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GENERALIZATION OF SOME INEQUALITIES FOR THE
RATIO OF GAMMA FUNCTIONS

K. NANTOMAH*!, M. M. IDDRISU? AND E. PREMPEH?

ABSTRACT. We present some monotonic functions and some generalized in-
equalities involving the ratios of analogues of the Gamma function.

1. INTRODUCTION

The classical Euler’s Gamma function I'(¢) is commonly defined as
[(t) = / e "2t da, t>0. (1)
0

The p-digamma function ¢,(t), ¢-digamma function ,(¢) and k-digamma func-
tion v (t) are respectively defined as follows.

d T (1)

t)=—In(l',)(t)) = =—= t > 0. 2
B0 = G, 0) = o 0> 2
where I',(¢) is the p-analogue of the Gamma function defined by (see [2], [3])
pp’ P’
(1) = - . peN, t>0, (3
=D Gt +h..argy P )
d I (¢)
t) = —In(Ty(t)) = =2 t 4
wlt) = G0 = >0 (1
where I';(¢) is the g-analogue of the Gamma function defined by (see [1])
T -4
Ly(t) = (1—q)' tﬂl_qm, ge(0,1), >0, (5)
n=1
and
d I.(t)
t)=—In([W(t) = 25, t>0 6
where I'y(t) is the k-analogue of the Gamma function defined by (see [1], [5])
o0 (x;k
[(t) = / e"Fa e, k>0, t>0. (7)
0
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In a recent paper [0], Nantomah and Iddrisu proved that the following double
inequalities hold:

Ink—v —~

0" Ii(a)  Tila+t)  (a+1)e® VDT (a+ 1)

< < 8
@+ 0PTy(@) “Tpa+ = (athpTa+1) ®

for k>0,pe N and
aet ™ F I () Th(a+1)  (a—+1Det DT (a+ 1) o)

(@+t)(1—q) " Tela) Tyla+t)  (a+6)(1—q¢)'Tela+1)
for k>0, q € (0,1). Where t € (0,1) and « a positive real number.
Our objective in this paper is to establish some generalizations of the inequali-
ties (8) and (9).

2. PRELIMINARY RESULTS
The following auxiliary results are crucial to the main results of the paper.

Lemma 2.1. The functions ,(t), ¥,(t) and ¥r(t) as defined above have the
following series representations.

p
1
t)=Inp— —_— N, t>0 10
Up(t) =Inp ;nﬂ, peEN, t> (10)
e qt-‘rn
%(t):—ln(l—Q)‘HnCIZma g€ (0,1), t>0 (11)
n=0
nk—v7 1 & t
t) = — - _ k>0 t>0. 12
Yilt) k t+;nk(nk’+t)’ ’ (12)

where 7y is the Fuler-Mascheroni’s constant.

Proof. See [3], [5] and [0] and the references therein.

Lemma 2.2. Leta>0,b>0 andt > 0. Then,
Ink —~
k

Proof. Using the series representations in equations (10) and (12) we have,

—a )+ blnp + % + ai(t) — by (t) > 0.

Ink — a
— (=) +blnp+ = + atie(t) — by (1
= t SN
=a)y —————+b > 0.
“— nk(nk+1t) = (n+1)

Lemma 2.3. Leta>0,b>0 and o+ 5t > 0. Then
Ink —
—a(— 7)+blnp+ajﬁt+a¢k(a+ﬂt)—b¢p(a+5t)>0
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Proof. This follows directly from Lemma 2.2.

Lemma 2.4. Leta > 0,b >0 andt > 0. Then,
Ink —~

—af )+ bIn(1 — q) + % +ay(t) — by (t) > 0

Proof. Using the series representations in equations (11) and (12) we have,

Ink — a
—af ? 7)+bln(1—q)+¥—i—awk(t)—bwq(t)
1Y) D= ey’
=aq ——  —bln
“— nk(nk +t) qnzol—qH"

Lemma 2.5. Let a >0, b > 0 and a+ St > 0. Then,
Ink —~ a
k a+ pt

Proof. This follows directly from Lemma 2.4.

—af

)+bln(1 —q) +

+ ap(a + Bt) — bip,(a + Bt) > 0

3. MAIN RESULTS
We now state and prove the results of this paper.

Theorem 3.1. Define a function A by

Ink—v

(a + Bt)%e BT T (o + Bt)°

p—bﬂtpp(a + ﬁt)b ’
where a, b, a, B are positive real numbers. Then A is increasing on t € (0,00)
and the inequality

() =

te(0,00),k>0,peN. (13)

Ink—v Ink—v

e T () _ Li(a+ Bt (a+ B)%eBEDETI0 (a4 B)°
(a+BtepPTp(a) — Tpla+pt)> — (a+ Bt)rp?-Uly(a + 5)°
holds for every t € (0,1).
Proof. Let g(t) = In A(t) for every t € (0,00). Then,

(a + Bt)2e= BT (a + Bt

(14)

9(t) =M p T, + Bty
= —aﬂt(ln kk_ Ty 4+ bBtlnp + aln(a + Bt) + alnTp(a + Bt) — bInTy(a + Bt)
Then,
/ Ink —~ af
g(t) = —af(——) +bfnp + — T afr(a + Bt) — bpyy (o + Bt)
=4 —a(lnk — 7) +blnp+ ¢ + a0 + Bt) — by (e + Bt)| >0

k a+ pt
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as a result of Lemma 2.3. This proves that ¢ is increasing on t € (0,00). Hence
A is increasing on t € (0,00). Thus, for every t € (0,1) we have

A(0) < A(t) < A1),

yielding
afetBt I (a)? _ Cr(a+Bt)*  (a+B)% “ﬁ(t_l)(lnkﬂ)ljk(oz + 3)°
(a+ Bt)epPiTy ()’ Tyla+ pt) (o + Bt)epPP=UT (o + B)°

Corollary 3.2. Ift € [1,00), then the following inequality holds.

nk’y

(a+ B)2 DT (a+ ) Tha+ Bt)°
<
(a + pt)eptPt=DT,(a+ )  — TI'pla+ pt)°
Proof. If t € [1,00), then we have A(1) < A(t) yielding the result.

Theorem 3.3. Define a function T by
(a + Bt)%e P FI0y (a + BE)°
(1- Q)”Bth(Oé + pt)° ’

where a, b, o, B are positive real numbers. Then Y is increasing on t € (0,00)
and the inequality

T(t) = € (0,00), k>0,q€(0,1). (15)

et I () Te(a+Bt)*  (a+ B)2e DT (o + B)
<a+w>u—@bwm<w<rua+mw<<a+mwu—@kaua+mb
(16)

holds for every t € (0,1).
Proof. Let h(t) =InT(¢) for every t € (0,00). Then,
(a + B)%e= P (0 + )

M) =0 T T (ot gy
- —aﬂt(lnk Ty —bBtIn(1 — ) + aln(a + Bt)
+aln Fk(a + ft) = bInT (o + Bt)
Then,
W) = ~aB(E=T) b1 —g) 4 2 = (ot 1) — b (o + Bi)
_3 _a(lnkk_ Ty~ bln(l —¢) + — Bt + atp (o + Bt) — by (a + Bt)

as a result of Lemma 2.5. This proves that A is increasing on ¢ € (0,00). Hence
T is increasing on ¢ € (0,00) and for every ¢t € (0,1) we have

T(0) < YT(t) <T(1)
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yielding

a0 (0)_ Tulat )" (at )7 (a + B)°
(a+ pt)* (1 — q) T ()b ~ Tyla+ )b~ (a+ pt)*(1 — q)0=DT (a + B)b
Corollary 3.4. Ift € [1,00), then the following inequality holds.

lnk 'y

(ot Are VI ok B Tufa+ 40
(4 Bt)(1 — q)*PU=Tg (a4 B)* — Ty(a+ Bt)°
Proof. If t € [1,00), then we have T(1) < Y(¢) yielding the result.

4. CONCLUDING REMARKS

Remark 4.1. By putting @ = b = 8 = 1 into inequalities (14) and (16), we thus
obtain respectively, inequalities (8) and (9) as in [0].

Remark 4.2. This paper is a corrected version of the paper [7].
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