
NEW HERMITE HADAMARD TYPE INEQUALITIES FOR
TWICE DIFFERENTIABLE CONVEX MAPPINGS VIA GREEN

FUNCTION AND APPLICATIONS

SAMET ERDEN AND MEHMET ZEKI SARIKAYA

Abstract. We derive some Hermite Hamamard type integral inequalities for
functions whose second derivatives absolute value are convex. Some eror esti-
mates for the trapezoidal formula are obtained. Finally, some natural applica-
tions to special means of real numbers are given.

1. Introduction

The following inequality is well known in the literature as the Hermite-Hadamard
integral inequality (see, [2], [5]):

(1.1) f

�
a+ b

2

�
� 1

b� a

Z b

a

f(x)dx � f(a) + f(b)

2

where f : I � R ! R is a convex function on the interval I of real numbers and
a; b 2 I with a < b. A function f : [a; b] � R ! R, is said to be convex if the
following inequality holds

f(�x+ (1� �)y) � �f(x) + (1� �)f(y)
for all x; y 2 [a; b] and � 2 [0; 1] : We say that f is concave if (�f) is convex.
The inequalities (1.1) have grown into a signi�cant pillar for mathematical analy-

sis and optimization, besides, by looking into a variety of settings, these inequalities
are found to have a number of uses. What is more, for a speci�c choice of the func-
tion f, many inequalities with special means are obtainable. Hermite Hadamard�s
inequality (1.1), for example, is signi�cant in its rich geometry and hence there
are many studies on it to demonstrate its new proofs, re�nements, extensions and
generalizations. You can check ([1], [2], [5], [4] and [10]-[15]) and the references
included there.
In [1], Dragomir and Agarwal proved the following inequality connected with the

right part of (1.1).

Theorem 1. Let f : I� � R! R be a di¤erentiable mapping on I�, a; b 2 I� with
a < b. If jf 0j is convex on [a; b], then the following inequality holds:

(1.2)

�����f (a) + f (b)2
� 1

b� a

Z b

a

f(x)dx

����� � (b� a)
8

(jf 0(a)j+ jf 0(b)j) :

In [6], Pearce and Pµecaríc proved the following inequality.

2000 Mathematics Subject Classi�cation. 26D15, 41A55, 52A41.
Key words and phrases. Hermite-Hadamard inequality, convex function, green function, Hölder

inequality, Trapezoidal formula, special means.

1

e5011831
Typewritten Text
Received 27/04/16

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 19 (2016), Art. 68



2 SAMET ERDEN AND MEHMET ZEKI SARIKAYA

Theorem 2. Let f : I� � R! R be a di¤erentiable mapping on I�, a; b 2 I� with
a < b. If jf 0jq is convex on [a; b], for some q � 1; then we have�����f (a) + f (b)2

� 1

b� a

Z b

a

f(x)dx

����� � b� a
4

�
jf 0(a)jq + jf 0(b)jq

2

� 1
q

:

In [8], Sarikaya and Aktan established some inequalities related to Hermite-
Hadamard�s inequality for functions whose second derivatives are convex.

Theorem 3. Let f : I� � R ! R be a di¤erentiable mapping on I� such that
f 00 2 L [a; b] and 0 � � � 1 where a; b 2 I� with a < b. If jf 00j is a convex on [a; b],
then the following inequalities hold:�����(�� 1) f

�
a+ b

2

�
� �f (a) + f (b)

2
+

1

b� a

Z b

a

f(x)dx

�����
�

8>>><>>>:
(b�a)2
12

h�
�4 + (1 + �) (1� �)3 + 5��3

4

�
jf 0(a)j

+
�
�4 + (2� �)�3 + 1�3�

4

�
jf 0(b)j

�
; for 0 � � � 1

2

(b�a)2(3��1)
48 [jf 0(a)j+ jf 0(b)j] ; for 1

2 � � � 1:
Remark 1. Under the assumptions Theorem 3 with � = 1 in Theorem 3, then we
have ������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������ � (b� a)2

12

0@
���f 00(a)���+ ���f 00(b)���

2

1A :
In [3], Husain et al. proved some inequalities related to Hermite-Hadamard�s

inequality for s-convex functions:

Theorem 4. Let f : I� � R! R be a twice di¤erentiable mapping on I� such that
f 00 2 L [a; b] where a; b 2 I� with a < b. If jf 00jq is s�convex on [a; b] for some �xed
s 2 (0; 1] and q � 1; then the following inequality holds:

(1.3)

�����f (a) + f (b)2
� 1

b� a

Z b

a

f(x)dx

����� � (b� a)2

2� 6
1
p

24
���f 00(a)���q + ���f 00(b)���q
(s+ 2) (s+ 3)

35
1
q

where 1
p +

1
q = 1:

Remark 2. If we take s = 1 in (1.3), then we have�����f (a) + f (b)2
� 1

b� a

Z b

a

f(x)dx

����� � (b� a)2

12

24
���f 00(a)���q + ���f 00(b)���q

2

35
1
q

:

The interested reader is refer to [3],[7]-[9] for inequalities involving functions
whose second derivatives are convex.
In this study, using functions whose second derivatives absolute values are con-

vex, we establish new inequalities that are connected with the right-hand side of
Hermite-Hadamard inequality. Then we give some eror estimates for trapezoidal
quadrature formula by using these inequalities. Finally, we obtain some applications
of these inequalities for special means are provided.
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2. Main Results

In order to prove our main results we need the following lemma:

Lemma 1. Let f : I � R ! R be a twice di¤erentiable function on I� such that
f 00 2 L [a; b] ; the interior of the interval I; where a; b 2 I�with a < b. Then the
following identity holds:

(2.1)
1

b� a

bZ
a

bZ
a

G (x; y) f 00 (y) dydx =
1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

where

G (x; y) :=

8><>:
(x�a)(y�b)

(b�a) ; a � x � y � b

(x�b)(y�a)
(b�a) ; a � y � x � b:

Proof. By integration by parts, we have the following identity:

bZ
a

G (x; y) f 00 (y) dy = G (x; y) f 0 (y)jby=a dx�
bZ
a

@G (x; y)

@y
f 0 (y) dydx:

Because of G (x; b) = G (x; a) = 0; we get

bZ
a

G (x; y) f 00 (y) dy = �x� b
b� a

xZ
a

f 0 (y) dy � x� a
b� a

bZ
x

f 0 (y) dy(2.2)

= f(x)� b� x
b� af(a)�

x� a
b� a f(b):

Integrating both sides of (2.2) with respect to x over [a; b] and rewritten, we have

bZ
a

bZ
a

G (x; y) f 00 (y) dydx =

bZ
a

f(x)dx� (b� a)f(a) + f(b)
2

:

Hence, the proof is completed. �

We obtain trapezoid inequality by using convexity of jf 00j :

Theorem 5. Let f : I� � R! R be a twice di¤erentiable mapping on I�, a; b 2 I�
with a < b. If jf 00j is convex on [a; b], then, for all y 2 [a; b] ; the following inequality
holds:

(2.3)

������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������ � (b� a)2

12

0@
���f 00(a)���+ ���f 00(b)���

2

1A :
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Proof. We take absolute value of (2.1), we �nd that������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������
� 1

b� a

bZ
a

bZ
a

jG (x; y)j jf 00 (y)j dydx

=

bZ
a

xZ
a

(b� x) (y � a)
(b� a)2

jf 00 (y)j dydx+
bZ
a

bZ
x

(b� y) (x� a)
(b� a)2

jf 00 (y)j dydx:

Since
���f 00(y)��� is convex on [a; b] ; we have

(2.4)

����f 00 �b� yb� aa+
y � a
b� a b

����� � b� y
b� a

���f 00(a)���+ y � a
b� a

���f 00(b)��� :
From (2.4), it follows that������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������
�

���f 00(a)��� bZ
a

xZ
a

(b� x) (y � a) (b� y)
(b� a)3

dydx+
���f 00(b)��� bZ

a

xZ
a

(b� x) (y � a)2

(b� a)3
dydx

���f 00(a)��� bZ
a

bZ
x

(x� a) (b� y)2

(b� a)3
dydx+

���f 00(b)��� bZ
a

bZ
x

(x� a) (b� y) (y � a)
(b� a)3

dydx:

If we calculate the above integrals and also use elementary analysis, then we easily
deduce required inequality (2.3) which completes the proof. �

We derive trapezoid inequality by using convexity of jf 00jq :

Theorem 6. Let f : I� � R! R be a twice di¤erentiable mapping on I�, a; b 2 I�
with a < b. If jf 00jq is convex on [a; b], q > 1; for all y 2 [a; b] ; then the following
inequality holds:������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������(2.5)

� (b� a)2

(p+ 1)
1
p

0@
���f 00(a)���q + ���f 00(b)���q

2

1A
1
q

[B (p+ 2; p+ 1) +B (p+ 1; p+ 2)]
1
p

where 1
p +

1
q = 1 and B (p; q) is Euler�s Beta function.
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Proof. We take absolute value of (2.1). Using Holder�s inequality, we �nd that������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������(2.6)

� 1

b� a

bZ
a

bZ
a

jG (x; y)j jf 00 (y)j dydx

� 1

b� a

0@ bZ
a

bZ
a

jG (x; y)jp dydx

1A
1
p
0@ bZ
a

bZ
a

jf 00 (y)jq dydx

1A
1
q

:

We need to calculate above integrals to prove the theorem.
Let�s calculate �rst integral

bZ
a

bZ
a

jG (x; y)jp dydx

=

bZ
a

xZ
a

(b� x)p (y � a)p

(b� a)p dydx+

bZ
a

bZ
x

(b� y)p (x� a)p

(b� a)p dydx

=

bZ
a

(b� x)p (x� a)p+1

(b� a)p (p+ 1) dx+

bZ
a

(x� a)p (b� x)p+1

(b� a)p (p+ 1) dx:

Using the change of the variables x � a = (b� a)u and b � x = (b� a)u for the
above integrals, respectively, we write

(2.7)

bZ
a

bZ
a

jG (x; y)jp dydx = (b� a)p+2

p+ 1
[B (p+ 2; p+ 1) +B (p+ 1; p+ 2)]

where B (p; q) =
1R
0

up�1 (1� u)q�1 du; (p; q > 0) :

Since
���f 00(t)���q is convex on [a; b] ; we have

(2.8)

����f 00 �b� yb� aa+
y � a
b� a b

�����q � b� y
b� a

���f 00(a)���q + y � a
b� a

���f 00(b)���q :
From (2.8), it follows that

bZ
a

bZ
a

jf 00 (y)jq dydx(2.9)

�
���f 00(a)���q bZ

a

bZ
a

b� y
b� adydx+

���f 00(b)���q bZ
a

bZ
a

y � a
b� a dydx

=

���f 00(a)���q + ���f 00(b)���q
2

(b� a)2 :



6 SAMET ERDEN AND MEHMET ZEKI SARIKAYA

If we substitute (2.7) and (2.9) in (2.6), then we easily deduce required inequality
(2.5) which completes the proof. �

Now, we establish trapezoid inequality in a di¤erent way by using convexity of
jf 00jq :

Theorem 7. Let f : I� � R! R be a twice di¤erentiable mapping on I�, a; b 2 I�
with a < b. If jf 00jq is convex on [a; b], q > 1; for all y 2 [a; b] ; then the following
inequality holds:

������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������
� (b� a)2+

1
q

(p+ 1)
1
p 2

1
q

(
[B (p+ 2; p+ 1)]

1
p

�
2 jf 00 (a)jq + jf 00 (b)jq

3

� 1
q

+ [B (p+ 1; p+ 2)]
1
p

�
jf 00 (a)jq + 2 jf 00 (b)jq

3

� 1
q

)

where 1
p +

1
q = 1 and B (p; q) is Euler�s Beta function.

Proof. We take absolute value of (2.1). Using Holder�s inequality, we �nd that

������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������
� 1

b� a

bZ
a

bZ
a

jG (x; y)j jf 00 (y)j dydx

=

bZ
a

xZ
a

(b� x) (y � a)
(b� a)2

jf 00 (y)j dydx+
bZ
a

bZ
x

(b� y) (x� a)
(b� a)2

jf 00 (y)j dydx

�

0@ bZ
a

xZ
a

(b� x)p (y � a)p

(b� a)2p
dydx

1A
1
p
0@ bZ
a

xZ
a

jf 00 (y)jq dydx

1A
1
q

+

0@ bZ
a

bZ
x

(b� y)p (x� a)p

(b� a)2p
dydx

1A
1
p
0@ bZ
a

bZ
x

jf 00 (y)jq dydx

1A
1
q

:
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If we calculate the above interals utilizing the convexity of jf 00 (y)jq ; from (2.8),
then we obtain������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������
�

 
(b� a)2

p+ 1
B (p+ 2; p+ 1)

! 1
p
 
(b� a)3

2
� 2 jf

00 (a)jq + jf 00 (b)jq

3

! 1
q

+

 
(b� a)2

p+ 1
B (p+ 1; p+ 2)

! 1
p
 
(b� a)3

2
� jf

00 (a)jq + 2 jf 00 (b)jq

3

! 1
q

:

The proof is thus completed. �

Theorem 8. Let f : I� � R! R be a twice di¤erentiable mapping on I�, a; b 2 I�
with a < b. If jf 00jq is convex on [a; b], q � 1; for all y 2 [a; b] ; then the following
inequality holds:

(2.10)

������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������ � (b� a)2

12 � 2
1
p

0@
���f 00(a)���q + ���f 00(b)���q

2

1A
1
q

where 1
p +

1
q = 1.

Proof. We take absolute value of (2.1). Because of 1p +
1
q = 1,

1
p +

1
q can be written

instead of 1. Using Holder�s inequality; we �nd that������ 1

b� a

bZ
a

f(x)dx� f(a) + f(b)
2

������(2.11)

� 1

b� a

bZ
a

bZ
a

jG (x; y)j
1
p+

1
q jf 00 (y)j dydx

� 1

b� a

0@ bZ
a

bZ
a

jG (x; y)j dydx

1A
1
p
0@ bZ
a

bZ
a

jG (x; y)j jf 00 (y)jq dydx

1A
1
q

:

We calculate the above integrals, respectively,

(2.12)

bZ
a

bZ
a

jG (x; y)j dydx = (b� a)3

24
:

Since
���f 00(t)���q is convex on [a; b] ; we get

(2.13)

bZ
a

bZ
a

jG (x; y)j jf 00 (y)jq dydx = (b� a)3

12

0@
���f 00(a)���q + ���f 00(b)���q

2

1A :
Substituting the equalities (2.12) and (2.13) in (2.11), we obtain the inequality
(2.10) which completes the proof. �
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3. Applications to Numerical Integration

We now consider applications of the integral inequalities developed in the previ-
ous section, to obtain estimates of composite quadrature rules which, it turns out
have a markedly smaller error than that which may be obtained by the classical
results.
Let In : a = x0 < x1 < ::: < xn�1 < xn = b be a division of the interval [a; b] ;

�i 2 [xi; xi+1] (i = 0; :::; n� 1) and consider the trapezoidal rule

(3.1) AT (f; In) =
n�1X
i=0

�
f(xi) + f(xi+1)

2

�
hi

where hi = (xi+1 � xi); i = 0; :::; n� 1:

Theorem 9. Let f : I� � R ! R be a twice di¤erentiable mapping on I�, a; b 2
I� with a < b. If jf 00j is convex on [a; b]; for all y 2 [a; b] ; then we have the
representation

bZ
a

f(x)dx = AT (f; In) +RT (f; In)

where AT (f; In) is as de�ned in (3.1) and the remainder satis�es the astimations:

(3.2) jRT (f; In)j �
1

12

n�1X
i=0

24
���f 00(xi)���+ ���f 00(xi+1)���

2

35h3i
for i = 0; :::; n� 1:

Proof. Applying Theorem 5 on the interval [xi; xi+1] ; i = 0; :::; n� 1; we obtain������
xi+1Z
xi

f(x)dx�
�
f(xi) + f(xi+1)

2

�
hi

������
� 1

12

0@
���f 00(xi)���+ ���f 00(xi+1)���

2

1Ah3i
for i = 0; :::; n� 1:
Summing over i from 0 to n� 1 and using the triangle inequality we obtain the

estimation (3.2). �
Remark 3. If we consider the inequality (2.5), then we get the quadrature formula

bZ
a

f(x)dx = AT (f; In) +RT (f; In)

where AT (f; In) is trapezoidal formula and the remainder term satis�es the estimate

jRT (f; In)j � [B (p+ 2; p+ 1) +B (p+ 1; p+ 2)]
1
p

(p+ 1)
1
p

�
n�1X
i=0

24
���f 00(xi)���q + ���f 00(xi+1)���q

2

35
1
q

h3i :
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Remark 4. If we consider the inequality (2.10), then we get the quadrature formula
bZ
a

f(x)dx = AT (f; In) +RT (f; In)

where AT (f; In) is trapezoidal formula and the remainder term satis�es the estimate

jRT (f; In)j �
1

12 � 2
1
p

n�1X
i=0

24
���f 00(xi)���q + ���f 00(xi+1)���q

2

35
1
q

h3i :

4. Applications to Some Special Means

Let us recall the following means:
(a) The arithmatic mean:

A = A(a; b) := a+b
2 ; a; b � 0

(b) The Geometric mean:

G = G(a; b) :=
p
ab; a; b � 0

(c) The Harmonic mean:

H = H(a; b) := 2
1
a+

1
b

; a; b > 0

(d) The Logarithmic mean:

L = L(a; b) :=

�
a if a = b
b�a

ln b�ln a if a 6= b ; a; b > 0

(e) The Identric mean:

I = I(a; b) :=

8<: a if a = b

1
e

�
bb

aa

� 1
b�a

if a 6= b
; a; b > 0

(f) The p�logarithmic mean:

Lp = Lp(a; b) :=

8<: a if a = bh
bp+1�ap+1
(p+1)(b�a)

i 1
p

if a 6= b
; a; b > 0

where p 2 Rn f�1; 0g :
The following simple relationships are known in literature

H � G � L � I � A:
It is also known that Lp is monotonically increasing in p 2 R with L0 = I and

L�1 = L:
(1) Consider the mapping f : (0;1)! R; f(x) = xn; x 2 R; n 2 Z and

jn(n� 1)j � 3:
Then, we have, for 0 < a < b,

1

b� a

bZ
a

f (t) dt = Lnn
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and
f(a) + f(b)

2
= A(an; bn):

Using the inequality (2.3), we have the result:

jLnn �A(an; bn)j � jn(n� 1)j
(b� a)2

12
A(an�2; bn�2):

Also, from (2.5), we get the inequality

jLnn �A(an; bn)j � jn(n� 1)j [B (p+ 2; p+ 1) +B (p+ 1; p+ 2)]
1
p

� (b� a)
2

(p+ 1)
1
p

h
A(aq(n�2); bq(n�2))

i 1
q

:

(2) Consider the mapping f(x) = 1
x ; x 2 [a; b] � (0;1) :

Then, we have

1

b� a

bZ
a

f (t) dt = L�1�1 =
1

L

and
f(a) + f(b)

2
= H�1:

Using the inequality (2.3), we have the result:

��L�1�1 �H�1�� � (b� a)2

12
H�1(a3; b3):

Also, from (2.10), we get the inequality

��L�1�1 �H�1�� � (b� a)2

12 � 2
1
p

�
H�1(a3q; b3q)

� 1
q :

(3) Consider the mapping f(x) = � lnx; x 2 [a; b] � (0;1) :
Then, we have

1

b� a

bZ
a

f (t) dt = � ln I(a; b)

and
f(a) + f(b)

2
= �A(ln a; ln b):

Using the inequality (2.3), we have the result:

jA(ln a; ln b)� ln I(a; b)j � (b� a)2

12
H�1(a2; b2):

Also, from (2.10), we get the inequality

jA(ln a; ln b)� ln I(a; b)j � (b� a)2

12 � 2
1
p

�
H�1(a2q; b2q)

� 1
q :
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