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Abstract. The main aim of this paper is to establish some perturbed Os-

trowski type integral inequalities for functions whose second derivatives are

either bounded or of bounded variation.

1. Introduction

In 1938, Ostrowski [27] established a following useful inequality:

Theorem 1. Let f : [a, b]→ R be a differentiable mapping on (a, b) whose deriva-
tive f ′ : (a, b)→ R is bounded on (a, b) , i.e. ‖f ′‖∞ := sup

t∈(a,b)

|f ′(t)| <∞. Then, we

have the inequality

(1.1)

∣∣∣∣∣∣f(x)− 1

b− a

b∫
a

f(t)dt

∣∣∣∣∣∣ ≤
[

1

4
+

(
x− a+b

2

)2
(b− a)

2

]
(b− a) ‖f ′‖∞ ,

for all x ∈ [a, b].

The constant 1
4 is the best possible.

Definition 1. Let P : a = x0 < x1 < ... < xn = b be any partition of [a, b] and let
∆f(xi) = f(xi+1)− f(xi), then f is said to be of bounded variation if the sum

m∑
i=1

|∆f(xi)|

is bounded for all such partitions.

Definition 2. Let f be of bounded variation on [a, b], and
∑

∆f (P ) denotes the

sum
n∑
i=1

|∆f(xi)| corresponding to the partition P of [a, b]. The number

b∨
a

(f) := sup
{∑

∆f (P ) : P ∈ P([a, b])
}
,

is called the total variation of f on [a, b] . Here P([a, b]) denotes the family of par-
titions of [a, b] .

In [15], Dragomir proved the following Ostrowski type inequalities for functions
of bounded variation:
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Theorem 2. Let f : [a, b]→ R be a mapping of bounded variation on [a, b] . Then

(1.2)

∣∣∣∣∣∣
b∫
a

f(t)dt− (b− a) f(x)

∣∣∣∣∣∣ ≤
[

1

2
(b− a) +

∣∣∣∣x− a+ b

2

∣∣∣∣] b∨
a

(f)

holds for all x ∈ [a, b] . The constant 1
2 is the best possible.

In [12], authors obtained the following Ostroski type inequalities for functions
whose second derivatives are bounded:

Theorem 3. Letf : [a, b] → R be continuous on [a, b] and twice differentiable on
(a, b), whose second derivative f ′′ : (a, b) → R is bounded on (a; b). Then we have
the inequality ∣∣∣∣∣∣f(x)− 1

b− a

b∫
a

f(t)dt− f(b)− f(a)

b− a

(
x− a+ b

2

)∣∣∣∣∣∣
≤ 1

2


[(
x− a+b

2

)2
(b− a)

2 +
1

4

]2

+
1

12

 (b− a)
2 ‖f ′′‖∞

≤
‖f ′′‖∞

6
(b− a)

2

for all x ∈ [a, b] .

Ostrowski inequality has potential applications in Mathematical Sciences. In
the past, many authors have worked on Ostrowski type inequalities for functions
(bounded, of bounded variation, etc.) see for example ([1]-[17], [25],[26],[28]-[33]).
Moreover, Dragomir proved some perturbed Ostrowski type inequalities for bounded
functions and functions of bounded variation, please refer to [18]-[24]. In this study,
we establish some perturbed Ostrowski type inequalities for twice differentiable
functions whose second derivatives are either bounded or of bounded variation.

2. Some Identities

Before we start our main results, we state and prove the following lemma:

Lemma 1. Let f : [a, b]→ C be a twice differantiable function on (a, b) . Then for
any λ1(x) and λ2(x) complex number the following identity holds(

x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt(2.1)

− 1

2(b− a)

[
λ1(x)(x− a)3 + λ2(x)(b− x)3

3

]

=
1

2

 1

b− a

x∫
a

(t− a)
2

[f ′′(t)− λ1(x)] dt+
1

b− a

b∫
x

(t− b)2
[f ′′(t)− λ2(x)] dt

 ,
where the integrals in the right hand side are taken in the Lebesgue sense.
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Proof. Using the integration by parts, we have
x∫
a

(t− a)
2

[f ′′(t)− λ1(x)] dt(2.2)

=

x∫
a

(t− a)
2
f ′′(t)dt− λ1(x)

x∫
a

(t− a)
2
dt

= (t− a)
2
f ′(t)

∣∣∣x
a
− 2

x∫
a

(t− a) f ′(t)dt− λ1(x)

3
(t− a)

3

∣∣∣∣x
a

= (x− a)
2
f ′(x)− 2

 (t− a) f(t)|xa −
x∫
a

f(t)dt

− λ1(x)

3
(x− a)

3

= (x− a)
2
f ′(x)− 2 (x− a) f(x) + 2

x∫
a

f(t)dt− λ1(x)

3
(x− a)

3

and
b∫
x

(t− b)2
[f ′′(t)− λ2(x)] dt(2.3)

=

b∫
x

(t− b)2
f ′′(t)dt− λ2(x)

b∫
x

(t− b)2
dt

= (t− b)2
f ′(t)

∣∣∣b
x
− 2

b∫
x

(t− b) f ′(t)dt− λ1(x)

3
(t− b)3

∣∣∣∣b
x

= − (b− x)
2
f ′(x)− 2

 (t− b) f(t)|bx −
b∫
x

f(t)dt

− λ2(x)

3
(b− x)

3

= (b− x)
2
f ′(x)− 2 (b− x) f(x) + 2

b∫
x

f(t)dt− λ1(x)

3
(x− a)

3
.

If we add the equality (2.2) and (2.3) and devide by 2(b−a), we obtain required
identity. �

Corollary 1. Under assumption of Lemma 1 with λ1(x) = λ2(x) = λ(x), we have(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− λ(x)

6(b− a)

[
(x− a)3 + (b− x)3

]
(2.4)

=
1

2

 1

b− a

x∫
a

(t− a)
2

[f ′′(t)− λ(x)] dt+
1

b− a

b∫
x

(t− b)2
[f ′′(t)− λ(x)] dt

 .
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Remark 1. If we choose λ(x) = 0 in (2.4), then we have the following identity

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt(2.5)

=
1

2

 1

b− a

x∫
a

(t− a)
2
f ′′(t)dt+

1

b− a

b∫
x

(t− b)2
f ′′(t)dt


for all x ∈ [a, b] .

Corollary 2. Under assumption of Lemma 1 with λ1(x) = λ1 ∈ C and λ2(x) =
λ2 ∈ C, we get

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt(2.6)

− 1

6(b− a)

[
λ1(x− a)3 + λ2(b− x)3

]

=
1

2

 1

b− a

x∫
a

(t− a)
2

[f ′′(t)− λ1] dt+
1

b− a

b∫
x

(t− b)2
[f ′′(t)− λ2] dt

 .
In particular, taking λ1 = λ2 = λ we have

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− λ

6(b− a)

[
(x− a)3 + (b− x)3

]
(2.7)

=
1

2

 1

b− a

x∫
a

(t− a)
2

[f ′′(t)− λ] dt+
1

b− a

b∫
x

(t− b)2
[f ′′(t)− λ] dt

 .
Corollary 3. Under assumption of Lemma 1 with λ1(x) = λ2(x) = f ′′(x), x ∈
(a, b) , we have the equality

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− f ′′(x)

6(b− a)

[
(x− a)3 + (b− x)3

]
(2.8)

=
1

2

 1

b− a

x∫
a

(t− a)
2

[f ′′(t)− f ′′(x)] dt+
1

b− a

b∫
x

(t− b)2
[f ′′(t)− f ′′(x)] dt

 .
Corollary 4. Under assumption of Lemma 1, we assume that the lateral derivatives
f ′′+(a) and f ′′−(b) exist and finite. If we take λ1(x) = f ′′+(a) and λ2(x) = f ′′−(b) in
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(2.1), then we have

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt(2.9)

− 1

2(b− a)

[
f ′′+(a)(x− a)3 + f ′′−(b)(b− x)3

3

]

=
1

2

 1

b− a

x∫
a

(t− a)
2 [
f ′′(t)− f ′′+(a)

]
dt+

1

b− a

b∫
x

(t− b)2 [
f ′′(t)− f ′′−(b)

]
dt

 .

In particular, we get

1

b− a

b∫
a

f(t)dt− f
(
a+ b

2

)
− (b− a)2

48

[
f ′′+(a) + f ′′−(b)

]
(2.10)

=
1

2 (b− a)


a+b
2∫
a

(t− a)
2 [
f ′′(t)− f ′′+(a)

]
dt+

b∫
a+b
2

(t− b)2 [
f ′′(t)− f ′′−(b)

]
dt

 .

Corollary 5. Under assumption of Lemma 1, we assume that the derivatives f ′′+(a),

f ′′−(b) and f ′′(x) exist and finite. If we choose λ1(x) =
f ′′+(a)+f ′′(x)

2 and λ2(x) =
f ′′(x)+f ′′−(b)

2 in (2.1), then we have

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− (x− a)3 + (b− x)3

6(b− a)
f ′′(x)(2.11)

− 1

6(b− a)

[
(x− a)3f ′′+(a) + (b− x)3f ′′−(b)

]

=
1

2

 1

b− a

x∫
a

(t− a)
2

[
f ′′(t)−

f ′′+(a) + f ′′(x)

2

]
dt

+
1

b− a

b∫
x

(t− b)2

[
f ′′(t)−

f ′′(x) + f ′′−(b)

2

]
dt

 .
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In particular,

1

b− a

b∫
a

f(t)dt− f
(
a+ b

2

)
− (b− a)2

24
f ′′
(
a+ b

2

)
− (b− a)

48

[
f ′′+(a) + f ′′−(b)

]
(2.12)

=
1

2

 1

b− a

a+b
2∫
a

(t− a)
2

[
f ′′(t)−

f ′′+(a) + f ′′
(
a+b

2

)
2

]
dt

+
1

b− a

b∫
a+b
2

(t− b)2

[
f ′′(t)−

f ′′
(
a+b

2

)
+ f ′′−(b)

2

]
dt

 .

3. Inequalities for Functions Whose Second Derivatives are Bounded

Recall the sets of complex-valued functions:

U [a,b] (γ,Γ)

: =
{
f : [a, b]→ C|

[
(Γ− f(t))

(
f(t)

)
− γ
]
≥ 0 for almast every t ∈ [a, b]

}

and

∆[a,b] (γ,Γ) :=

{
f : [a, b]→ C|

∣∣∣∣f(t)− γ + Γ

2

∣∣∣∣ ≤ 1

2
|Γ− γ| for a.e. t ∈ [a, b]

}
.

Proposition 1. For any γ,Γ ∈ C, γ 6= Γ, we have that U [a,b] (γ,Γ) and ∆[a,b] (γ,Γ)
are nonempty and closed sets and

U [a,b] (γ,Γ) = ∆[a,b] (γ,Γ) .

Theorem 4. Let f : [a, b] → C be a twice differantiable function on (a, b) and
x ∈ (a, b) . Suppose that γi,Γi ∈ C, γi 6= Γi, i = 1, 2 and f ′′ ∈ U [a,x] (γ1,Γ2) ∩
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U [x,b] (γ2,Γ2) , then we have the inequalities

∣∣∣∣∣∣
(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt(3.1)

− (γ1 + Γ1) (x− a)3 + (γ2 + Γ2) (b− x)3

12(b− a)

∣∣∣∣
≤ (b− a)2

12

[
|Γ1 − γ1|

(
x− a
b− a

)3

+ |Γ2 − γ2|
(
b− x
b− a

)3
]

≤



[(
x−a
b−a

)3

+
(
b−x
b−a

)3
]

max {|Γ1 − γ1| , |Γ2 − γ2| , }

[(
x−a
b−a

)3p

+
(
b−x
b−a

)3p
] 1
p

(|Γ1 − γ1|q + |Γ2 − γ2|q)
1
q ,

p > 1, 1
p + 1

q = 1,

[
1
2 +

∣∣∣x− a+b2

b−a

∣∣∣]3 [|Γ1 − γ1|+ |Γ2 − γ2|] .

Proof. Taking the modulus identity (2.1) for λ1(x) = γ1+Γ1

2 and λ2(x) = γ2+Γ2

2 ,

since f ′′ ∈ U [a,x] (γ1,Γ2) ∩ U [x,b] (γ2,Γ2), we have

∣∣∣∣∣∣
(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt

− (γ1 + Γ1) (x− a)3 + (γ2 + Γ2) (b− x)3

12(b− a)

∣∣∣∣
≤ 1

2 (b− a)

 x∫
a

(t− a)
2

∣∣∣∣f ′′(t)− γ1 + Γ1

2

∣∣∣∣ dt
+

b∫
x

(t− b)2

∣∣∣∣f ′′(t)− γ2 + Γ2

2

∣∣∣∣ dt


≤ 1

2 (b− a)

 |Γ1 − γ1|
2

x∫
a

(t− a)
2
dt+

|Γ2 − γ2|
2

b∫
x

(t− b)2
dt


=

(b− a)
2

12

[
|Γ1 − γ1|

(
x− a
b− a

)3

+ |Γ2 − γ2|
(
b− x
b− a

)3
]

which completes the first inequality in (3.1).
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The proof of first and third branches of second inequality in (3.1) are obvious.
Using the Hölder’s inequality

mn+ pq ≤ (mα + pα)
1
α
(
nβ + qβ

) 1
β , m, n, p, q ≥ 0 and α > 1 with

1

α
+

1

β
= 1

we can easily obtain the second branch of second inequality in (3.1). �

Corollary 6. Let f : [a, b] → C be a twice differantiable function on (a, b) and
x ∈ (a, b) . If γ,Γ ∈ C, γ 6= Γand f ′′ ∈ U [a,b] (γ,Γ) , then we have∣∣∣∣∣∣

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− γ + Γ

12(b− a)

[
(x− a)3 + (b− x)3

]∣∣∣∣∣∣
≤ |Γ− γ|

12(b− a)

[
(x− a)3 + (b− x)3

]
.

Corollary 7. Under assumption of Theorem 4 with x = a+b
2 , we have∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− f(x) +
(b− a)2

48

[
γ1 + Γ1

2
+
γ2 + Γ2

2

]∣∣∣∣∣∣
≤ 1

96
[|Γ1 − γ1|+ |Γ2 − γ2|] (b− a)2.

4. Inequalities for Functions Whose Second Derivatives are of
Bounded Variation

Assume that f : f : [a, b] → C be a twice differantiable function on I◦ (the
interior of I) and [a, b] ⊂ I◦. Then, as in (2.11), we have the identity

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− (x− a)3 + (b− x)3

6(b− a)
f ′′(x)(4.1)

− 1

6(b− a)

[
(x− a)3f ′′(a) + (b− x)3f ′′(b)

]

=
1

2

 1

b− a

x∫
a

(t− a)
2

[
f ′′(t)− f ′′(a) + f ′′(x)

2

]
dt

+
1

b− a

b∫
x

(t− b)2

[
f ′′(t)− f ′′(x) + f ′′(b)

2

]
dt

 ,
for any x ∈ [a, b] .
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Theorem 5. Let : f : [a, b]→ C be a twice differantiable function on I◦ and [a, b] ⊂
I◦. If the second derivative f ′′ is of bounded variation on [a, b] , then∣∣∣∣∣∣

(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− (x− a)3 + (b− x)3

6(b− a)
f ′′(x)(4.2)

− 1

6(b− a)

[
(x− a)3f ′′(a) + (b− x)3f ′′(b)

]∣∣∣∣
=

(b− a)2

12

[(
x− a
b− a

)3 x∨
a

(f ′′) +

(
b− x
b− a

)3 b∨
x

(f ′′)

]

≤ (b− a)2

12



[(
x−a
b−a

)3

+
(
b−x
b−a

)3
] [

1
2

b∨
a

(f ′′) + 1
2

∣∣∣∣ x∨
a

(f ′′)−
b∨
x

(f ′′)

∣∣∣∣] ,
[(

x−a
b−a

)3p

+
(
b−x
b−a

)3p
] 1
p

[(
x∨
a

(f ′′)

)q
+

(
b∨
x

(f ′′)

)q] 1
q

p > 1, 1
p + 1

q = 1,

[
1
2 +

∣∣∣x− a+b2

b−a

∣∣∣]3 b∨
a

(f ′′),

for any x ∈ [a, b] .

Proof. Taking modulus (4.1), we get∣∣∣∣∣∣
(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− (x− a)3 + (b− x)3

6(b− a)
f ′′(x)(4.3)

− 1

6(b− a)

[
(x− a)3f ′′(a) + (b− x)3f ′′(b)

]∣∣∣∣
≤ 1

2

 1

b− a

x∫
a

(t− a)
2

∣∣∣∣f ′′(t)− f ′′(a) + f ′′(x)

2

∣∣∣∣ dt
+

1

b− a

b∫
x

(t− b)2

∣∣∣∣f ′′(t)− f ′′(x) + f ′′(b)

2

∣∣∣∣ dt
 .

Since f ′′ is of bounded variation on [a, x], we get∣∣∣∣f ′′(t)− f ′′(a) + f ′′(x)

2

∣∣∣∣ ≤ |2f ′′(t)− f ′′(a)− f ′′(x)|
2

≤ |f ′′(t)− f ′′(a)|+ |f ′′(x)− f ′′(t)|
2

≤ 1

2

x∨
a

(f ′′).
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Thus,

x∫
a

(t− a)
2

∣∣∣∣f ′′(t)− f ′′(a) + f ′′(x)

2

∣∣∣∣ dt ≤ 1

2

x∨
a

(f ′′)

x∫
a

(t− a)
2
dt(4.4)

≤ (x− a)3

6

x∨
a

(f ′′).

Similarly, Since f ′′ is of bounded variation on [x, b], we have

∣∣∣∣f ′′(t)− f ′′(x) + f ′′(b)

2

∣∣∣∣ ≤ 1

2

b∨
x

(f ′′)

and thus,

(4.5)

b∫
x

(t− b)2

∣∣∣∣f ′′(t)− f ′′(x) + f ′′(b)

2

∣∣∣∣ dt ≤ (b− x)3

6

b∨
x

(f ′′).

If we substitute the inequalities (4.4) and (4.5) in (4.3), we obtain the first inequality
in (4.2). The second inequality follows by Hölder’s inequality

mn+ pq ≤ (mα + pα)
1
α
(
nβ + qβ

) 1
β , m, n, p, q ≥ 0 and α > 1 with

1

α
+

1

β
= 1.

�

Corollary 8. Under assumptions of Theorem 5 with x = a+b
2 , we have the inequal-

ity

∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− f
(
a+ b

2

)
− (b− a)2

24
f ′′
(
a+ b

2

)
− (b− a)

48
[f ′′(a) + f ′′(b)]

∣∣∣∣∣∣
≤ (b− a)2

96

b∨
a

(f ′′).

5. Inequalities for Functions Whose Second Derivatives are
Lipschitzian

Theorem 6. Let : f : [a, b]→ C be a twice differantiable function on I◦ and [a, b] ⊂
I◦. If the second derivative f ′′ is Lipschitzian with the costant L1(x) on [a, x] and
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L2(x) on [x, b] , then we have∣∣∣∣∣∣
(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− (x− a)3 + (b− x)3

6(b− a)
f ′′(x)(5.1)

− 1

6(b− a)

[
(x− a)3f ′′(a) + (b− x)3f ′′(b)

]∣∣∣∣
=

(b− a)3

12

[(
x− a
b− a

)4

L1(x) +

(
b− x
b− a

)4

L2(x)

]

≤ (b− a)3

12



[(
x−a
b−a

)4

+
(
b−x
b−a

)4
]

max {L1(x), L2(x)} ,

[(
x−a
b−a

)4p

+
(
b−x
b−a

)4p
] 1
p

[(L1(x))
q

+ (L1(x))
q
]
1
q

p > 1, 1
p + 1

q = 1,

max

{(
x−a
b−a

)4

,
(
b−x
b−a

)4
}

[L1(x) + L2(x)] ,

for any x ∈ [a, b] .

Proof. Since f ′′ is Lipschitzian with the costant L1(x) on [a, x], we get∣∣∣∣f ′′(t)− f ′′(a) + f ′′(x)

2

∣∣∣∣ ≤ |2f ′′(t)− f ′′(a)− f ′′(x)|
2

≤ |f ′′(t)− f ′′(a)|+ |f ′′(x)− f ′′(t)|
2

≤ 1

2
L1(x) [|t− a|] + |x− t|

=
1

2
L1(x)(x− a).

Thus,
x∫
a

(t− a)
2

∣∣∣∣f ′′(t)− f ′′(a) + f ′′(x)

2

∣∣∣∣ dt ≤ 1

2
L1(x)(x− a)

x∫
a

(t− a)
2
dt(5.2)

≤ 1

6
(x− a)4L1(x).

Similarly,f ′′ is Lipschitzian with the costant L2(x) on [x, b], we get∣∣∣∣f ′′(t)− f ′′(x) + f ′′(b)

2

∣∣∣∣ ≤ 1

2
L2(x)(b− x)

and thus,

(5.3)

b∫
x

(t− b)2

∣∣∣∣f ′′(t)− f ′′(x) + f ′′(b)

2

∣∣∣∣ dt ≤ 1

6
(b− x)4L2(x).
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If we substitute the inequalities (5.2) and (5.3) in (4.3), we obtain the first inequality
in (5.1). The second inequalities con be proved as in Theorem 4 and Theorem 5. �

Corollary 9. Under assumption of Theorem 6 with L1(x) = L2(x) = L, we have∣∣∣∣∣∣
(
x− a+ b

2

)
f ′(x)− f(x) +

1

b− a

b∫
a

f(t)dt− (x− a)3 + (b− x)3

6(b− a)
f ′′(x)(5.4)

− 1

6(b− a)

[
(x− a)3f ′′(a) + (b− x)3f ′′(b)

]∣∣∣∣
=

1

12

[(
x− a
b− a

)4

+

(
b− x
b− a

)4
]
L(b− a)3.

Corollary 10. If we choose x = a+b
2 in (5.4), we get the inequality∣∣∣∣∣∣ 1

b− a

b∫
a

f(t)dt− f
(
a+ b

2

)
− (b− a)2

24
f ′′
(
a+ b

2

)
− (b− a)

48
[f ′′(a) + f ′′(b)]

∣∣∣∣∣∣
≤ 1

192
L(b− a)3.
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