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NEW HERMITE HADAMARD TYPE INEQUALITIES FOR
TWICE DIFFERENTIABLE CONVEX MAPPINGS VIA GREEN
FUNCTION AND APPLICATIONS

SAMET ERDEN AND MEHMET ZEKI SARIKAYA

ABSTRACT. We derive some Hermite Hamamard type integral inequalities for
functions whose second derivatives absolute value are convex. Some eror esti-
mates for the trapezoidal formula are obtained. Finally, some natural applica-
tions to special means of real numbers are given.

1. INTRODUCTION

The following inequality is well known in the literature as the Hermite-Hadamard
integral inequality (see, [2], [5]):

(1.1) f(a;b><bia/abf(x)dx<f(a)+f(b)

2

where f : I C R — R is a convex function on the interval I of real numbers and
a,b € T with a < b. A function f : [a,b] C R — R, is said to be convex if the
following inequality holds

fQz+ (1= Ny) < Af(2) + (1= A)f(y)
for all z,y € [a,b] and X € [0, 1]. We say that f is concave if (—f) is convex.

The inequalities (1.1) have grown into a significant pillar for mathematical analy-
sis and optimization, besides, by looking into a variety of settings, these inequalities
are found to have a number of uses. What is more, for a specific choice of the func-
tion f, many inequalities with special means are obtainable. Hermite Hadamard’s
inequality (1.1), for example, is significant in its rich geometry and hence there
are many studies on it to demonstrate its new proofs, refinements, extensions and
generalizations. You can check ([1], [2], [5], [4] and [10]-[15]) and the references
included there.

In [1], Dragomir and Agarwal proved the following inequality connected with the
right part of (1.1).

Theorem 1. Let f: I° CR — R be a differentiable mapping on I°, a,b € I° with
a <b. If|f'] is convex on [a,b], then the followmg inequality holds:

(1.2) f();f _a/f )dar

<D @i+ irm.

In [6], Pearce and Pécari¢ proved the following inequality.
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Theorem 2. Let f:1° CR — R be a differentiable mapping on I°, a,b € I° with
a<b. If |f'|* is convex on [a,b], for some q¢ > 1, then we have

'f(a)+f(b) R b—a (|f'<a>|Q+|f'<b>|Q>é
4 2

z)dz| <
2 b—a/, f(@)de) <
In [8], Sarikaya and Aktan established some inequalities related to Hermite-
Hadamard’s inequality for functions whose second derivatives are convex.

Theorem 3. Let f : I° C R — R be a differentiable mapping on I° such that
f" € Lla,b] and 0 < X <1 where a,b € I° with a <b. If |f"| is a convez on [a,b],
then the following inequalities hold:

a-07 (45 A0 L

%[(A4+(1+)\)(17A) + 22 3)\f( )|

< +(/\4+(2—A)>\3+%)|f()|], for 0<A<
b—a)?(3A—1
L=l /(0| + 1 0] for <A<l
Remark 1. Under the assumptions Theorem 8 with A = 1 in Theorem 8, then we

have

12 2

b—a

/b f(m)dx—f(a);f(b) L b—a) £ @]+ |1 ®)

In [3], Husain et al. proved some inequalities related to Hermite-Hadamard’s
inequality for s-convex functions:

Theorem 4. Let f : I° CR — R be a twice differentiable mapping on I° such that
[ € Lla,b] where a,b € I° with a <b. If |f"|? is s—convez on [a,b] for some fived
s € (0,1] and q > 1, then the following inequality holds:

b
(1.3) ‘f(“);ﬂb) - bia/ flx)dz| <

1,1 _
where;—&—a—l.

1
" " ’q q

1@ + 1o
(s+2)(s+3)

_ G)Q
T
6P

Remark 2. If we take s =1 in (1.3), then we have

'f(a); —a/f

The interested reader is refer to [3],[7]-[9] for inequalities involving functions
whose second derivatives are convex.

In this study, using functions whose second derivatives absolute values are con-
vex, we establish new inequalities that are connected with the right-hand side of
Hermite-Hadamard inequality. Then we give some eror estimates for trapezoidal
quadrature formula by using these inequalities. Finally, we obtain some applications
of these inequalities for special means are provided.
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2. MAIN RESULTS

In order to prove our main results we need the following lemma:

Lemma 1. Let f: I CR — R be a twice differentiable function on I° such that
f"” € Lla,b], the interior of the interval I, where a,b € I°with a < b. Then the
following identity holds:

b

b b
ey [ [ e = [ s - HOHO

b—a

a

Lo uh) g <a<y<b

G(2,y) = \
L) g <y <z <b.
Proof. By integration by parts, we have the following identity:

b

b
[ewn i wiy= ey s Wl |

a

G (x,
CLED) p11y) iy
Because of G (z,b) = G (z,a) = 0, we get

b b

e [ewnrway = ;= [Fwa-72 [Fwa
b

a x

x r—a

— @) - o fla) -

21 (0.

Integrating both sides of (2.2) with respect to x over [a, b] and rewritten, we have

b b b
//G(l“yy)f" (y)dyd$:/f(x)dx—(b—a)w_

Hence, the proof is completed. ([l

We obtain trapezoid inequality by using convexity of |f”|.

Theorem 5. Let f: I° CR — R be a twice differentiable mapping on I°, a,b € I°
with a < b. If | f"| is convex on [a,b], then, for ally € [a,b], the following inequality
holds:

b "

. o ([ @]+
PR S VR (GRS (Gl )2

a

7o)




4 SAMET ERDEN AND MEHMET ZEKI SARIKAYA

Proof. We take absolute value of (2.1), we find that

b
[ sty - L0

b—a

< biw;jKﬂ%wlf%wax
// m. V”|@M+// D\ (w)] dyd

Since ‘fﬁ(y)‘ is convex on [a,b], we have

n(b—y y—a -
<
(baa+ bab>’_ b—a

From (2.4), it follows that

b_ajfmmx_fwk;ﬂm
a)‘/b] (b—ﬂc)((by_— acgl(b_y) )/ / =) w=0) g,
‘// z—a)(b— 1/ dyder‘f ’// z—a)(b—y ( a)dydx.

If we calculate the above integrals and also use elementary analysis, then we easily
deduce required inequality (2.3) which completes the proof. (]

—a

2\ w).

(2.4)

" y
(a)] + 2=

IN

We derive trapezoid inequality by using convexity of |f”|?.
Theorem 6. Let f: I° CR — R be a twice differentiable mapping on I°, a,b € I°

with a < b. If |f"|? is convex on [a,b], ¢ > 1, for all y € [a,b], then the following
inequality holds:

(2.5) . / f(z)dz — 1D TI0)

IN
—

S

I

)

S~—
B = [ V)
//
~
—
S

vo| +
~
—
=

‘) [B(p+2,p+1)+B(p+1p+2)»

where % + % =1 and B (p,q) is Euler’s Beta function.
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Proof. We take absolute value of (2.1). Using Holder’s inequality, we find that
b

(o) + 1)
(2.6) b_a/f(x)dx— M) £10)
1 b b
[ [i6 @l o)y

1 1
P b b q

- //|G spPayds || [ 15" 6" dyas

a

We need to calculate above integrals to prove the theorem.
Let’s calculate first integral

b b

//|G (z,y)|” dydx
bfx (b—y) (& —a)
// dydz—l—// bf dydx

(b—2) (z— a)’*! (x — )’ (b— 2"
/ G-ty ™ +/ G-a iy

a a

Using the change of the variables x —a = (b—a)u and b — x = (b — a) u for the
above integrals, respectively, we write

b b

(b_a)P-i-?
(2.7 //|G<m,y>|pdydx=W[B(pw,wl)w(pﬂ,pwﬂ
where B (p,q fup L Ydu, (p,q>0).
Since ‘f ‘ is convex on [a, b] , we have
v (b—y y—a \|Y* _ b—y| . y—a q
. — < .
(28) 'f <b—aa+b—ab> _b—af(a)‘ er—a’f (%)
From (2.8), it follows that
b b
(29 ] @ dyas
b bb b b
q q Yy
<
= “)‘/ b b)‘ //b
) qa a ) a a
7@+ |1 o) )
= (b—a)”.
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If we substitute (2.7) and (2.9) in (2.6), then we easily deduce required inequality
(2.5) which completes the proof. O

Now, we establish trapezoid inequality in a different way by using convexity of

T

Theorem 7. Let f: I° CR — R be a twice differentiable mapping on 1°, a,b € I1°
with a < b. If | f"|? is convex on [a,b], ¢ > 1, for all y € [a,b], then the following
inequality holds:

b

Iy PRV (GE3.0

b—a 2

(b—a)**s
(p+1)7 23

IN

{[B (p+2.p+1)]" <2|f” (a)|q3+ 7" (b)|q>q

/7 (@) +2|f" <b>|q)5}
3

S

+[B(p+1,p+2)]% (

where % + % =1 and B (p,q) is Euler’s Beta function.

Proof. We take absolute value of (2.1). Using Holder’s inequality, we find that

b
[t - 10250

b—a

" (y)] dyda

_ // )If” )| dyd + / )If”()ldydx

b =z q

/b/ 2;@) dydzx ' //\f (y)|* dydz

8
]

IN
/\

1

b q

b b
(b—y _
+ // b mzpa dydx /|f y)|? dydax
—a)
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If we calculate the above interals utilizing the convexity of |f” (y)|?, from (2.8),

then we obtain
b
fla) + f(b)
4 /f(x)dx — 5

2 % 3 " q " q %
<(l;_+al) B(p+2,p+1)> ((b—za) 21" (@) 3+|f 0] )

+<w—afB@+lm+20p<w—aﬁxﬁ%@ﬁ+2f%®ﬁ)f

p+1 2 3

The proof is thus completed. O

Theorem 8. Let f: I° CR — R be a twice differentiable mapping on I°, a,b € I°
with a < b. If | f"|? is convex on [a,b], ¢ > 1, for all y € [a,b], then the following
inequality holds:

a 2 @+
(2.10) 1a / Fayd - 4 );f(b) 3 (52.231, | 2

f(b)

1
7 ’q q

1,1 _
where;—&—a—l.

Proof. We take absolute value of (2.1). Because of % + % =1, % + % can be written
instead of 1. Using Holder’s inequality, we find that

b
fla)+ f(b)
(2.11) — / f(z .
b
< +4
< a//\ny 7 ()] dyd
. b b /b b a
< o\ [ Jie@wiaas | ([ [i16@alr @ dd
We calculate the above integrals, respectively,
b b ) 3
(2.12) //|G(w,y)|dydx:( —9) .
24
Since ‘f” (t) " is convex on [a,b] , we get
" q 1" q
b L b—ap (|1 @] +]r"®)
e [ 16l o s = O3 .

Substituting the equalities (2.12) and (2.13) in (2.11), we obtain the inequality
(2.10) which completes the proof. O
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3. APPLICATIONS TO NUMERICAL INTEGRATION

We now consider applications of the integral inequalities developed in the previ-
ous section, to obtain estimates of composite quadrature rules which, it turns out
have a markedly smaller error than that which may be obtained by the classical
results.

Let I, :a =29 <21 < ... < Tp_1 < T, = b be a division of the interval [a, b],
& € [xi,xip1] (1=0,...,n — 1) and consider the trapezoidal rule

n—1
f@i) + f(z;
(3.) a1 = 3 | T,
where h; = (241 — ), =0, ..., n — 1.

Theorem 9. Let f: I° C R — R be a twice differentiable mapping on I°, a,b €
I° with a < b. If |f"] is convex on [a,b], for all y € [a,b], then we have the
representation

b
/ f(@)dz = Ap(f.1,) + Re(f, 1)

where Ap(f, I,) is as defined in (31) and the remainder satisfies the astimations:

— z + i
=0

fori=0,...,n—1.

Proof. Applying Theorem 5 on the interval [x;, x;41], ¢ =0, ..., n — 1, we obtain

/ oy - [ Mo ),
' @)| + |f @isn)
s

fori=0,...,n—1.
Summing over ¢ from 0 to n — 1 and using the triangle inequality we obtain the
estimation (3.2). O

Remark 3. If we consider the inequality (2.5), then we get the quadrature formula

b
/ f@)dz = Ap(f.1) + Re(f, 1)

where A (f, I,) is trapezoidal formula and the remainder term satisfies the estimate
[Bp+2,p+1) +B(p+1,p+2)°
1
(p+1)»

q
()| +

X Z 5 he.
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Remark 4. If we consider the inequality (2.10), then we get the quadrature formula

b
/ f(@)de = Ar(f, 1) + Re(f. 1)

where A (f, I,) is trapezoidal formula and the remainder term satisfies the estimate

1 -1 f”(.Z‘i)
}E’l }aln >~ 1 E

2
=0

"

a1
+|f ($i+1)‘ ;

i

4. APPLICATIONS TO SOME SPECIAL MEANS
Let us recall the following means:
(a) The arithmatic mean:

A= A(a,b) = £, a,b>0
(b) The Geometric mean:

G = G(a,b) := Vab,
(¢) The Harmonic mean:

a,b>0
H = H(a,b) := %i%, a,b>0
(d) The Logarithmic mean:
L =L(a,b) := { mlé?fna E Z;Z . a,b>0
(e) The Identric mean:
a if a=0b
I=1I(ab) = l(%b)bf tazh a,b>0
(f) The p—logarithmic mean:
a ) if a=0b
L,=L,(a,b):= [é);fl;((;p_;] - i ath a,b>0
where p € R\ {—1,0}.

The following simple relationships are known in literature

H<G<L<I<A
L_,=0L.

It is also known that L, is monotonically increasing in p € R with Lo = I and

(1) Consider the mapping f : (0,00) =R, f(z) = 2™, z € R, n € Z and
In(n —1)| > 3.

Then, we have, for 0 < a < b,
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and
HOH10) _ 0
Using the inequality (2.3), we have the result:
2
L7 — A 5] < [n(n— 1)) 12“) A(a"2,5m2).

Also, from (2.5), we get the inequality

=

IL" — A(a™,b")] < |n(n—=1)|[Blp+2,p+1)+B(p+1,p+2)]

|
2 1
> (b - )1 [A(aq(n—Q)’ bq(n—?)):| q
(p+1)r
(2) Consider the mapping f(z) = 1, 2 € [a,b] C (0,00)

Then, we have

and

Using the inequality (2.3), we have the result:

(b—a)’

H—l 3 13 .
12 (a”,0%)

LT —H7Y <
Also, from (2.10), we get the inequality
(b—a)’
1227

(3) Consider the mapping f(z) = —Inz, z € [a,b] C (0,00).
Then, we have

L2 - H7Y < [H(a™,5%7)] 7.

b
1
bia/f(t)dt:—lnl(a,b)

and
fa) + f(b)
2
Using the inequality (2.3), we have the result:

= —A(lna,lnd).

(b—a)?

|A(lna,Inb) — InI(a,b)| < 15

H~'(a? b%).

Also, from (2.10), we get the inequality

|A(Ina,lnb) —InI(a,b)| <
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