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OPERATOR SUPERADDITIVITY AND MONOTONICITY OF
NONCOMMUTATIVE PERSPECTIVES

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some operator superadditivity and monotonic-
ity properties for mappings associated to noncommutative perspectives of oper-

ator concave or operator convex functions. Applications for weighted operator
geometric mean and relative operator entropy are also provided.

1. INTRODUCTION

Let ® be a continuous function defined on the interval I of real numbers, B
a selfadjoint operator on the Hilbert space H and A a positive invertible opera-
tor on H. Assume that the spectrum Sp (A*1/2BA*1/2) C I. Then by using the
continuous functional calculus, we can define the perspective Pg (B, A) by setting

Po (B, A) := A2 (A—1/2BA—1/2) AV2,
If A and B are commutative, then
Po (B, A) = A® (BA™)

provided Sp (BA_I) cl.
It is well known that (see [7] and [6] or [8]), if ® is an operator convez (concave)
function defined in the positive half-line (0, 00), then the mapping

(B,A) — Pg (B, A)

defined in pairs of positive definite operators, is operator convex (concave), namely
we have

(1.1) Po (AB+ (1= A) D,AA+ (1 —A)C) < () \Ps (B, A) + (1 — \) Py (D, C)

in the operator order for any positive invertible operators A, B, C, D and A € [0,1].
In the recent paper [2] we established the following reverse inequality for the
perspective Pg (B, A) .
Let @ : [m, M] — R be a convez function on the real interval [m, M], A a positive
invertible operator and B a selfadjoint operator such that

(1.2) mA< B<MA,
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then we have

(13) o< Mi [@ (m) (MA — B) +® (M) (B — mA)] — Po (B, A)

_ (1)~ ¥, (m)
- M—m

< (M —m) (2 (M) — @, (m)] A

(MAUQ _ BA—l/Q) (A—l/QB B mAl/Q)

Let ® : J C R — R be a twice differentiable function on the interval .J , the
interior of J. Suppose that there exists the constants d, D such that

(1.4) d<®"(t)< D foranyteJ.

If A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.2) is valid with [m, M] C J, then we have the following result as well
3]

(1.5) d(MA1/2 _BA—1/2) (A—1/2B_mA1/2>

1
M—-—m

< %D (MA1/2 _ BA*”Q) (A’l/zB _ mA1/2) _

1
2
<

[®(m)(MA—B)+®(M)(B—-mA)] —Ps (B, A)

If d > 0, then the first inequality in (1.5) is better than the same inequality in
(1.3).

Motivated by the above results, we establish in this paper some operator superad-
ditivity and monotonicity properties for mappings associated to noncommutative
perspectives of operator concave or operator convex functions. Applications for
weighted operator geometric mean and relative operator entropy are also provided.

2. SUPERADDITIVITY AND MONOTONICITY PROPERTIES

The following result holds:

Theorem 1. Let ® be an operator concave (convex) function defined in the positive
half-line then for any positive invertible operators A, B, C, D we have

(2.1) Po(B+D,A+C)>(<)Ps (B,A)+Ps (D,C),

i.e. Pg is operator superadditive (subadditive) as a function of pairs of positive
invertible operators.

In addition, if ® is operator concave and nonnegative in the positive half-line
and A > C and B > D, then

(22) Po (Ba A) > Po (Da C) )

i.e. Po is operator monotonic nondecreasing as a function of pairs of positive
invertible operators.

Proof. First, we observe that Pg is positive homogeneous as a function of pairs of
positive invertible operators, namely

Ps (aB,aA) :== aPg (B, A)

for any a > 0 and any pair of positive invertible operators (B, A).



OPERATOR SUPERADDITIVITY AND MONOTONICITY 3

By property (1.1) we have for any positive invertible operators A, B, C, D that
B+ D 2A +C
2 2
B+D A+C

=2

P@ ( 2 ) 9 >
Po (B,A) + Pa (D, C)

2

=Pg (B, A) + P (D,C)

’P<1>(B+D,A+C):’Pq> <2

> ()2

and the inequality (2.1) is proved.
If A>C>0and B> D >0, then by (2.1) we have

Po (B,A)=Ps(B—D+D,A—C+C)
>Ps(B—D,A—-C)+Ps(D,C)
giving that
P(b (B7A)_P‘I> (DaC) Z,P@ (B_DvA_C)
Since ® is positive and A > C' and B > D then
Ps (B—D,A-C)
—(A-0)"*® ((A )Y (B-D)(A- C)*l/z) (A—C)? >0
and the inequality (2.2) is proved. O

Corollary 1. Let ® be a nonnegative and operator concave function defined in the
positive half-line then for any positive invertible operators A, B, C, D such that
(2.3) K (C,D) > (A, B) > k(C, D)
namely, KC > A > kC and KD > B > kD for some positive constants k, K.
Then we have
(2.4) KPs (D,C)> Py (B,A) > kPs (D,C).
Proof. We have by (2.2) that

KPs (D,C) =Py (KD, KC) > Pg (B, A),

which proves the first inequality in (2.4).
The second inequality goes likewise and the corollary is proved. O

Let @ : [m, M] — R be a continuous convex function on the real interval [m, M].
Then for any ¢t € [m, M] we have by the convexity of ® that
1
M—-m
If A is positive invertible and B is selfadjoint and mA < B < M A, holds, then by
multiplying both sides of this inequality with A~'/2 we have mI < A=Y/2BA~1/2 <
M. If we use the continuous functional calculus, then we have

L —[@(m) (M1 —A712BA7Y) @ (M) (A72BAT2 = i )|

(M =) @ (m) + (t —m) @ (M)] > P (t).

(2.5)

> o (A*WBA*W) .
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If we multiply both sides of (2.5) by AY? we get
1
M —m

For m, M with M > m we define the following set of pairs of operators
S(m,M) :={(B,A), A is positive invertible, B is selfadjoint and satisfy (1.2)}.
We observe that, if (B, A), (D,C) € S (m, M) then also (B, A) + (D,C), a (B, A)
and A (B, A)+ (1 = )\) (D,C) € S (m, M) for any a > 0 and A € [0, 1] meaning that
S (m, M) is a cone and, a fortiori a convex set.

We define the mapping Dg on S (m, M) by

1
M—m
From the above considerations, we see that, if ® : [m,M] — R is a continuous
convex function on the real interval [m, M|, then

(2.7) Dy (B,A) >0

for any (B, A) € S(m,M).
We have:

(2.6)

[® (m) (MA — B) + & (M) (B — mA)| > Py (B, A).

Do (B, A) := [® (m) (MA — B) +® (M) (B — mA)] — Ps (B, A).

Theorem 2. Let @ be an operator convex function defined on the interval [m, M].
Then the mapping Dg is nonnegative, positive homogeneous, operator concave, op-
erator superadditive and operator monotonic nondecreasing on S (m, M) .

Proof. If ® is an operator convex function defined on the interval [m, M], then it
is convex and by (2.7) we have that Dg is nonnegative on S (m, M) in the operator
order.

If >0 and (B,A) € S(m, M) then

Do (B, aA)

= i — [®(m) (MaA = aB) + ® (M) (aB — maA)] - Py (aB, aA)
= Mfm [® (m) (MA— B)+® (M) (B —mA)] — aPg (B, A)

= CEDq; (B7 A)

that proves the positive homogeneity of Dg.
Let (B,A), (D,C) € S(m,M) and X € [0,1]. Then we have

Dg (AB+ (1 —A)D,AA+(1-)\)0))

- Mim[q)(m)(MO\A'F(l—)\)C)—()\B+(1_)\)D))

+O(M)(AB+(1=X)D—-m(AA+(1-X)C))]
—Po (AB+(1=N)D,AA+(1-))0C))

_ Mim[cI>(m)(MA—B)+(I>(M)(B—mA)]
+ A;__?n [ (m) (MC = D) + & (M) (D — mC)]

—Po (AB+(1=N) DA+ (1-))0C))
=:U.
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By (1.1) we also have that

~Pa (AB+ (1 =AN)D,XA+(1-X)C)) > —=APg (B,A) — (1 = \)Ps (D, C)
for any (B, A), (D,C) € S(m,M) and X € [0,1].

Therefore
Uz 2@ () (MA ~ B) + @ (M) (B~ mA) ~ APa (B, 4)
£ [ (m) (MC — D)+ (M) (D —mC)] — (1)) Pa (D,C)

= ADs (B,A) + (1 — )\) Do (D,C)

for any (B, A), (D,C) € S(m,M) and X € [0,1], showing that Dg is operator
concave on S (m, M).
If (B,A), (D,C) € §(m, M), then by the above properties we have

D@(B-FD,A—&—C) Z’D@(B,A)—&—D@(D,C),

which proves the operator superadditivity of Dg on S (m, M) .
The operator monotonicity of Dg follows in a similar way as in the proof of
Theorem 1 and the details are omitted. O

Corollary 2. Let ® be an operator convez function defined on the interval [m, M]
and (B, A), (D,C) € §(m,M). If there exists some positive constants k, K such
that KC' > A > kC and KD > B > kD, then we have the inequalities

(2.8) K{Ml_m (@ (m) (MC — D) + & (M) (D — mC)] — Pa (D,C)}
> (@ (m) (MA — B) + @ (M) (B~ mA)] - Pa (B, 4)
>

k{Mlm[q’(m)(MC—D)Jr@(M)(D—mC)]—%(D,C)}>o.

3. APPLICATIONS FOR OPERATOR GEOMETRIC MEAN

Assume that A, B are positive invertible operators on a complex Hilbert space
(H,(-,-)). We use the following notations for operators [18]

AV,B:=(1-v)A+vB,
the weighted operator arithmetic mean and

Af, B := AY/? (A‘l/zBA‘1/2> S

the weighted operator geometric mean, where v € [0,1]. When v = % we write
AV B and A4B for brevity, respectively.

The definition Af, B can be extended accordingly for any real number v.

The following inequality is well known as the operator Young inequality or op-
erator v-weighted arithmetic-geometric mean inequality:

(3.1) At,B < AV,B for all v € [0,1].
For recent results on operator Young inequality see [11]-[14], [15] and [24]-[25].
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If we consider the continuous function ®, : [0,00) — [0,00), @, (z) = ¥
then the operator v-weighted geometric mean can be interpreted as the perspective
Ps, (B, A), namely

Ps, (B, A) = A4, B.

Since, for v € (0,1), ®, : [0,00) — [0,00), D, (z) = ¥ is operator concave and

positive on [0, 00), then by (1.1) we have that (see also [23, p. 146])

(3.2) tA+(1-t)C)t, tB+(1—¢)D) > tAf, B+ (1 —1)Ct,D
and by (2.1) we have (see also [23, p. 146])
(3.3) (A+C)8, (B+ D) > A, B+ Ct,D

for any positive invertible operators A, B, C, D and v € [0,1].
For positive invertible operators A, B, C, D such that A > C and B > D, then
by (2.2) we have (see also [23, p. 139])

(3.4) A, B > Ct,D.

Moreover, if KC > A > kC and KD > B > kD for some positive constants k, K
then by (2.4) we have

(3.5) KC%,D > A4,B > kC4,D.
For v € (0,1) we consider the mapping D, on S (m, M) defined by

D, (B, A) := At, B m” (MA — B) + M" (B — mA)].

M —-m
Using Theorem 2 we have that D, is nonnegative, positive homogeneous, operator
concave and operator superadditive.

If (B,A), (D,C) € S(m,M) with A > C and B > D, then by the operator
monotonicity of D, we have

1 14 v
(3.6) A8, B — ——— [m" (MA = B) + M" (B —mA)

> 4D — ﬁ im? (MC — D) + M” (D —mC)] > 0,

If (B,A), (D,C) € S(m,M) and KC > A > kC and KD > B > kD for some
positive constants k, K then by (2.8) we have

@7 K {CﬁVD - ﬁ im? (MC — D)+ M" (D — mC)]}

zAﬁVBfM;m[m”(MAfB)JrM” (B —mA)]

1
M—-—m

It is known that the function @, (¢t) = t¥ is operator convex on (0,c0) if either
1<p<2or—1<p<0. Consider the mapping

> k{Cti,,D [m” (MC — D) + M" (D—mC)]} > 0.

Po, (B, A) = Af,B = A"/ (Afl/zBAfl/z)” AV2,
In particular, we have

2
Py (B, A) = Po, (B, A) = Afo B = A'/? (A‘l/QBA‘l/Q) AY?2 = BA-lp
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and, symmetrically,
-1
P_y(B,A) = Py_, (B,A) = Af_,B = A/? (A*l/QBA*/?) AY2 = AB1A.

By utilizing Theorem 1 for operator convex functions, we conclude that Pg, (-, )
is subadditive as a function of positive invertible pairs. This implies that the func-
tional

pp (B, A) = HA1/2 (A*1/2BA*1/2)pA1/2H

is also subadditive as a function of positive invertible pairs for p € [—-1,0] U [1,2].
In particular, we have the operator inequality

(B+D)(A+C)"" (B+D)<BA'B+DC™'D
and the norm inequality
|B+D)(a+ ) (B+D)|| <||BA"'B+DC'D| < |[BAT'B| + |[pC'D|
for any positive invertible operators A, B, C, D > 0.
Consider the mapping D, on S (m, M) defined by

1

D, (B, A) := M=

[mP (MA — B) + MP (B — mA)] — At,B

where
Aty B = AV (A‘l/QBA‘l/Q)pAlﬂ, pel-1,00U1,2].

By Theorem 2 we have that the mapping D,, is nonnegative, positive homogeneous,
operator concave and operator superadditive on S (m, M) .

If (B,A), (D,C) € S(m,M) with A > C and B > D, then by the operator
monotonicity of D, we have

(3.8) 37— [m? (MA—B) + M? (B —mA)] - A4, B
>

1
U —m [mP (MC — D)+ MP? (D —m(C)] — Ct,D >0,
for any p € [-1,0] U[1,2].

In particular, we have

1 1 1 1
(3.9) M_m[m(MA—B)JrM(B—mA)}—AB A
>t Y c-py+ 2 (D-mo)| —cpe >0
“M—-—m|m M mn -
and
1 2 _ 2 _ _ —1
(3.10) T [m* (MA - B)+ M?(B—-mA)] - BA™'B
1 _
zM_m[mQ(MCfD)JrMQ(DfmC)]fDC 'D >o.
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If (B,A), (D,C)e S(m,M) and KC > A > kC and KD > B > kD for some
positive constants k, K then by (2.8) we have

(3.11) K{Mim im? (MC — D) + M? (D — mC)] —oﬁpp}
1 p P
> M—m[m (MA— B)+ MP?(B—-mA)] — At,B
>k{M1m[mp(MC—D)+Mp(D—mC)]—CﬁpD} >0

for any p € [-1,0] U[1,2].
In particular, we have

(3.12) K{Ml_m H (MC—D)+A14(D—m0)} —CD—lc}

1 [1 1 .
Y {m(MA—B)ﬁ—M(B—mA)} — AB'A
1

zk{M_m {;L(MO—DH—AZ(D—mC)} —Och}zo

(3.13) K{ ! [m? (MC — D)+ M? (D —mC)] — Dclp}

M—-—m
1 _
> M_m[mQ(MA—B)—i-MQ(B—mA)]—BA 'B
1 _
zkz{M_m[mz(MC—D)—i—MQ(D—mC)]—DC 1D}20.

4. APPLICATIONS FOR RELATIVE OPERATOR ENTROPY

Kamei and Fujii [9], [10] defined the relative operator entropy S (A|B), for pos-
itive invertible operators A and B, by

(4.1) S (A|B) := A2 (mA’“zBA’”Q) A2,
which is a relative version of the operator entropy considered by Nakamura-Umegaki
[22].

For some recent results on relative operator entropy see [4]-[5], [16]-[17] and
[19]-[20].

Consider the logarithmic function In. Then the relative operator entropy can be
interpreted as the permanent of In, namely

P (B, A) = S(A|B).

If we consider the entropy function n (¢) = —tInt, then it is well known that for
any positive invertible operators A, B we have

(4.2) S(A|B) = BY?y (B‘I/QAB‘”Q) BY2,

The function ® (t) = tlnt = —n (¢), t > 0, is convex, then the perspective of this
function is

Plymcy (B, A) = =AMy (ATBATI?) AV = -5 (BIA)
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where for the last equality we used (4.2) for A replacing B.
If B> A and A is positive and invertible, then AT

—1/2

2

BA™"" > I and by the
continuous functional calculus we have In A~"/* BA > 0, which implies by mul-
tiplying both sides with A2 that S (A|B) > 0.

Since ® (¢) = Int is operator concave on (0,00) then by (1.1) we have (see also
[23, p. 153])

(4.3) S(WA+ 1 -v)ClwvB+(1—v)D)>vS(AB)+(1—v)S(C|D)

for any positive invertible operators A, B, C, D and v € [0,1], while by (2.1) we
have (see also [23, p. 153])

(4.4) S(A+C|B+ D) > S(AB)+ S (C|D)

for any positive invertible operators A, B, C, D.
Moreover, if A > C > 0 and B > D > 0, then by (2.1) we have

(4.5) S(A|B)-S(C|D)>S(A-C|B-D).
In addition, if B— D > A — C, or, equivalently, B+ C > A + D, then we have
(4.6) S(A|B) > S(C|D).

We consider the mapping Dy, on S (m, M) defined by

Dy, (B, A4) = S (A|B) - L llnm (MA = B)+ M (B —mA).

-m
Using Theorem 2 we have that Dy, is nonnegative, positive homogeneous, operator
concave and operator superadditive.

If (B,A), (D,C) € §S(m,M) with A > C and B > D, then by the operator
monotonicity of Dy, we have

47)  S(A|B) - Ml

—m

Inm (MA— B)+1InM (B —mA)]

> S (C|D) — [Inm (MC — D) +1InM (D —mC)] > 0.

M —-—m
If (B,A), (D,C) e S(m,M) and KC > A > kC and KD > B > kD for some
positive constants k, K then by (2.8) we have

(4.8) K{S(C|D) - Ml

—m

lnm (MC — D) +lnM(D—mC’)]}

> S(A|B) — Ml Inm (MA — B) +1In M (B — mA)|

—m

>k{S(C|D)— Ml

—m

lnm (MC — D) —HnM(D—mC)]} > 0.

The function ® (¢t) = ¢Int is operator convex on (0,00). We can consider the map-
ping D(.yin(.) on S (m, M) defined by

1
D()ln() (B, A) = M —m [mlnm (MA - B) 4+ MInM (B — mA)] — P()ln() (B, A)

1

=+ [mlnm (MA—B)+ MInM (B—mA)|+ S (BJA).
-m

Using Theorem 2 we have that D(.),(.) is nonnegative, positive homogeneous, op-

erator concave and operator superadditive.
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If (B,A), (D,C) € §(m,M) with A > C and B > D, then by the operator
monotonicity of D(.y1,(.) we have

(4.9) [mInm (MA — B)+ MInM (B —mA)] + S (B|A)

M—m

>_ -
“M-m
If (B,A), (D,C) € S(m,M) and KC > A > kC and KD > B > kD for some
positive constants k, K then by (2.8) we have

[mInm (MC — D)+ MInM (D —mC)|+ S (D|C) > 0.

(4.10) K{Zwl—m [mlnm (MC — D)+ MInM (D — mC)] —|—S(D|C)}

> M= [mInm (MA—B)+ MInM (B—mA)|+ S(B|A)

> k{Mlm iminm (MC — D)+ MIn M (D = mC)| +S(D|C)} > 0.
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