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SOME PERTURBED INEQUALITIES OF OSTROWSKI TYPE
FOR TWICE DIFFERENTIABLE FUNCTIONS

2SAMET ERDEN, 'HUSEYIN BUDAK, AND !MEHMET ZEKI SARIKAYA

ABSTRACT. We establish new perturbed Ostrowski type inequalities for func-
tions whose second derivatives are of bounded variation. In addition, we obtain
some integral inequalities for absolutely continuous mappings. Finally, some
inequalities related to Lipschitzian derivatives are given.

1. INTRODUCTION
In 1938, Ostrowski [28] established a following useful inequality:

Theorem 1. Let f : [a,b] — R be a differentiable mapping on (a,b) whose deriva-

tive f' : (a,b) — R is bounded on (a,b), i.e. ||f'||, := sup |f'(t)] < oo. Then, we
t€(a,b)

have the inequality

b . atb 2
A |- [ s < }1+((b_))] b= 1f .

for all z € [a, b].
The constant % is the best possible.

Definition 1. Let P:a =z < 21 < ... < &, = b be any partition of [a,b] and let
Af(xz;) = f(xir1) — f(x;), then f is said to be of bounded variation if the sum

m

Z |Af ()]

i=1

is bounded for all such partitions.

Definition 2. Let f be of bounded variation on [a,b], and Y Af (P) denotes the
sum Y |Af(x;)| corresponding to the partition P of [a,b]. The number
i=1

b

\V () i=sup {3 AF(P): P e P(la,b]) },
is called the total variation of f on [a,b]. Here P([a,b]) denotes the family of par-
titions of [a,b] .

In [16], Dragomir proved the following Ostrowski type inequalities for functions
of bounded variation:
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Theorem 2. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then

(12) /b s~ 0-a 16| < [ o0+ |- Vi

a

holds for all @ € [a,b]. The constant % is the best possible.

In [13], authors obtained the following Ostroski type inequalities for functions
whose second derivatives are bounded:

Theorem 3. Letf : [a,b] — R be continuous on [a,b] and twice differentiable on
(a,b), whose second deriwative f" : (a,b) — R is bounded on (a;b). Then we have

the inequality
b
1 f(b) = f(a) a+b
@)= oy [ s0a - TOZTE (o220

+ 50 0= a) 1l

IN
—
L—
—
s
I
e
=
~—
]
—

17 gy o2
< Hg=0-a)

for all x € [a,b].

Ostrowski inequality has potential applications in Mathematical Sciences. In
the past, many authors have worked on Ostrowski type inequalities. For ex-
ample, authors gave some Ostrowski type inequalities for function of bounded
variation in ([1]-[10],[14],[6]-[18],[26],[27]). The researchers established Ostrowski
type integral inequalities for mappings whose second derivatives are bounded in
([13],]15],[29],[30]). Moreover, Dragomir proved some perturbed Ostrowski type in-
equalities for bounded functions and functions of bounded variation, please refer to
[19]-[25]. In ([11],[12],[31]), some researchers established new perturbed Ostrowski
type inequalities for twice differentiable functions.

In this study, some new perturbed Ostrowski type integral inequalities for func-
tions whose second derivatives are of bounded variation, absolutely continuous and
Lipschitzian are given.

In [11], Budak et al. deduced the following integral identity:

Lemma 1. Let f : [a,b] — C be a twice differantiable function on (a,b). Then for
any A1(x) and Ao(x) complex number the following identity holds:

(1.3) (m— a;b) F(@) = @)+ — /bf(t)dt

b—a

)
1 [Al(x)(x—a)?’ +)\2(x)(b—x)3}
2(b—a) 3

b
1= (t—a)z[f"(t)—Al(fc)]dt+b—la/ (= b 11" () = dala)] dt |

a
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where the integrals in the right hand side are taken in the Lebesgue sense.

2. INEQUALITIES FOR FUNCTIONS WHOSE SECOND DERIVATIVES ARE OF
BOUNDED VARIATION

Now, we establish the following identity by choosing A\i(z) = A2(x) = f”(z) in
(1.3)

z b
_ ; _a2 7 — N2 e —
= 30-a [/(t )" L7 () f()]dt+!(t b [f(t) — f(x)] dt] ,

a

for any « € [a,b].
We start with the following inequality:

Theorem 4. Let: f : [a,b] — C be a twice differantiable function on I° and [a,b] C
I°. If the second derivative f" is of bounded variation on [a,b], then

e (o) 1@ - s+ 5 /b or:

6
< 5559 (o V") + - o) \b/(f”)]
[ + &3] [; VU™ + 3 V) = V) } ,
< Lo [(i_3)3p+(”_2)3p]p [(\Z/(f”)) - (Y(f")> ]
p>1, % + % =1
3+ 522 Ve

for any x € [a,b].
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Proof. Taking modulus (2.1), we get

(0= 52) @ - )+ 52 / o

b—a)? | 1 x—“sz "
! )[ —I—(( a)z)lf(x)

(2.3)

(=
Q

6

T b
1 20 e " 2 pn "
< 30-a) L/@—a) - f <w>dt+!<t—b) 1) — @) dt

Since f” is of bounded variation on [a, b], we get
£ = £ (@) < ()
t
for ¢t € [a,z] and

17" = ")) < /()

for t € [z,b].
Herewith,
(2.4) [e-ariro- @i < [ -V
r—a 3.7
Similarly, we have
b e
2.5) [a-vrir0 - @i P,

T

Substituting the inequalities (2.4) and (2.5) in (2.3), we obtain
b
a+b\ , 1
(0= 57 @) - s+ 5= [ e

(b - a)*
6

1 (z — 2£b)2

PR ]f"(‘”)

T b
< 5o55 [m ~ V() + b \z/(f”)]

whgch completes the proof of first inequality in (2.2).
The second inequality follows by Holder’s inequality

1 1 1 1
mn+pq§(m°‘+pa)é (nBJrqB)B, m,n,p,qz()andoz>1with—JrB:l.
!
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Thus the theorem is now completely proved. ([l

Corollary 1. Under assumptions of Theorem 4 with x = ‘%rb, we have the inequal-
1ty

o ron s (45) 05 (3B

Corollary 2. If p € (a,b) is a median point in bounded variation for the second

P b
deriwative, i.e. \[(f") =\ (f"), then under the assumptions of Theorem 4, we have
a P

(r=532) 10— 1)+ 5= [ s

3. INEQUALITIES FOR ABSOLUTELY CONTINIOUS DERIVATIVES

In this section, a perturbed Ostrowski type inequality by utilizing absolutely
continuous of f are obtained.

Theorem 5. Let: f : [a,b] — C be a twice differantiable function on I° and [a,b] C
I°. If the second derivative f" is absolutely continuous on [a,b], then we have

(3.1 (e 5) 1@ - )+ 5 / F(oyi

b-a? 1  (z—=)2]
T 6 [12+ (ba)Z]f(x)

—XT 4 r—a 4
el i [

- - QQS[(m—G)3q+1+(b—$)3q+1}% "
= 20b-a) Geneanar 1 lab

L2 —a) + e —

for all x € [a,b], where p > 1 and%+%:1.
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Proof. If we take absolute value of (2.1), we find that

(zagﬂfm»ﬂ@+biajfmﬁ

G- 1, @==22] ,
6 |12 ((,_(1)2] ' (x)
- ,
1 2 1 17 2 1" "
= 20-a !u—a>u<w—f<mMr+[a—w|fu»—fwnw

[« b

— ﬁ /(tfa)Q ]f’”(s)ds dt+/(tfb)2 /tf’”(s)ds dt]

a x

< Nja)7@—#]VWM@¢+/@4¥]UWM@4.

a x x

‘We observe that

xT

/u—w{fwwadwt

a

x

/a—@%x—wwmm@mﬁ

a

IN

T

1 g [ (6= ) o=

a

IN

(.7} — a’)4 "
= 12 ||f ||[a,$],00 :

Using Holder’s integral inequality, we have

x

/G—afjuwwﬂwﬁ

a

x

1
[ =0 @08 1y

a

IN

x

1
1" sy [ (¢ =) o= 01

a

. 2¢* (x — a)3+% ||f’”||
T Be+D(g+1)(g+1) fa.al.p

IN

for p > 1, %—i—%:l.
Further,

x

iuafju%$mwts [a-arirm

a a

(x — a)3 "
el VA [

(t,a],1 At

IN

|
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Thus, we obtain the inequalities

V4
15l o, 00

x

t
2 " T—a
/(tfa) /'f (N dsie < | REeAT L,

a

e al i T

Similarly, we have

b—x
| £ g 1,00

b t
2 "
_ < 2¢%(b—2)°
/(t ) /‘f (s)] dsdt < @w‘%@mﬂf LI
713
ooz 1" Nz 0.1

Because of [|f"||(; 11,00 < |l

@ bl00 A0 [F" 4 21,00 < 1" llja ],00 » We obtain
o4 " h— 4 "
(@ —a)" 1" g,07,00 + 0= 2) [[F 712 01,00

< o=t + @ =01 g

which completes the proof of the first branch in (3.1).
By Holder’s inequality we get

1 1
(@ =) T Naagp + O =251

(= @ 0= 2 (1 Wy + 1 W]

IN

= Jlw— 0™ + 6= 1

producing the second branch in (3.1).
Finally,

(@ =) 1" Nasorn + O = 2)” 1" i 01,0
< max {(w —a)’,(b— 35)3} |:||f”l||[a7z]71 + ||f”/||[:p7b],1

a+b
] T

B(b—a)—i—’m—

gives the final branch in (3.1) where we have used the fact that max {a”,b"} =

[max {a, b}]" for a,b >0 and n > 0.
The proof is thus completed.

O
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Corollary 3. Under assumptions of Theorem 5 with x = ‘%rb, we have the inequal-
ity

o

b—a)?
B £l .00

< —_— q°(b—a) q
- 2(0b-a) 1(3¢+1)(2¢+1)(q+1) " ||[az7

b—
e T

4. INEQUALITIES FOR LIPSCHITZIAN DERIVATIVES

In this section, we establish a integral inequality for Lipschitzian mappings. In
addition, we give some results related to this inequality.

Theorem 6. Let: f : [a,b] — C be a twice differantiable function on I° and [a,b] C
I°. If a,8 > —1 and Lo, Lg > 0 are such that

(4.1) F1(8) = £ @) < La (@ —8)*  for any t € [a,2)
and
(4.2) [£"(t) = £"(2)] < Lg (t— )" for any t € (x,b],

then we have the inequality

an (o= ) r@ - s+

b
1
b_a/f(t)dt

(b — a)2 1 (z %b) "
T8 T b —a) [ (@)
1 (z —a)*™? (b—z)"+?

(b—a) (a+1)(a+2)(a+3)L“ (,@+1)(5+2>(6+3)Lﬁ
for all z € (a,b).

Proof. Taking absolute value both sides of the equality (2.1), we find that

(s "52) @ - @)+ bia /b (o)t

2 1 " 2 o1 "
S h-a /(t—a) 1) = f (m)\dt+/(t—b) |f" () — f ()| dt

a xT
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Using the properties (4.1) and (4.2), we have

x x

/ (t—a)? |f"(t) — f"@)|dt < La / (t—a) (x— 1) dt

a a

IN

2(z —a)*t? I
(a+1)(a+2)(a+3)"

and
b b
[e-vtirw-swla < [0 Lae-a @
z z
B 2(b— x)5+3 I
ICERICEPICEE
From which we get the inequality (4.3) which completes the proof. [

Corollary 4. Let : f : [a,b] — C be a twice differantiable function on I° and
[a,b] C I°. If the second derivative f" is of r — H—Hélder type on [a,b], i.e. we
have the condition

|f//(t)_f/l(8)| SH‘t—SV fOT any t,s € [G;,b],

where r € (0.1] and H > 0 are given, then

(2= 57) ) - 1)+ 2 [ s

H
(r+1)(r+2)(r+3)

for all x € [a,b].
In particular, if f" Lipschitzian with the constant L > 0, then we have

(257 1@ - s+ 52 /bf(t)dt

a

b—a) | 1 x — &Eby2 .

for all x € [a,b].
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