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ON A MIXED PERSPECTIVE FOR OPERATOR CONVEX
FUNCTIONS IN HILBERT SPACES

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some operator superadditivity and monotonic-
ity properties for mappings associated to mixed perspectives of operator con-

cave or operator convex functions. Applications for power functions and loga-
rithm are also provided.

1. INTRODUCTION

Let ® be a continuous function defined on the interval I of real numbers, B
a selfadjoint operator on the Hilbert space H and A a positive invertible opera-
tor on H. Assume that the spectrum Sp (A*1/2BA*1/2) C I. Then by using the
continuous functional calculus, we can define the perspective Pg (B, A) by setting

Po (B, A) := A2 (A—1/2BA—1/2) AV2,
If A and B are commutative, then
Po (B, A) = A® (BA™)

provided Sp (BA_I) cl.
It is well known that (see [5] and [4] or [6]), if ® is an operator convez (concave)
function defined in the positive half-line (0, 00), then the mapping

(B,A) — Pg (B, A)

defined in pairs of positive definite operators, is operator convex (concave), namely
we have

(1.1) P (wB+(1—v)D,vA+(1-v)C) < (>)vPs (B,A)+(1—-v)Ps (D,C)

for any positive invertible operators A, B, C, D and v € [0, 1].

In the recent paper [1] we established the following reverse inequality for the
perspective Pg (B, A) .

Let @ : [m, M] — R be a convez function on the real interval [m, M], A a positive
invertible operator and B a selfadjoint operator such that

(1.2) mA< B<MA,
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then we have

(1.3) 0<

———[® (m) (MA = B) + @ (M) (B~ mA)| - Pu (B, 4)

< o (M) — @', (m)
- M—m

< i(M—m) (@ (M) — @', (m)] A.

(MA1/2 _ BA—l/z) (A71/QB _ mA1/2>

Let ® : J C R — R be a twice differentiable function on the interval .J , the
interior of J. Suppose that there exists the constants d, D such that

(1.4) d<®"(t)< D foranyt e J.

If A is a positive invertible operator and B a selfadjoint operator such that the
condition (1.2) is valid with [m, M] C J, then we have the following result as well
2]

(1.5) ld (MA1/273A71/2> (A71/2B7mA1/2>

2
1
< 3= (8 (M) (MA = B) + & (M) (B - mA)| - Pe (B, 4)
1
<2 1/2 _ —-1/2 -1/2 _ 1/2)
_2D(MA BATV2) (47128 - mal/?)
If d > 0, then the first inequality in (1.5) is better than the same inequality in

(1.3).

In the recent paper [3] we showed that, for & an operator concave function
defined in the positive half-line and for any positive invertible operators A, B, C,
D we have

(1.6) Pos(B+D,A+C)>Ps(B,A)+Ps (D,C),

i.e. Pg is operator superadditive as a function of pairs of positive operators. In
addition, if ® is nonnegative in the positive half-line and A > C and B > D, then

(1.7) Ps (B,A) > Py (D,C),

i.e. Pg is operator monotonic nondecreasing as a function of pairs of positive
operators.
Moreover, for any positive invertible operators A, B, C, D such that

(1.8) K (C,D) > (A, B) > k(C, D)

namely, KC > A > kC and KD > B > kD for some positive constants k, K, we
have

(1.9) KPg (D,C) > Py (B, A) > kPg (D,C).

Motivated by the above results, in this paper we introduce a mixed perspective
associated to a given vector x € H, ||z|| = 1, an operator convex function and two
invertible positive operators and investigate its main properties. As examples, some
vector inequalities and norm inequalities for power and logarithmic functions are
also provided.
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2. THE MAIN RESULTS

We define, for the continuos function ® : (0,00) — R, for the positive operator B
and the positive invertible operator A and the vector x € H, ||| = 1 the following
mixed perspective

So (B, A) () := AY?® ((Bx,z) A=) AY2

Theorem 1. Let ® : (0,00) — R be an operator convex (concave) function. Then
foranyx € H,||z|| = 1 the function Ss (-, ) (z) is jointly operator convex (concave).

Proof. Let By, By > 0 and the positive invertible operators Ay, As. For A € [0, 1]
let put

B:=AB1+(1—X) B2, A=2A41+(1—)\) As.
Consider the operators
X = (MANDY2ATY2 and YV = ((1 — M) Ay)' /24712,
These satisfy the equality
X*X + Y'Y = A7V20A,A7Y2 1 A7Y2(1 = \) 4,47 Y/2
=ATV2(0NA (1= N A ATV =1,
Observe that
X* ((Biz,z) A7) X +Y* ((Baw,z) A3 1) Y
= A7V2(NADYE ((Biw, @) A7) (AAp)/2ATY2
+ATV2((1 = N)Ag)'? ((Bow, ) A1) (1 — M) Ap)'/2A7 12
= (Byz,x) ATV2(NADY2 AT (AA) Y2 AL/
+ (Baw,x) ATV2((1 = N)A2) VA (1 - A)Ap)/2ATY2
= AN (Biz,z) A7 + (1 = \) (Byz,2) A™' = (Bx,z) A7}

for any x € H, ||z|| =1 and A € [0,1].
By Hansen-Pedersen inequality [7] for operator convex functions, we have

Sa (/\Bl + (1 — )\) Bs, AA; + (1 — )\) A2) (.1‘)

= 89 (B, A) (z) = A0 (<Bx, z) A1) AV
= A0 (X" ((Biw,2) AT') X + Y7 ((Baw, ) A7) V) A2
< AV2 X" ((Biw,a) ATY) X + Y@ ((Bow, ) Ay') Y] AY?

= Al/? [A 1/2(AA )1/2(13(<B1x,a:> ATY) (AAp)/247 12
FATV2((1 = \)A9)V20 ((Byw,z) A7) (1 —)\)Ag)l/QA‘l/Z] AL/
= A?® ((Byz,z) ATY) AP + (1= M)Ay ((Baw, ) Ay Ay
= ASp (B1, A1) (z) + (1 = A)Ss (Ba, A2) ()

for any z € H, ||z]| =1 and X € [0,1].
The case of operator concave functions goes likewise and the proof is completed.
O
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Corollary 1. Let ® be an operator convex (concave) function defined in the positive

half-line, then for any x € H,||z|| = 1 and any positive invertible operators A, B,
C, D we have
(2.1) So (B+D,A+0)(z) < (2)Sas (B, A) (2) +Se (D, C) (2),

i.e. Sg (+,-) (z) is operator subadditive (superadditive) as a function of pairs of
positive operators.
In addition, if ® is nonnegative and operator concave in the positive half-line

and A > C and B > D, then
(2.2) Se (B, A) (z) 2 Se (D, C) (z),

i.e. S (+,-) (x) is operator monotonic nondecreasing as a function of pairs of posi-
tive operators.

Proof. Let x € H with ||z|| = 1. First, we observe that Sg (-,-) (x) is positive
homogeneous as a function of pairs of positive operators, namely

Ss (aB,aA) (z) := aSs (B, A) (x)

for any o > 0 and any pair of positive operators (B, A).
By Theorem 1 we have for any positive invertible operators A, B, C, D that

B+D A+C) ()

20—
2 2

B+D A+C
:28@( 2 y B >(l‘)

< ()25 BA ) 5 (D.0) )

So(B+D,A+C)(z) = Ss (2

and the inequality (2.1) is proved.
If A>C >0and B> D >0 and ® is operator concave, then by (2.1) we have

S (B,A)(x) =S (B—D+D,A-C+C) (z)
>8Se(B—D,A—C)(x)+Ss (D,C) (x)
giving that
So (B, A) () =S¢ (D,C) () > Se (B—D,A-C) (z).
Since @ is positive and A > C' and B > D then
S (B—D,A-C)(x)>0
and the inequality (2.2) is proved. O

Corollary 2. Let ® be a nonnegative and operator concave function defined in the
positive half-line then for any positive invertible operators A, B, C, D such that
(2.3) K(C,D)= (A B) 2k (C,D)

namely, KC > A > kC and KD > B > kD for some positive constants k, K.
Then for any x € H, ||z|| = 1 we have

(2.4) KSs (D,C) (z) > Sp (B, A) (z) > kSs (D, C) (z).
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Proof. We have by (2.2) that

which proves the first inequality in (2.4).
The second inequality goes likewise and the corollary is proved. ([l

If0 < mil <A< MI and mol < B < MsI for some real ma < My then
obviously

mo < (Bz,z) < My
for any ||z|| =1 and
M T <A™ <mi',
which implies that
moM; T < (Bx,z) A" < Mym;'I,

for any ||z| = 1.
That is equivalent to

mnglA <(Bz,z)I < MgmflA,

for any ||z| = 1.
Motivated by these observations we can introduce the following set of pairs of
operators.

Let z € H with ||z|| = 1. Now, if we have m, M with M > m then we can define
G (m, M) (x) as the following set of pairs of operators (B, A) such that A is positive
invertible, B is selfadjoint and satisfy

(2.5) mA < (Bz,z) I < MA.

We observe that, if (B, A), (D,C) € G(m,M)(z) then also (B, A) + (D,C),
a(B,A) and v (B,A)+ (1 —-v)(D,C) € G(m, M) (z) for any a > 0 and v € [0,1]
meaning that G (m, M) (z) is a cone and, a fortiori a convex set for any x € H
with ||z]| = 1.

We observe that the condition (2.5) is equivalent to

mlI < (Bx,z) A~ < M1,

any © € H with ||z|| = 1.
We also notice that if 0 < m1I < A < MiI and maol < B < MsI for some real
mgo < My then we can take in (2.5) m = mngl and M = Mgmfl.

Remark 1. [t is obvious that if ® : [m, M] — R is an operator convex (concave)
function, then for any x € H,||z|| = 1 the function Se (+,) (x) is jointly operator
convex (concave) on G (m, M) (x). If ® is operator concave and nonnegative on
[m, M], then Ss (-,-) (x) is operator superadditive and monotonic nondecreasing on

G (m, M) (z).

Let @ : [m, M] — R be a continuous convez function on the real interval [m, M].
Then for any ¢t € [m, M] we have by the convexity of ® that

(M—=t)®(m)+ (t—m)d (M)

(2.6) T

> d(t).
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Let z € H with ||z|| = 1. If A is positive invertible, B is selfadjoint and satisfy (2.5)
then by (2.6) we have

® (m) (MI — (Bz,z) A™') + @ (M) ((Bz,z) A~* —mlI)

(2.7) T —

> @ ((Bz,z) A1)
and by multiplying both sides of (2.7) by A'/? we get

b (m)(MA— (Bzx,z)I)+ (D (M) (Bzx,x) I —mA)
M—-—m

(2.8) > 8¢ (B, A) (z)

for any (B, A) € G (m, M) (x).
We define the mapping Fg (-, ) (x) on G (m, M) (z) by

O (m)(MA— (Bx,z)I)+ ® (M) ((Bz,z) I — mA)
M—-—m

Fo (B, A) (z) =
— 8¢ (B, A) ().

From the above considerations, we see that, if ® : [m, M] — R is a continuous
convex function on the real interval [m, M|, then for € H with ||z|| = 1 we have

(2.9) Fo (B,A)(z) >0

for any (B, A) € G(m, M) (x).
We have:

Theorem 2. Let @ be an operator convex function defined on the interval [m, M].
Then the mapping Fo (-, -) (x) is nonnegative, positive homogeneous, operator con-
cave, operator superadditive and operator monotonic nondecreasing on G (m, M) (z) .

Proof. If ® is an operator convex function defined on the interval [m, M], then it
is convex and by (2.9) we have that Fg (-,-) (x) is nonnegative on G (m, M) (z) in
the operator order.

If « >0 and (B, A) € G(m, M) (z) then

Fo (aB,ad) (z)

_ O (m)(MaA — a(Bz,z)I)+ ® (M) (o (Bx,x) I — maA)
M —m

= Mf — (@ (m) (MA — (Ba,2) I) + ® (M) ((Ba,) I - mA)] - aSp (B, 4) ()

=aFs (B,A) (x)

— Sg (aB,aA) (z)

that proves the positive homogeneity of Fo (-, ) (z) .
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Let (B,A), (D,C) € G(m,M) (z) and v € [0,1]. Then we have

Fo((wB+(1—-v)D,vA+ (1—-v)C)) (z)

= Ml_m[@(m)(M(VA—}—(l—u)C’)—<(VB—|—(1—1/)D)$,$>I)
+o(M){(wB+(1-v)D)z,z) I —m(vA+ (1 —v)(C))]

—Se (WB+(1—-v)D,vA+ (1—v)C)) (2)

= Mlim [@ (m) (MA — (Bz,z) I) + ® (M) (Bz,z) I — mA)]
+ ]\2:; [® (m)(MC — (Dz,z)I)+ ® (M) ((Dz,x) I —mC)]
~So (WB+(1—v)D,vA+ (1 -v)C))(x)

=U(z).

By Remark 1 we also have that
S (WB+(1—-v)D,vA+(1—-v)C))(z) > —vSs (B, A) (2)—(1 —v)Ss (D, C) (x)
for any (B, A), (D,C) € G(m, M) (z) and v € [0,1].

Therefore
Ul(zx)> [<I> (m)(MA — (Bz,z)I)+ ® (M) ((Bx,x) I —mA)]
—vSs (B A)(x)
S (@ (m) (MC — (Dar2) I) + ® (M) (D, ) T~ mC)]
—(1=v)Sa (D, 0) (2)
=vFe (B, A) (z) + (1 =v) Fo (D, C) ()
for any (B, A), (D,C) € G(m,M)(x) and v € [0,1], showing that Fg (-,-) (z) is
operator concave on G (m, M) (x).

If (B,A), (D,C) € G(m,M)(z), then by the above properties we have
Fo (B+D,A+C)(x) > Fo (B, A) (z)+ Fo (D,C) (z),

which proves the operator superadditivity of Fg (-,-) (z) on G (m, M) (z) .
The operator monotonicity of Fg (-, -) (z) follows in a similar way as in the proof
of Corollary 1 and the details are omitted. O

Corollary 3. Let @ be an operator convex function defined on the interval [m, M]
and (B,A), (D,C) € G(m,M) (x). If there exists some positive constants k, K
such that KC' > A > kC and KD > B > kD, then we have the inequalities

(2.10)
K{@(m) (MC — (Dz,z)I)+ ® (M) ({(Dz,z) I — mC)

- 5(0.0) (@)

M—-—m
> P A B D S CD IR IZ ) - sy (5.4)
s PO (Do) D+ U (Der) [=mO) s, 1))

k
0

Y
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For x € H with ||z| = 1, for the continuos function ® : (0,00) — R and for
the positive operator B and the positive invertible operator A we consider the
scalar-valued functional defined by

(2.11) 00 (B, A) (z) = (Sp (B, A) (z) z,z) = <A1/2q> ((Bz,z) A1) A1/2x,x>
= (@ ((Bz,z) A1) A2z, 4V27)

By Theorem 1, if ® : (0,00) — R is an operator convex (concave) function, then
oo () (x) is jointly operator convex (concave).

If ® is an operator concave function defined in the positive half-line then o (-, -) (x)
is superadditive as a function of pairs of positive operators. In addition, if ® is non-
negative in the positive half-line, then o4 (-, ) (z) is monotonic nondecreasing as a
function of pairs of positive operators.

If if ® is nonnegative in the positive half-line, (B, A), (D,C) € G (m, M) (x)
KC > A>EkC and KD > B > kD for some positive constants k, K, then we have

(2.12) K <<I> ((Dz,z) C™) V2, C1/2x>
> <<I> ((Bz,z) A1) A1/2x,A1/2m>
> kK (@ ((Dz,2) C71) CY/20,C 2

Similar results may be stated for the functional o4 (-, -) (x) in the case when the
function @ : [m, M] — R and (B, A) € G (m, M) (z).
We can also define the functional ¢4 (-,-) (z) on G (m, M) (z) by

¢ (B, A) ()
= (Fs (B, A) (z)z,z)
_ ®(m)(MA - Bz,z) + & (M) {((B—mA)z,x)
N M—-—m

Let ® be an operator convex function defined on the interval [m, M]. Then by
Theorem 2 the functional ¢4 (-, -) (z) is nonnegative, positive homogeneous, concave,
superadditive and monotonic nondecreasing on G (m, M) (x) .

Let (B,A), (D,C) € G(m,M)(z). In addition, if there exists some positive
constants k, K such that KC > A > kC and KD > B > kD, then we have the
inequalities

- <<I> ((Bz,z) A7) A1/2$7A1/2x> .

(2.13) T

— <<I> ((Dz,z) C™) CcY%g, Cl/zx>}

_ @ (m) (MA—B)a.a) + & (M) (B—mA) 2.2

- M—-—m

- <<I> ((Bz,z) A7) AY g, A1/2$>

> k{‘b(m) (MC —D)z,z) +® (M) (D —mC)zx,x)
M—-m

— <<I> ((Dz,z)C™) cY2g, C1/2x>} .

K{@(m) (MC — D)z,z) +® (M) {(D—mC)z,x)
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3. SOME EXAMPLES

For v € (0,1) (v € [-1,0]U[L,2]) the power function ®, : (0,00) — [0, 00),
®, (x) = z¥ is operator concave (convex) and positive on (0, 00).

Let By, Bs > 0 and the positive invertible operators A;, As. Then by Theorem
1 we have for any A € [0,1] and y € H, y # 0 that

(3.1) (AB1+ (1= X) Baly,)” (MA1+ (1= 2) A)' ™"
> ()M By, y)” A1+ (1= A) (Bay, )" Ay~
and
(32)  ((Bi+B2)y.y)" (A1 + A2)' ™" = (<) (Bay, )" A1~ + (Bay,y)” Ay~
In particular, we have for v = 2 that
(3:3) (ABi+ (1= 2) Ba]y.y)* Ay + (1= A) Az) ™!
< A(Buy,y)” AT+ (1 2) (Bay,y)” A3
and
(34)  ((Bi+Ba)y,y)” (A1 + A2) 7" < (Buy,9)* A7 + (Bay, ) Ay
Also, for v = —1 we have that
(35) (ABi+ (1= ) Baly.y) ™" (A + (1)) Az)°
< M(Biy,y) AT+ (1= A) (Bay, ) A3
and
(3.6) ((Bi+ B2)y, 1)~ (A1 + A2)® < (Biy,y) AT + (Bay,y) ' A3.
By (3.1) and (3.2) for v = % we get
(3.7) (ABL+ (1= ) Ba]y)'* (A + (1)) 42)'
> M (Buy,y)"* A% + (1= ) (Bay,y) /2 43"
and
(38)  ((Bi+B2)y.w)'"* (Ar+ 42)'? 2 (Buy. )/ A% + (Bay.9)'* 4%,
If v € [1,2], then by taking the operator norm in (3.1) we obtain
(AB1+ (1= ) B2)y,9)” |0y + (1= 1) Az)' ™
<M (Buy ) AT+ (1= A) (Bay, )" [|[ A3~ |

for any y € H, y # 0.
Taking the supremum in this inequality over y € H, |ly|| = 1,we then get the
norm inequality

IABy + (1= A) Bo||” [[(AAy + (1 — X) A2)" ™

<B4+ (= M Bl [ 4377

meaning that the functional ¥ (A, B) := ||B|" ||A'~"]| is jointly convez for v €
1,2].
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Let x € H with ||z|| =1 and (B, A), (D,C) € G (m, M) (z) . In addition, if there
exists some positive constants k, K such that KC > A > kC and KD > B > kD,
then by Theorem 2 we have for v € [—1,0] U [1, 2] that
K{m” (MC = D)z,z) + M" (D —mC) z,x)

M—-m
—(Dz, )" (C' "z, 2)}
S mY (MA - B)z,z) + MY ((B—mA)x,x)
- M—-m
— (Bz,z)" (A", z)
< k{m” (MC = D)z,xz) + M" (D —mC) z,x)

(3.9)

M—m
—(Dz,2)" (C" "z, 2)}.
The logarithmic function ® (¢) = In¢ is operator concave function on (0, co) . For the

positive operator B, the positive invertible operator A and the vector = € H, ||z|| =
1 we have

(3.10) S (B.A)(x) := AY?*In ((Bz,z) A') AY? = (In(Bx,z)) A— Aln A

= (In(Bz,z)) A+n(4)
where 7 (A) := —Aln A is the J. von Neumann operator entropy considered by
Nakamura and Umegaki in [8].

Using Theorem 1 we conclude that for any positive invertible operators By, B,
A1, Ao, x € H,||z|]| =1 and X € [0, 1] we have

(3.11) n(AAL+ (1= A) Ag) — Ay (A1) — (1= A)n (A2)
>A(In(Byz,z)) A1 + (1 — \) (In (Bax, z)) Asg
—(In((AB1+ (1 = A) Ba)z,x)) (A1 + (1 — \) A2).
In particular, we have
(3.12) (A1 + Az) =1 (A1) —n(A2)
> (In(Byz,z)) Ay + (In (Baz,x)) As — (In (B + Bo) z,z)) (A1 + A2).
The function ® (t) = tlnt is operator convex function on (0,00). For the positive

operator B, the positive invertible operator A and the vector z € H, ||z|| = 1 we
have

Sty (B, A) (x) = AY?[(Bz,2) A In ((Bz,z) A™1)] AY/?
= AY/? [(Bz,z) A~ (In (Bx,z) [ + In A™")] Al/?
= (Bz,z)(In(Bz,z) I —InA).
Using Theorem 1 we conclude that for any positive invertible operators By, By, Ay,
Ag, x € H,||z|]| =1 and X € [0, 1] we have
(3.13) A(Biz,z)In A + (1 — \) (Baz, z) In As
—((AB1+ (1= A) B2) z,z) In (A1 + (1 — A) Ag)
< A(Biz,z)In (Biz,z) I 4+ (1 — N) (Baz, z) In (Baz, x) I
—(AB1+ (1 =X)By)z,z)In{((AB1 + (1 — A\) Ba) z,z) I.
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In particular, we have
(3.14) (Biz,z)In Ay + (Baz,z) In Ay — (B + Ba) z,z) In (41 + As)

1]
2]

3]

[4]

[6]

7]

(8]

< {(Byz,z)In(Byz,x) I + (Box,z) In (Box,x) I
—{((B1+ Ba)z,z)In{(By + Bs) z,x) I.
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