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Abstract. In this paper we establish some operator superadditivity and monotonic-
ity properties for mappings associated to noncommutative perspectives of oper-
ator concave or operator convex functions. Applications for weighted operator
geometric mean and relative operator entropy are also provided.

1. Introduction

Let � be a continuous function de�ned on the interval I of real numbers, B
a selfadjoint operator on the Hilbert space H and A a positive invertible opera-
tor on H: Assume that the spectrum Sp

�
A�1=2BA�1=2

�
� �I: Then by using the

continuous functional calculus, we can de�ne the perspective P� (B;A) by setting

P� (B;A) := A1=2�
�
A�1=2BA�1=2

�
A1=2:

If A and B are commutative, then

P� (B;A) = A�
�
BA�1

�
provided Sp

�
BA�1

�
� �I:

It is well known that (see [7] and [6] or [8]), if � is an operator convex (concave)
function de�ned in the positive half-line (0;1), then the mapping

(B;A) 7! P� (B;A)

de�ned in pairs of positive de�nite operators, is operator convex (concave), namely
we have

(1.1) P� (�B + (1� �)D;�A+ (1� �)C) � (�)�P� (B;A) + (1� �)P� (D;C)

in the operator order for any positive invertible operators A; B; C; D and � 2 [0; 1] :
In the recent paper [2] we established the following reverse inequality for the

perspective P� (B;A) :
Let � : [m;M ]! R be a convex function on the real interval [m;M ], A a positive

invertible operator and B a selfadjoint operator such that

(1.2) mA � B �MA;
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then we have

0 � 1

M �m [� (m) (MA�B) + � (M) (B �mA)]� P� (B;A)(1.3)

�
�0� (M)� �0+ (m)

M �m

�
MA1=2 �BA�1=2

��
A�1=2B �mA1=2

�
� 1

4
(M �m)

�
�0� (M)� �0+ (m)

�
A:

Let � : J � R ! R be a twice di¤erentiable function on the interval �J , the
interior of J . Suppose that there exists the constants d; D such that

(1.4) d � �00 (t) � D for any t 2 �J:
If A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.2) is valid with [m;M ] � �J; then we have the following result as well
[3]

1

2
d
�
MA1=2 �BA�1=2

��
A�1=2B �mA1=2

�
(1.5)

� 1

M �m [� (m) (MA�B) + � (M) (B �mA)]� P� (B;A)

� 1

2
D
�
MA1=2 �BA�1=2

��
A�1=2B �mA1=2

�
:

If d > 0; then the �rst inequality in (1.5) is better than the same inequality in
(1.3).
Motivated by the above results, we establish in this paper some operator superad-

ditivity and monotonicity properties for mappings associated to noncommutative
perspectives of operator concave or operator convex functions. Applications for
weighted operator geometric mean and relative operator entropy are also provided.

2. Superadditivity and Monotonicity Properties

The following result holds:

Theorem 1. Let � be an operator concave (convex) function de�ned in the positive
half-line then for any positive invertible operators A; B; C; D we have

(2.1) P� (B +D;A+ C) � (�)P� (B;A) + P� (D;C) ;
i.e. P� is operator superadditive (subadditive) as a function of pairs of positive
invertible operators.
In addition, if � is operator concave and nonnegative in the positive half-line

and A > C and B > D; then

(2.2) P� (B;A) � P� (D;C) ;
i.e. P� is operator monotonic nondecreasing as a function of pairs of positive
invertible operators.

Proof. First, we observe that P� is positive homogeneous as a function of pairs of
positive invertible operators, namely

P� (�B;�A) := �P� (B;A)
for any � > 0 and any pair of positive invertible operators (B;A) :
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By property (1.1) we have for any positive invertible operators A; B; C; D that

P� (B +D;A+ C) = P�
�
2
B +D

2
; 2
A+ C

2

�
= 2P�

�
B +D

2
;
A+ C

2

�
� (�) 2P� (B;A) + P� (D;C)

2
= P� (B;A) + P� (D;C)

and the inequality (2.1) is proved.
If A > C > 0 and B > D > 0; then by (2.1) we have

P� (B;A) = P� (B �D +D;A� C + C)
� P� (B �D;A� C) + P� (D;C)

giving that
P� (B;A)� P� (D;C) � P� (B �D;A� C) :

Since � is positive and A > C and B > D then

P� (B �D;A� C)

= (A� C)1=2 �
�
(A� C)�1=2 (B �D) (A� C)�1=2

�
(A� C)1=2 � 0

and the inequality (2.2) is proved. �

Corollary 1. Let � be a nonnegative and operator concave function de�ned in the
positive half-line then for any positive invertible operators A; B; C; D such that

(2.3) K (C;D) � (A;B) � k (C;D)
namely, KC � A � kC and KD � B � kD for some positive constants k; K:
Then we have

(2.4) KP� (D;C) � P� (B;A) � kP� (D;C) :

Proof. We have by (2.2) that

KP� (D;C) = P� (KD;KC) � P� (B;A) ;
which proves the �rst inequality in (2.4).
The second inequality goes likewise and the corollary is proved. �

Let � : [m;M ]! R be a continuous convex function on the real interval [m;M ].
Then for any t 2 [m;M ] we have by the convexity of � that

1

M �m [(M � t) � (m) + (t�m) � (M)] � � (t) :

If A is positive invertible and B is selfadjoint and mA � B � MA, holds, then by
multiplying both sides of this inequality with A�1=2 we have mI � A�1=2BA�1=2 �
MI: If we use the continuous functional calculus, then we have

1

M �m

h
� (m)

�
MI �A�1=2BA�1=2

�
+�(M)

�
A�1=2BA�1=2 �mI

�i
(2.5)

� �
�
A�1=2BA�1=2

�
:
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If we multiply both sides of (2.5) by A1=2 we get

(2.6)
1

M �m [� (m) (MA�B) + � (M) (B �mA)] � P� (B;A) :

For m; M with M > m we de�ne the following set of pairs of operators

S (m;M) := f(B;A) ; A is positive invertible, B is selfadjoint and satisfy (1.2)g :
We observe that, if (B;A) ; (D;C) 2 S (m;M) then also (B;A) + (D;C) ; � (B;A)
and � (B;A)+(1� �) (D;C) 2 S (m;M) for any � > 0 and � 2 [0; 1] meaning that
S (m;M) is a cone and, a fortiori a convex set.
We de�ne the mapping D� on S (m;M) by

D� (B;A) :=
1

M �m [� (m) (MA�B) + � (M) (B �mA)]� P� (B;A) :

From the above considerations, we see that, if � : [m;M ] ! R is a continuous
convex function on the real interval [m;M ] ; then

(2.7) D� (B;A) � 0
for any (B;A) 2 S (m;M) :
We have:

Theorem 2. Let � be an operator convex function de�ned on the interval [m;M ] :
Then the mapping D� is nonnegative, positive homogeneous, operator concave, op-
erator superadditive and operator monotonic nondecreasing on S (m;M) :

Proof. If � is an operator convex function de�ned on the interval [m;M ] ; then it
is convex and by (2.7) we have that D� is nonnegative on S (m;M) in the operator
order.
If � > 0 and (B;A) 2 S (m;M) then
D� (�B;�A)

=
1

M �m [� (m) (M�A� �B) + � (M) (�B �m�A)]� P� (�B;�A)

=
�

M �m [� (m) (MA�B) + � (M) (B �mA)]� �P� (B;A)

= �D� (B;A)
that proves the positive homogeneity of D�:
Let (B;A) ; (D;C) 2 S (m;M) and � 2 [0; 1] : Then we have

D� ((�B + (1� �)D;�A+ (1� �)C))

=
1

M �m [� (m) (M (�A+ (1� �)C)� (�B + (1� �)D))

+� (M) (�B + (1� �)D �m (�A+ (1� �)C))]
� P� ((�B + (1� �)D;�A+ (1� �)C))

=
�

M �m [� (m) (MA�B) + � (M) (B �mA)]

+
1� �
M �m [� (m) (MC �D) + � (M) (D �mC)]

� P� ((�B + (1� �)D;�A+ (1� �)C))
=: U:



OPERATOR SUPERADDITIVITY AND MONOTONICITY 5

By (1.1) we also have that

�P� ((�B + (1� �)D;�A+ (1� �)C)) � ��P� (B;A)� (1� �)P� (D;C)

for any (B;A) ; (D;C) 2 S (m;M) and � 2 [0; 1] :
Therefore

U � �

M �m [� (m) (MA�B) + � (M) (B �mA)]� �P� (B;A)

+
1� �
M �m [� (m) (MC �D) + � (M) (D �mC)]� (1� �)P� (D;C)

= �D� (B;A) + (1� �)D� (D;C)

for any (B;A) ; (D;C) 2 S (m;M) and � 2 [0; 1] ; showing that D� is operator
concave on S (m;M) :
If (B;A) ; (D;C) 2 S (m;M) ; then by the above properties we have

D� (B +D;A+ C) � D� (B;A) +D� (D;C) ;

which proves the operator superadditivity of D� on S (m;M) :
The operator monotonicity of D� follows in a similar way as in the proof of

Theorem 1 and the details are omitted. �

Corollary 2. Let � be an operator convex function de�ned on the interval [m;M ]
and (B;A) ; (D;C) 2 S (m;M) : If there exists some positive constants k; K such
that KC � A � kC and KD � B � kD, then we have the inequalities

K

�
1

M �m [� (m) (MC �D) + � (M) (D �mC)]� P� (D;C)
�

(2.8)

� 1

M �m [� (m) (MA�B) + � (M) (B �mA)]� P� (B;A)

� k
�

1

M �m [� (m) (MC �D) + � (M) (D �mC)]� P� (D;C)
�
� 0:

3. Applications for Operator Geometric Mean

Assume that A; B are positive invertible operators on a complex Hilbert space
(H; h�; �i) : We use the following notations for operators [18]

Ar�B := (1� �)A+ �B;

the weighted operator arithmetic mean and

A]�B := A
1=2
�
A�1=2BA�1=2

��
A1=2;

the weighted operator geometric mean, where � 2 [0; 1] : When � = 1
2 we write

ArB and A]B for brevity, respectively.
The de�nition A]�B can be extended accordingly for any real number �:
The following inequality is well known as the operator Young inequality or op-

erator �-weighted arithmetic-geometric mean inequality :

(3.1) A]�B � Ar�B for all � 2 [0; 1] :

For recent results on operator Young inequality see [11]-[14], [15] and [24]-[25].
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If we consider the continuous function �� : [0;1) ! [0;1), �� (x) = x�

then the operator �-weighted geometric mean can be interpreted as the perspective
P�� (B;A), namely

P�� (B;A) = A]�B:
Since, for � 2 (0; 1), �� : [0;1) ! [0;1), �� (x) = x� is operator concave and

positive on [0;1); then by (1.1) we have that (see also [23, p. 146])
(3.2) (tA+ (1� t)C) ]� (tB + (1� t)D) � tA]�B + (1� t)C]�D
and by (2.1) we have (see also [23, p. 146])

(3.3) (A+ C) ]� (B +D) � A]�B + C]�D
for any positive invertible operators A; B; C; D and � 2 [0; 1] :
For positive invertible operators A; B; C; D such that A > C and B > D; then

by (2.2) we have (see also [23, p. 139])

(3.4) A]�B � C]�D:
Moreover, if KC � A � kC and KD � B � kD for some positive constants k; K
then by (2.4) we have

(3.5) KC]�D � A]�B � kC]�D:
For � 2 (0; 1) we consider the mapping D� on S (m;M) de�ned by

D� (B;A) := A]�B �
1

M �m [m� (MA�B) +M� (B �mA)] :

Using Theorem 2 we have that D� is nonnegative, positive homogeneous, operator
concave and operator superadditive.
If (B;A) ; (D;C) 2 S (m;M) with A > C and B > D; then by the operator

monotonicity of D� we have

A]�B �
1

M �m [m� (MA�B) +M� (B �mA)](3.6)

� C]�D �
1

M �m [m� (MC �D) +M� (D �mC)] � 0:

If (B;A) ; (D;C) 2 S (m;M) and KC � A � kC and KD � B � kD for some
positive constants k; K then by (2.8) we have

K

�
C]�D �

1

M �m [m� (MC �D) +M� (D �mC)]
�

(3.7)

� A]�B �
1

M �m [m� (MA�B) +M� (B �mA)]

� k
�
C]�D �

1

M �m [m� (MC �D) +M� (D �mC)]
�
� 0:

It is known that the function �p (t) = tp is operator convex on (0;1) if either
1 � p � 2 or �1 � p � 0: Consider the mapping

P�p (B;A) = A]pB = A1=2
�
A�1=2BA�1=2

�p
A1=2:

In particular, we have

P2 (B;A) = P�2 (B;A) = A]2B = A1=2
�
A�1=2BA�1=2

�2
A1=2 = BA�1B
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and, symmetrically,

P�1 (B;A) = P��1 (B;A) = A]�1B = A1=2
�
A�1=2BA�1=2

��1
A1=2 = AB�1A:

By utilizing Theorem 1 for operator convex functions, we conclude that P�p (�; �)
is subadditive as a function of positive invertible pairs. This implies that the func-
tional

�p (B;A) :=



A1=2 �A�1=2BA�1=2�pA1=2




is also subadditive as a function of positive invertible pairs for p 2 [�1; 0] [ [1; 2] :
In particular, we have the operator inequality

(B +D) (A+ C)
�1
(B +D) � BA�1B +DC�1D

and the norm inequality


(B +D) (A+ C)�1 (B +D)


 � 

BA�1B +DC�1D

 � 

BA�1B

+ 

DC�1D


for any positive invertible operators A; B; C; D > 0:
Consider the mapping Dp on S (m;M) de�ned by

Dp (B;A) :=
1

M �m [mp (MA�B) +Mp (B �mA)]�A]pB

where

A]pB := A
1=2
�
A�1=2BA�1=2

�p
A1=2; p 2 [�1; 0] [ [1; 2] :

By Theorem 2 we have that the mapping Dp is nonnegative, positive homogeneous,
operator concave and operator superadditive on S (m;M) :
If (B;A) ; (D;C) 2 S (m;M) with A > C and B > D; then by the operator

monotonicity of Dp we have

1

M �m [mp (MA�B) +Mp (B �mA)]�A]pB(3.8)

� 1

M �m [mp (MC �D) +Mp (D �mC)]� C]pD � 0;

for any p 2 [�1; 0] [ [1; 2] :
In particular, we have

1

M �m

�
1

m
(MA�B) + 1

M
(B �mA)

�
�AB�1A(3.9)

� 1

M �m

�
1

m
(MC �D) + 1

M
(D �mC)

�
� CD�1C � 0

and

1

M �m
�
m2 (MA�B) +M2 (B �mA)

�
�BA�1B(3.10)

� 1

M �m
�
m2 (MC �D) +M2 (D �mC)

�
�DC�1D � 0:
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If (B;A) ; (D;C) 2 S (m;M) and KC � A � kC and KD � B � kD for some
positive constants k; K then by (2.8) we have

K

�
1

M �m [mp (MC �D) +Mp (D �mC)]� C]pD
�

(3.11)

� 1

M �m [mp (MA�B) +Mp (B �mA)]�A]pB

� k
�

1

M �m [mp (MC �D) +Mp (D �mC)]� C]pD
�
� 0

for any p 2 [�1; 0] [ [1; 2] :
In particular, we have

K

�
1

M �m

�
1

m
(MC �D) + 1

M
(D �mC)

�
� CD�1C

�
(3.12)

� 1

M �m

�
1

m
(MA�B) + 1

M
(B �mA)

�
�AB�1A

� k
�

1

M �m

�
1

m
(MC �D) + 1

M
(D �mC)

�
� CD�1C

�
� 0

and

K

�
1

M �m
�
m2 (MC �D) +M2 (D �mC)

�
�DC�1D

�
(3.13)

� 1

M �m
�
m2 (MA�B) +M2 (B �mA)

�
�BA�1B

� k
�

1

M �m
�
m2 (MC �D) +M2 (D �mC)

�
�DC�1D

�
� 0:

4. Applications for Relative Operator Entropy

Kamei and Fujii [9], [10] de�ned the relative operator entropy S (AjB) ; for pos-
itive invertible operators A and B; by

(4.1) S (AjB) := A1=2
�
lnA

�1=2
BA

�1=2
�
A1=2;

which is a relative version of the operator entropy considered by Nakamura-Umegaki
[22].
For some recent results on relative operator entropy see [4]-[5], [16]-[17] and

[19]-[20].
Consider the logarithmic function ln : Then the relative operator entropy can be

interpreted as the permanent of ln, namely

Pln (B;A) = S (AjB) :
If we consider the entropy function � (t) = �t ln t; then it is well known that for

any positive invertible operators A; B we have

(4.2) S (AjB) = B1=2�
�
B�1=2AB�1=2

�
B1=2:

The function � (t) = t ln t = �� (t) ; t > 0; is convex, then the perspective of this
function is

P(�) ln(�) (B;A) = �A1=2�
�
A�1=2BA�1=2

�
A1=2 = �S (BjA) ;
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where for the last equality we used (4.2) for A replacing B:
If B � A and A is positive and invertible, then A

�1=2
BA

�1=2 � I and by the
continuous functional calculus we have lnA

�1=2
BA

�1=2 � 0; which implies by mul-
tiplying both sides with A1=2 that S (AjB) � 0:
Since � (t) = ln t is operator concave on (0;1) then by (1.1) we have (see also

[23, p. 153])

(4.3) S (�A+ (1� �)Cj�B + (1� �)D) � �S (AjB) + (1� �)S (CjD)
for any positive invertible operators A; B; C; D and � 2 [0; 1] ; while by (2.1) we
have (see also [23, p. 153])

(4.4) S (A+ CjB +D) � S (AjB) + S (CjD)
for any positive invertible operators A; B; C; D:
Moreover, if A > C > 0 and B > D > 0; then by (2.1) we have

(4.5) S (AjB)� S (CjD) � S (A� CjB �D) :
In addition, if B �D � A� C; or, equivalently, B + C � A+D, then we have
(4.6) S (AjB) � S (CjD) :
We consider the mapping Dln on S (m;M) de�ned by

Dln (B;A) := S (AjB)�
1

M �m [lnm (MA�B) + lnM (B �mA)] :

Using Theorem 2 we have that Dln is nonnegative, positive homogeneous, operator
concave and operator superadditive.
If (B;A) ; (D;C) 2 S (m;M) with A > C and B > D; then by the operator

monotonicity of Dln we have

S (AjB)� 1

M �m [lnm (MA�B) + lnM (B �mA)](4.7)

� S (CjD)� 1

M �m [lnm (MC �D) + lnM (D �mC)] � 0:

If (B;A) ; (D;C) 2 S (m;M) and KC � A � kC and KD � B � kD for some
positive constants k; K then by (2.8) we have

K

�
S (CjD)� 1

M �m [lnm (MC �D) + lnM (D �mC)]
�

(4.8)

� S (AjB)� 1

M �m [lnm (MA�B) + lnM (B �mA)]

� k
�
S (CjD)� 1

M �m [lnm (MC �D) + lnM (D �mC)]
�
� 0:

The function � (t) = t ln t is operator convex on (0;1) : We can consider the map-
ping D(�) ln(�) on S (m;M) de�ned by

D(�) ln(�) (B;A) :=
1

M �m [m lnm (MA�B) +M lnM (B �mA)]� P(�) ln(�) (B;A)

=
1

M �m [m lnm (MA�B) +M lnM (B �mA)] + S (BjA) :

Using Theorem 2 we have that D(�) ln(�) is nonnegative, positive homogeneous, op-
erator concave and operator superadditive.
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If (B;A) ; (D;C) 2 S (m;M) with A > C and B > D; then by the operator
monotonicity of D(�) ln(�) we have

1

M �m [m lnm (MA�B) +M lnM (B �mA)] + S (BjA)(4.9)

� 1

M �m [m lnm (MC �D) +M lnM (D �mC)] + S (DjC) � 0:

If (B;A) ; (D;C) 2 S (m;M) and KC � A � kC and KD � B � kD for some
positive constants k; K then by (2.8) we have

K

�
1

M �m [m lnm (MC �D) +M lnM (D �mC)] + S (DjC)
�

(4.10)

� 1

M �m [m lnm (MA�B) +M lnM (B �mA)] + S (BjA)

� k
�

1

M �m [m lnm (MC �D) +M lnM (D �mC)] + S (DjC)
�
� 0:
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