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SOME APPLICATIONS OF YOUNG-TYPE INEQUALITIES FOR
OPERATORS

LOREDANA CIURDARIU

ABSTRACT. The aim of this paper is to present some applications of several
new Young-type and Holder’s inequalities given by Alzer, H., Fonseca, C. M.
and Kovacec, A. for operators.

1. Introduction

The famous Young’s inequality, as a classical result, state that:
a’b™" < va+ (1 —v)b,

when a and b are positive numbers, a # b and v € (0, 1).

In these years, there are many interesting generalizations of this well-known
inequality and its reverse, see for example [9, 10, 8, 7, 1] many others and references
therein.

As in [1], we consider A, (a,b) = va + (1 — v)b, and G,(a,b) = a"b*~". The
following result, given in [7] is a refinement of the left-hand side of a refinement of
the inequality of Young proved in 2010 and 2011 by Kittaneh and Manasrah, [9],
[10].

Proposition 1. For all a,b > 0 we have
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More recently, in [1] are given new results which extend many generalizations of
Young’s inequality given before. We recall these results below in order to use them
in the next sections.
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Theorem 1. Let A\, v and 7 be real numbers with A > 1 and 0 < v <71 < 1. Then

T A (a,b)* = G-(a,b)* 1—7

for all positive and distinct real numbers a and b. Moreover, both bounds are sharp.

Theorem 2. Let v € (0,1). For all real numbers a,b with 0 < a < b we have

@Mog <Z> < Ay(a,b) - Gy(a,b) < @bbg (Z>

e (052 (-9 < e <o (42 (-2) ).

v(l—v)
2

and

In each inequality, the factor is the best possible.

2. The Young-type inequalities for operators

As in [4], it is necessary to recall that for selfadjoint operators A, B € B(H) we
write A < B (or B > A) if < Az, ><< Bux,z > for every vector z € H. We will
consider for beginning A as being a selfadjoint linear operator on a complex Hilbert
space (H;< .,. >) . The Gelfand map establishes a *- isometrically isomorphism
® between the set C(Sp(A)) of all continuous functions defined on the spectrum
of A, denoted Sp(A), and the C*- algebra C*(A) generated by A and the identity
operator 1y on H as follows: For any f, f € C(Sp(A)) and for any «, 8 € C we
have

(i) @(af + Bg) = a®(f) + B(9);

(i) ®(fg) = D(f)B(g) and B(F) = D(f*);

(i) 1[D(F)]| = 111 := supyespa L F D)

(iv) ®(fo) =1g and ®(f1) = A, where fo(t) =1 and fi(¢t) =t for t € Sp(A.)

Using this notation, as in [4] for example, we define

f(A) :=&(f) for all feC(Sp(A))

and we call it the continuous functional calculus for a selfadjoint operator A. It is
known that if A is a selfadjoint operator and f is a real valued continuous function
on Sp(A), then f(t) > 0 for any ¢ € Sp(A) implies that f(A4) > 0, i.e. f(A) is
a positive operator on H. In addition, if and f and g are real valued functions on
Sp(A) then the following property holds:

(1) f(t) >g(t) for any ¢e Sp(A) implies that f(A) > g(A)

in the operator order of B(H).

We consider A, B two positive operators on a complex Hilbert space (H, < .,. >)
and the following notations for operators:

AV,B=(1-v)A+vB, ve|0,1],



the weighted operator arithmetic mean and
A, B = A% (A—%BA—%) A% velo,1],
the weighted operator geometric mean.

The following inequalities operators will use the results given in previous section.

Theorem 3. For any A, B positive invertible operators on H we have
A A A
(3) [(A—%(TB+ (1 —T)A)A—%) - (A—%BA—%) } <
-

1

< (A—%(VB +(1- z/)A)A—%)A - (,4—5&41—%)"A <

< (1—1/>A |:(A_é(TB+(1—T)A)A_%>)\ _ (A_éBA—é)T’\]

1—7

which can be also written,

(5)A [(A‘i(AvTB)A—%)A - A‘i(AﬁTB)A‘é} <

T

A
< (A—%(AVVB)A—%) — A"3(Af,B)AF <

1—v A 1 1\ 1 1
<<1T> [(A—Q(AVTB)A—a) —A‘2(AﬁTB)A‘2}
or

(;)A [A#5(AV, B) — A#.\B] <
< At (AV,B) — Af\B <

1
for any real numbers X\, v and T with A>1 and 0 <v <7 < 1.

1-v\*
<< _7_> [Aﬁ/\(AVTB)—AﬁT/\B],

Proof. In Theorem 1 if we divide the inequality

y Ja, b — G, (a,b) AR
O < iem—car (=)

T

by b* we get the following:
(g)A g+ 1= = ()" (I—V)A'
N G R (s ORI,

Now we use the continuous functional calculus as in [5] and we have for an operator
C > 0 that

(5)A [(Tc 41— 7)) — cﬂ} <

T

<WC+ 1=l - <

< <1 - ”)A [(Tc+ 1 -1 fcﬂ} .

1—71
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We take C = A~2 BA~% and we have

() |(ratpat c @) = (amtmat) ) <

T

<(vatipabiq- 1/)1,{)A - (A*%BA*%)”A <

< <1 - V)A [(TA%BA% . T)1H>)\ B (AiBAé)”}

1—71

or

(Z)A [(A‘(TB+ (1-7A4)A )* ( WBA‘%)T/\} 3

T

<(A YwB+(1-vA)A~ ))A_( ‘EBA“)M<

< (1 - ”)A [(Aé(TB +(1- TA)A*%))A - (AéBAzl’)T/\} :

1—7

Now if we multiply both sides of previous inequality with Az we deduce last in-
equality of this theorem.
|

Proposition 2. For A =n € N and A, B positive invertible operators on H we

have:

< ( Z ) (1—v)" %k A, B — A4, B <

M - n 77_717!@7_]@ .
< T l;(k)(l )RR AL B — A, B

for any real numbers v and T with 0 <v <7 < 1.

Proof. We use the same method as in Tkeorem 3. i
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Theorem 4. (i) If A, B are positive invertible operators on H with A < B and
v € (0,1) then we have:
7”(12_ V) a4 (log?(a~3pA~4)) Al <

1-v

<vA+(1-v)B- A% (A*%BA*%> Ar <

YL=V) 4t (4=t BA—d10g? (a-tBA-E)) A}

<S54 (A BA~%log (A BA ))A
(ii) (a) If A, B are positive invertible operators on H with A < B then
v(l—v)

vA+(1—v)B < A2 {(A_éBAé)l_”exp 5

(I- A—%BA—é)ﬂ Az,
where v € (0,1).
, are positive invertible operators on wit > B then
(b) If A, B P ble op H h A> B th

v(l—v)

vA+(1—v)B > A? {(A_éBAé)l_”exp 5

(I- A—%BA—%)Z‘} A%,
where v € (0,1).
Proof. (i) We divide by a # 0 in inequality
v(l—v) 9 (b v(l—v) 9 (b
- 5 1 - AV ) - v ) - a8 1 -
5 alog (a < Ay(a,b) — Gy(a,b) < 5 blog o
from Theorem 2 and we get the scalar inequality

_ 1—v
Mlog2(2><u+(l—u)2—b <

2 al—v
1-v)b b
< u, 1Og2 <) ,
2 a a
when 3 > 1. Therefore we can write:
v(l—v) v(l—v)
2 2
with ¢ > 1. Now using the continous functional calculus as in [5] we find that
v(l—v)
2

1

log? (¢) < v+ (1—v)e—cv < clog? ¢,

log” (A4 BA™}) < vl +(1-v)A~iBATE - (A*%BA*%)I_V <

1 - 1 1 1
< V(TV) (A72BA~H)10g? (43 BAE),
where C = A"2BA~2 > 1y because B > A. Then we multiply both sides of
previous inequality with Az and we get:

va=0) 4 (tog?(A™3BA™H)) At <

v(l—v)
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(i) (b) This time we divide the inequality

o (252(0-3) < on (252(-2)

from Theorem 2 by b # 0 and we get

o (M2 (1)) < S

with ¢ = § < 1. By continous functional calculus we get

C exp (”(12_”) (g — 0)2) <vC+(1—v)ly

when C < 1y Now we put C' = A 2BA"% < 1y and we have,

(A"2BA™2)" exp (V(12_V) (1H - (A%BA;)Y) <V(ATEBATE) 4 (1-v)ly.

We multiply both sides of previous inequality with Az and we obtain the desired
inequality.

For (a) we take into account the second part of inequality from Theorem 2 and

we use the same method.
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