 >adq1x
Now
f a+b c+d _ a+b cs+(1—s)d+sd+(1—3s)c
2 72 ) 2’ 2
1,/a+b 1. /a+b
< Z _ - —
_2f< 5 ,es+ (1 8)d)+2f< 5 yed + (1 s)c)

The ¢;-integration with respect to = over [a, b], go-integration with respect to s over
[0, 1] on both sides of the above inequality and by the change of variables, gives

a+b c+d 1  la+b
) < -7 odo ).
(32) f(2, 2>_d_c/cf<2,y> Ao,y

Adding (3.1) and (3.2) and dividing both sides by 2, we get

a+b c+d
o (22 e0)

1 b c+d 1 d a+b
L - . ,
o ) (= 57) tart s [ (S r) et
Consider now
1 b c+d
ol (=5

B 1 b es+(l—s)d+sd+(1—s)c
g {0

1 b 1 b
§4(b_a)/a f($,08+(178)d) adq1x+m/a f($,8d+(1fs)c) adqlx

The go-integration with respect to s over [0, 1], yields

1 b c+d
00 sma ) 7 (+5)
1 bpd 1 b pd
= m/a / f(x’y)cd@yadqlxﬂ‘m/a / f(2,y) cd,yady,

1 b pd
s, [t
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Similarly
(3.5)

1 d a+b 1 b pd
m/c f(2,y> cdqzy§ 2(b_a)(d_c)/a /c f(x,y)cd%yadq x

Addition of (3.4) and (3.5), gives

1 b c+d 1 4 la+b
(36) Q(b—a)A f(CU, B >+2(d—c)/ f( vy> deQy
(b—a)( _C//fﬂcy dgyYadg, .

We also observe that

b d 1 d
(3.7) / / 7 (2.9), dysyady = (b—a) / / £ (th+ (1~ t)a,y), dayyodat
b—a // 1-t)f ay) dg,yodg, t+(b—a / / tf( by dg,Yodg, t

(b—a) (b—a)
1+q1 /fay q2y+1 1/cf(b,y)cdq2y~

and

b d b 1
3.8 ), dgyyadg, @ = (d — csd+ (1—5)¢), dgySody,
68 [ [ rewdadar=@-o [ [ i 00, dysd,s
b 1 b d
@=a) [ [ s dpsdyzr@=o) [ [ 1=5)F@0), dpsodyz
:1+Q2/f Jad 1+2/fxc '

Adding (3.7) and (3.8) and multiplying the resulting inequality by m, we
get

1 b d
(39) m/ﬂ /C f(l‘,y)cdqzyadmx

q1 d 1 d
= m/c f(a’y)cdq?y“Lm/c f(b,y).dgy
1 b a b
+2(1—|—q2)(b—a)/a f(@,d), dg,x + 2(1+qz)(b—a)/a f(z,c), dg,x.
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Lastly, we have

q1 d 1 d
Srat e ), | @Dt gy [ O

1 b 0 b
+2(1+q2) b—a) / f($7d)adqlx+m/ f(z,¢)ydg, @

<m/fasd+(1—s))dq23+ 1+q1/fbsd+(1—s))dq2$

(3.10)

2
+m/0 f(tb+(1_t)a,d)0dq1t+m/o f(tb—F(l—t)a,C)Odqlt

7d ! b !
Si(hf(a )/0 Sodq28+7q1f(a C)/o (1—s) odg,s

2(1—|—q1) 2(1+Q1)
fb,d) 1 f(b,c) 1
+2(1+Q1)/0 SOdq23+2(1+ql)/0 (1—5s) odg,s
fb,d) [* fla,d) [
+m/o fodg, t+ (1+q2)/ (1 —1)g dg,t
)

g2.f (b, c) ! gf (a,c
+7/0 tOd(I1t+ (1+q2)/ ( 7t)0d41t

2(1+¢0)
_ Qg2 f (avc) +aqf (a7d> +q2f (bac) + f(b,d)
(1+q1) (1 +g2) '

O

Remark 1. When ¢1 — 1~ and go — 17, Theorem 5 becomes Theorem 1 from |3,
page 778].

We need the following results to prove our next results.
Theorem 6 (Holder inequality for double sums). Suppose (anm),, mens (bnm)p men

wWith apm, bpnm € R or C and % + 1% =1, p, p > 1, the following Hélder inequality
for double sums holds

1
7

S5 fanmbn < (i > |anm|”> (Z 3 lbunl ) ,

n=0m=0 n=0m=0 n=0m=0

where all the sums are assumed to be finite.
Proof. Let

[brm|
(0o o lounml”) ¥

T = [ and y =

(ZZO:O Z;O:o |amn‘p)

a
7

=

Applying the Young’s inequality
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we get
Eff:o Zz::o |@nm| |brm|
1
1 [e%s) o) A=
(0 Xivcolanml”)” (S0 Sico ouml” )
]' Zn =0 Zm 0 Ia’"m|p l ZZOZO anozo |bnm|1)
S Solann P e e
p n=0 2Zum=0 |%nm Py o> |onml
1 1
p p
and thus the proof follows. O

Theorem 7 (g;go-Holder inequality for functions of two Variables) Let f and g
be functions defined on [a,b] X [c,d] and 0 < q1,q2 < 1. If - - + —2 with r1 > 1, the
following q1qo-Hélder inequality holds

a1 [ [ 1 @@l duy adyo
(// f (z, )| qzyadq1x> <//ngy qzyadq1x>é-

Proof. By the definition of g;¢o-integral and applying Theorem 6, we have

b d
// @ 0) 9 @0)] gy adgyz = (1 — @) (1 — o) (z — a) (y — )

XZ qu If (gfz + (1 —q7) a, g5y + (1 — g5") )]

n=0m=0

xlg(gtr+(1—qi)a,¢'y+ (1 —q3")c)l

“3S N 1 —aq) (- g2) (@ —a) (y— )77 (Fay) ™

n=0m=0
x[f(grz+(1—4qi)a, g3y + (1 —g5")c)|
<[(1=q1) (1-2) (x — a) (y — )72 (qFag")"
xlg(giz+(1—q)a,q3'y + (1 —q3") o)

< <(1ql)(lqz)(xa)(yC)ZZQI‘qE”

n=0m=0

X |f gtz + (1 —q)a,qfy+ (1 —g5")c)|™")™

X ((1q1)(1qz)(l’a)(yC)ZZQ?qé”

n=0m=0

1

1
x|g(gthz+ (1 —qf )a @'y +(1—q3")c)?)=

<// [ )l qzyadqlx> </ / ol qzyadqlx)”,

O
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Lemma 4. Let f : A C R2 — R be a twice partially q,qz-differentiable function

. .. a0 t,s) . .
on A° for 0 < q1,q2 < 1. If partial q1q2-derivative %ﬁz(g) s continuous and

integrable on [a,b] X [c,d] C A°, then the following equality holds

L 01¢2f (a,¢) + q1.f (a,d) + g2 f (b, c) + f (b, d)
(3.12) Ygy,4, (a,b,¢,d) (f) := (IT+q)(1+q)

(1+q2 b—a/f“ Ao = (1+q2>b—a/f“d Aoy

1
(1+q1 —C / fay QQy (1+q1) —C / fby Q2y

+ b—i—/ / f(@,y) cdy adyz

Q1Q2
000l [* (a0 (4a))
Xacagm (I1=t)a+1tb,(1—s)c+sd)
aOgt 0g, s

Odqlt quQS

Proof. By the definition of partial ¢;gs-derivatives and definite g;¢o-integrals, we
have

(3.13) /0/0(1*(1”1”)“*(1”2)5)

a,cOf o f (L —t)a+1b, (1 —s)c+ sd)
. aaqltcalhs
_ 1 PO+ q)t) (- (1+g)s)
_(1—(11)(1—Q2)(b—a)(d—0// st
X [f (tqrb+ (1 = tq1) a, sqzd + (1 — sq2) ) — f (tqrb+ (1 — tq1) a,sd + (1 = s) c)
—f({tb+ (1 —t)a, qgsd—i-(l—qgs) o)+ ftb+ (1 —t)a,sd+ (1 —s)c)] odg,t 0dg,s

eI ZZ (1-=(1+qg)q’) (1 —(1+4q)q")

n=0m=0
% [f (q1+1b+( —Q?+1)a @ +1d+( m+1) C)
—fatb+ (1—qi) a, g8’ d+ (1 - ¢3") )
— @b+ (1 —qP)a, g3 d+ (1— g5 o)

Odqlt quZS

+f(Q?b+(1—q a,g5'd+ (1 —q3") c)]
=Wl(d_c)2 f@o+(1—qi)a,qg'd+ (1 —q3")c)
_mZZﬂq?le qr)a, (1= q3") ¢+ q3'd)

“ o 2 2 f @ —d)egd+ (L -a) o)
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Taa90-a b_a S S F @b+ (- g agPd+ (1 - )

nOmO

1+Q1
T a) (g7 Mg (] — g™
4= 0 E E qr f(qgto+ (1 —qi)a,q'd+ (1 —q3")c)

(J1( —a

n=1m=1

1+aq¢)
n n 1_ n 1_ m m
+——c ZZQ1f(Q1b+( a)a, (1 —g3") c+ ¢5'd)

Q1( —a

n:l m=0

1+q1 > n " n m m
eI _CZZ%MH —q7)a,ggd+ (1 g5 c)

nOml

(1+aq1) " n m m
SR e _CZZ% @b+ (1= ai) a,q5'd + (1 - g5') )

1+Q2
QQ(

To—a)d-
1+Q2

+ g2 (b—a)(

(1+qo)

(L+a1) (1 +go)

%

(b-a)(d—c)

n=0m=0

ZZq Flab+ (1 —q)a,q5'd+ (1—g5)c)
n=1m=1

3 mf(q?b+(1—Q?)a7(1—q5”)6+%”d)
nOO o0

i ZZq Flaib+(1—q)a,q5'd+(1—g5")c)
n=0m=1

)ZZq’{”f (gPb+ (1= g a,q5d + (1 - ¢5") )
n=0m=0

oo o0

4142 (b - a) (d - C)

a3 f(grb+ (1 —4q)a,¢3'd + (1 —gq3") )

1 + 1 + OO: ZZ: n, m n n m m
‘q(1<bq1()z>(<d nggquqﬁ(qlbﬂl—ql) a.(1=gf') e+ g'd)
_W;Zq?q?f(%b+( — M a,¢rd+ (1 —qf")c)

1+q1)(1+qo .
LS S g i (=)o =)o)

‘We observe that

(3.14) 1

fla,c)

(b-a)(d—c)

SN flatb+ (1 -qp)a,gld+ (1—q5") o)

n=1m=1

T h-ad—0 B-al _szfq?’h‘ —a)a, ¢ d+ (1-d¢5")c),
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ZZf (gPb+ (1 — g a, (1 — &) ¢ + 5d)

3.15 —
( ) (b_ n:lm:O
_ f(ad) 1 . . o
T (b—a)(d—c¢) (b—a)(d—c) nzl'mzlf b+ (1 —qt)a,(1-¢")c+qy'd),
(3.16) —(b_a)l(d_c);Omz_lf(q?bm—q?)a,qydw—qmc)
_ f(b?c) n n m m
__(bfa)(d—c)_(b—a nzlmzlf @b+ (1 —-q)a,g'd+(1—q3")c),
B GaE@=9 ZZf (@b + (1—q) a,q5'd + (1 — ¢5") )
n=0m=0
f (b, d) o N pon m m
:(b—a)(d—0)+(b—a ;;f ab+(1-qi)a,g"d+ (1 - q3") ¢,
(315) q(b”)q_gzzq £+ (1= a)aaf'd + (1 - ) )
(I 4aq) f(b,c) (1+aq) o
Tal-dd—o ab-ad- quf (0 (=i e.c)
S Y A (- ) e (=)o),
n:lm:l
(3.19) Wf&_d;;oqf<q1b+<1—q1>a,<1—q2>c+q2d>
(1+aq)f () (1+q) . .,
T Talb-0ld-o alb-aW Z‘h (arb+ (1 —q1)a,d)
]'+ = N n n n m m
+m;;qlf@lwﬂl—ql)aa(l—%)C+q2d),
3:20) OIS Y s b () e (L))
n=0m=1
:m —Zq?f(q?bﬂl—q?)a,d>+;Jqff(q?b+(1—q?)a,c)
+ o 33 at b+ (- g+ (1= ) o),

0m=0
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(321) — %Z ST @b+ (- gl g d+ (1— ) o)
1m=1
~ (1+¢q2) f(a,d) (1+<J2 m
Twl-0ld-d nb-o Z‘bf“‘bd” R
—¢ZZ(J’”J‘ (@'b+ (1 — g a,q5'd+ (1—q5")c)
q2( n=1m=1
(2) =T +q2 ZZQE”f (gib+ (1 — g a, (1 — g5") c+ g5'd)
n=1m=0
=—(b(+Q2 Zq?f (1-a") c+ayd +ZQ?f (1—g5") e +q5'd)
( +Q2) m n n m m
+m;mz::0%f(ﬂhb"‘(l—‘h)aa(l—%)C+QQd),
(1
(3.23) q(fq_zmzqu b+ (L= g o g + (1= ) o
S R =T mzo%qu?d*‘l @)
+%ZZ(JW (@'b+ (1 — g a,q5'd+ (1—q5")c),
n=1m=1
1 1
(3.24) ql(q;zbql); +qu qu?q{f‘f (@b + (1 —a) a,g5'd + (1 — g5") )

nlml

(+a)Q+g)fd  (O+a)0+a) o= ., » o
0192 (b~ a) (d - c) qlqz(b—a)(d—c);qlf(qlb“l a) a,d)

(1+q1)(1+q2) - m m . m
g (b )(d_c)%qgf(b,q2d+(1 @) c)

(1+Q1)(1+Q2 " m . . .
q1q2 (b— d—c) szhfhfqlb-l-( —qt)a,qg5'd+ (1 —q3*) c)
n=0m=0

(3.25) —mequq;” @b+ (- ) a, (L — ) e+ q5'd)
)

n=1m=0
I+q)(1+q) <= . "
ql(b*1 )(dfzc)n;%f(b (1-g5") c+g5'd)
1+ 1 1+ 2 — n,_m n n m m
_WZZ%% F@mb+ (1= a, (1= g e+ qld)

n=0m=0
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and

(3.26) (L+a)d +QQ) Z Z @' [ (b + (1 —qf)a,¢’d+ (1 —¢5")c)

Cpb—a)(d-c

(I +q) (1 +q2) < §
_qulf(qlb+(l—ql)a7d)

(1+q1 1+q2
g (b—

Using (3.14)-(3.26) in (3.13) and simplifying, we get

n=0m=1

Z quqé”f @b+ (1—gqf) a,q5'd+ (1 —g5")c).

11
s [ [a-0rann-0+ms)
Magl ol (L=t)a+1tb, (1 —s)c+ sd)
aalhmcalhy
_ Q1q2f(a7c) +Q1f(a7d) +q2f (b,C) +f(b7d)
7192 (b —a) (d — ¢)

Odfht Od(hs

(l(Jr(h))(l(d_Ch))Z @ f(g'b+ (1 —q})a,c)
_(Z1(;2+(q1)(g( ))Zq? (¢tb+ (1 —q7)a,d)
n=0
(1(+q2))(1(dq20)) Z @' f (a,q5"d + (1 —g5") )

m=0
(1+q2)(1—-

5 q”) S G (b, (1— ) e+ gbd)

m=0

N (14 q1) (14 ¢q2) (1 —q1) (1 — go)
q192 (b—a) (d —¢)

x> atas f(atb+(1—af)a, g5 d + (1 —g5") ¢)

n=0m=0

_ Qq2f (a,C) +aqf (avd) +qof (b’ C) +f (b’ d)
7192 (b —a) (d —¢)

1 1
— (+a) / fz,c) odgx— +q1 / f(z,d) 4dg,x
ql(b—a) d—c) qlqg(b—a d—c)

91Q2 (

1+q 1+q
( 2 /f a,y) cdg,y — 2 /f g,y
g2 (b—a)( q1q2 (b — d—c)
+q1) 1+q
dta : //fwy A,y adg, .
q1q2 (b —

Multiplying both sides of (3.27) by %, we get the desired equality. O
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Remark 2. As ¢ — 17 and ¢o0 — 17, Ty, 4, (a,b,¢,d) (f) — Y (a,b,c,d)(f),
where

fla,c) + f(a,d)+ f(b,c) + f (b, d)
(b—a)(d—rc)

_a/f$0d:p7 b—a/fmd
2(d—c)/c f(zz,y)d2/2(d_c)/c £ (b,y) dy
+(b—a)l(d—c)/ab/cdf(w,y)dydx

and hence the result of Lemma 1 becomes Lemma 1 proved in [17, 139].

T (a,b,¢,d)(f) =

Now can present some integral inequalities for functions whose partial qjqo-
derivatives satisfy the assumptions of convexity on co-ordinates on [a,b] X [c, d].

Theorem 8. Let f: A C R?2 = R be a twice partially g1qo-differentiable function
. . . . a,c02

on A° with 0 < ¢1 < 1 and 0 < g2 < 1. If partial q1q2-derivative a’qtqil’g?fs
alqil c

a2 "
a,c q1=q2f

1S convex on
aOqyt cOqys

is continuous and integrable on [a,b] X [¢,d] € A° and

co-ordinates on [a,b] X [e,d] for r > 1, then the following inequality holds

Q12 (b—a) (d—
14+ aq1) (1+q2)

a cagl,qu (a, C)
aOg,t c0g, 8

(3.28) | Ty (a,0,¢,d) (f)] < )(¢, 3,)*

X {\Illh \qu

+AQ2 \Ilth

T
a,c0q, g, f (@, d)

A,V
+ q1 = q2 aaqlt caq28

0c02 4 f (b,0)]
a0q,t ¢0g, 8

0,0, g0 f (0, )

A
i aa‘h t Caqg 5

A

q17—4q2

1
T}r

Proof. Taking the absolute value on both sides of the equality of Lemma 1, using the

T

52
avcdrn,qu
aOq1t c0qy8

q192-Holder inequality for functions of two variables and convexity of

on co-ordinates on [a,b] X [c,d], we have

(329)  [Yqy.q (a,0,¢,d) (f)]
q1q2 (b
= (12+Q1 1+Q2 (/ / 1=+ @)= +ae)s) 0dq1t0dq2s>

(/ / (1= (L ) 8) (1= (14 42) 8)

002 o flae)| 002 . fla,d)|

1— ) (1 —s) | &)\ 1— @Cq1,q29 \™

Xl(( D=9 s | T 0T ot s
w02 o f (0]

a0gt c0g, S

1
1-%

] qult Odq25> .

0,605, 4, f (b, d)

]_ _
=9t Ot Do
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From Lemma 3, we observe that

/o1 /01|(1_(1+Q1>t) (1= (1+q2)5)| odg,t odg,s
— (/01 (1= (1+q)t) odqlt> (/01|(1 — (14 q2) s)| odqzs) — B, ®,,

/0/0(1—t><1—s>|<1—<1+q1>t><1—<1+q2>s>| ot o

=([Ta-an-arat ot ) ([ a-90 -0+ @5 o)

:quhlpqw
1 1
[ [ a=osia-asa)n0-asas) oyt ods
0 0
1 1
([ a-on-asawd o ) ([ sl 04wl ods) = 8,0
0 0

1 1
/O/Ot<1—s>|<1—<1+q1>t><1—<1+q2>s>| oyt odgys

= </0 tIl—(1+q)t| Odq1t> (/01 (1=s)[1-(1+q2)s| odq25> =Ag, Vg

and
1 1
//ts|<1f<1+q1>t><17<1+q2>s>| ot odys
0 0
1

— (/0 th—1+q)t| Odqlt) (/01 (1-9)]1—(1+q2)s] odqzs) =0y A,

By using the values of the above ¢;¢o-integrals, we get the required inequality. O

Remark 3. When q1 — 1~ and g2 — 1= in Theorem 8, we get the result proved
in Theorem 4 in [17, page 146].

Theorem 9. Let f: A C R? = R be a twice partially g1qo-differentiable function
. . L a,c0] .
on A° with 0 < q1 < 1 and 0 < g2 < 1. If partial q1q2-derivative cf9.0] 18

aOqyt cOqys
T1
2
a’caql qu

aOqyt cO0gys

co-ordinates on [a,b] X [e,d] for r1 > 1, then the following inequality holds

continuous and integrable on [a,b] X [c,d] C A° and is convexr on

(330) [Ty (@bicd) ()] < —22L= D@D 4 ) 4y, ()
(T+aq)(1+g)] "
x < q1qo “»Cagl#hf(a’ C) 1 ‘1706317Q2f(a’d)
aOqt c0g,5 aOqt 0g, 5

T1

q1

1

7‘1}T1
)

71

Oy g f (b,)

4,€7q1,q2

aOgt c0g,8

0,605, 4,1 (b,d)
aaih 13 Caqz 8

q2
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where - —|— = =1.

Proof. Takmg the absolute value on both sides of the equality of Lemma 1, using the
0,02 "

q192-Holder inequality for functions of two variables and convexity of %

on co-ordinates on [a,b] X [c,d], we have
1

(3~31) |Tq1,q2 (a, b, c, d) (f)‘
canb-od- (/'/|1—- +m>>u—(r+@>n”o%¢o%2)w

(1+q1) (14 q2)
0,0 " 0,02 .d
/ / 1—t ) C7aq1,927 N T/ Q2f(a C) —|—(1—t) Q1,qu(a )
aOqt c0q, 8 aOqt c0q, 8
02 gl (b.0)]" 02 g f (b )| "
1— Le70,q2” A 7 g i R EL dg,t od .
+( 5) aa‘ht Calks e aalht Calhs T o ‘Z2S

By using Lemma 2 and the properties of ¢g-integrals, we have the following obser-
vations

1
(3.32) / 1= (1+q)t]™ odg,t
0

1 1
1+q1 r r
:/0 (1—(1+ql)t) 2 Odq1t+/1 ((1+q1)t—1) 2 odqlt.

1+4+qq

Consider the first ¢;-integral from (3.32) and making use of the substitution 1 —
(14 ¢1)t = s, we obtain

3.33 ﬁ1 1 )" odg,t ! 0’"2d
B33 [T 0= a0 vt =~ [y

— ]‘ /187“2 Od s = 1_Q1
I1+aq1 Jo “ (L+q) (1—g>™)

Consider the second g¢o-integral from (3.32) and making use of the substitution
1-(1+q)t=s, we get

1

. 1 q1

(3.34) / (14 q)t—1)" odqltzi/ § ody s
1+1q1 1+q1 0

(-
(1+q) (L—g>™)

Substitution of (3.33) and (3.34) in (3.32) gives

A-a) (L +g™)
Tran (g~ )

1
(3.35) / 11— (L4 q) i odgt =
0

Similarly, one can have

(1—q2) (L+g3*™")
(1+gq) (1—g™)

1
(3.36) / 11— (14 q2)s|™ odgs = = A, (r2).
0
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Finally, we also have

1 1
T 42
1—1) odg, t = , 1—35) ogdg,s = ,
/o( ot 1+q1/0( i

! 1 ! 1
t odg, t = and / s odg, s = .
/0 0¢q, 1+q 0 00q2 11

Remark 4. When ¢¢ — 17 and g2 — 1= in Theorem 9, we get the following
inequality proved in [17, page 144]

4 7’2+1

T1

(3.37) |T(a,b7c,d)(f)|§(b_a)(d—c)( 1 >2

1
1 T1 71 T

9 f(a,d)
Otos

9% f(b,e)
Otds

9 (b,d)
Otds

+

9*f(ac)
Otds

Indeed, the inequality (3.37) follows by applying L’Hospital rule to the limits

lim 1_7(]11 and lim 1_71121
a—1-1— g2t 1- 1 — g2t

The next two results are for quasi-convex functions on co-ordinates on [a, b] x
e, d].

Theorem 10. Let f : A CR? — R be a twice partially qiqz-differentiable function
a,c0a a0 f

on A° with 0 < 1 <1 and 0 < g2 < 1. If partial q1q2-derivative ——5>— is
a™qy” c¥q2

T

a C82
continuous and integrable on [a,b] X [c,d] C A° and L

1S quasi-conver
wDa,t cOggs q

on co-ordinates on [a,b] X [¢,d] for r > 1, then the following inequality holds

wbe 7192 (b—a)(d—c) 4q192
R AT <<1+q1>2<1+q2>2>
xsup{

a’caghqz f (CL, C)
a0qit ¢0g, 8

a,cagl’qu (b’ C) a,cagl’qu (a, d)
aaqlt C&hs aaqlt canS

avcagl,qzvf (b7 d)
a0gt ¢O0g,8

) b )

} |
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Proof. Lemma 1, an application of the ¢;¢2-Holder inequality and quasi-convexity
a, 062
wal | [a, b] X [c,d], yield

of a0yt c0qy8

(3:39)  [Tygy.q, (a,0,¢,d) ()]
192 (b
< 1(12—|-Q1 1—|—q2 (/ / |1— 1+Q1) )(1—(1+QQ) )| Odqlt Odq28>

x(/o/o|<1—(1+ql>t><1—<1+q2>s>|

FA=ta+th,(1—s)c+sd)]|
8q1t ¢0g, 8

X<Sup { aca; id 00| |ac0h g (@ )| |ac0f g (b.0)

aOgit ¢0g,8 aOqit 0,8 aOqit ¢0g,8
Now by using the properties of supremum and Lemma 3, we get the required result
from (3.39). O

1—

3=

r

2
aca
X

q1,92

Odq1t odq2 S)

s

a’caglﬂzf (a’ C)
aafht 66425

) ) )

Theorem 11. Let f : A CR? = R be a twice partially qiqo-differentiable function

2
”’68q1,q2f

on A° with 0 < ¢ < 1 and 0 < g2 < 1. If partial q1q2-derivative Ot b 18
aUqyl cUYqy

2 T
continuous and integrable on [a,b] X [c,d] C A° and 'm is convexr on
co-ordinates on [a,b] X [e,d] for r1 > 1, then the following inequality holds
7192 (b—a) (d —c) —

A A g
(1 4 (J1) (1 + q2) ( q1 (7"2) q2 (TQ)) 2
a 0831 Q2f (b’ C) a 0631 qu (a, d) a 0821 qu (b7 d)
a0q,t ¢0q, 8 a0g,t 0,8 a0q,t ¢O0g, 8

(3'40) |T<I1,qz (a" b7 C’ d) (f)‘ S

2
xsup{ a,c9q, .4, (a;0)

a0q,t ¢0g, 8
Proof. With the similar reasoning as in proving (3.38), we notice that

(3'41) |TQ1,Q2 (a7 b7 C’ d) (f)‘

b—a)( g
Sql((f—i(h ) (14 ¢2) <//|1_ (T+a)t) (1= (1+q) )|1Odq1t0dqzs>

) )

} |

0,002 —ta+th,(1—s)c+sd 2
/ / q1, qz ) ( ) ) Odqlt Odq25
aaqlt ¢0gy §
0,002 "
By using the properties of the supremum, the quasi-convexity of 8'2171«522 on
a¥qy” c¥q
[a,b] x [e,d] , (3.35) and (3.36), we get (3.40). O

Remark 5. As gy — 17 and g — 1~ in Theorem 10 and Theorem 11, we get the
corresponding results of classical calculus of functions of two variables.
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