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SOME GENERALIZED INEQUALITIES INVOLVING LOCAL
FRACTIONAL INTEGRALS AND ITS APPLICATIONS FOR
RANDOM VARIABLES AND NUMERICAL INTEGRATION

SAMET ERDEN, MEHMET ZEKI SARIKAYA, AND NURI CELIK

ABSTRACT. We establish generaized pre-Griiss inequality for local fractional
integrals. Then, we obtain some inequalities involving generalized expectation,
p—moment, variance and cumulative distribution function of random variable
whose probability density function is bounded. Finally, some applications for
generalized Ostrowski-Griiss inequality in numerical integration are given.

1. Introduction

In 1935, G. Griiss [10] proved the following inequality which establishes a con-
nection between the integral of the product of two functions and the product of the
integrals of these two functions:

(1.1)

b b b
i [ f@a@is = [ e [ gada] < 00— m) =),

a

provided that f and g are two integrable function on [a, b] satisfying the condition
(1.2) m < f(x) <M and n < g(z) <N for all z € [a, b].

The constant % is best possible.
In 1938, Ostrowski established the following interesting integral inequality for
differentiable mappings with bounded derivatives [14]:

Theorem 1 (Ostrowski inequality). Let f : [a,b] — R be a differentiable mapping
on (a,b) whoose deriwative f' : (a,b) — R is bounded on (a,b), i.e. |[f'|, =

sup |f'(t)| < oco. Then, we have the inequality
t€(a,b)

1 (o— gty
17 b a)

] (b—a)[[f'llo »

b
13) |- [ o] <

for all x € [a,b]. The constant % is the best possible.

Inequality (1.3) has wide applications in numerical analysis and in the theory
of some special means. Hence inequality (1.3) has attracted considerable attention
and interest from mathematicans and researchers. We refer to our recent paper [7].
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From [11], if f : [a,b] — R is differentiable on (a,b) with the first derivative f’
integrable on [a, b], then Montgomery identity holds:

b b
(1.4) f@) = = [swae+ [ Peoro.

where P(z,t) is the Peano kernel defined by

lza g <t<g

— b—a’
PWJ)_{ by <t <.

In [8], Dragomir and Wang proved the following result which is Ostrowski type
inequality using the inequality (1.1) and Montgomery identity (1.4).

Theorem 2. Let f: I CR — R be a differentiable mapping in I° and let a,b € I°
with a < b. If f € Ly [a,b] and

y< fl(z) <T  Vz€la,b],

then we have the following inequality

b
f@) = oy [s0a- PO (o Y < fo g

b—a b—
for all x € [a,b].

In a recent paper [12], Mati¢ et al. established the following inequality, which
has been called the pre-Griiss ineqaulity in [3].

Theorem 3. Let f,g : [a,b] — R be two integrable functions and v, < g(z) < T4,
for all x € [a,b], where v,,T'1 € R are constants. Then we have

bia /b f(z)g(z)dw — b% /b f(x)dxbia /b g(x)dz

a

b b 27 2
< 3@ [ [P (= [ f@is] |

In the last years, many papers were devoted to the generalization of Griiss type
inequalities and also were derived some statistical applications related to this in-
equalities, we can mention the works [2], [3], [5]-[8], [12], [15], [16].

2. PRELIMINARIES

Recall the set R® of real line numbers and use the Gao-Yang-Kang’s idea to
describe the definition of the local fractional derivative and local fractional integral,
see [20, 21] and so on.

Recently, the theory of Yang’s fractional sets [20] was introduced as follows.

For 0 < a < 1, we have the following a-type set of element sets:

Z% : The a-type set of integer is defined as the set {0, £1%, +2% ... +n% ...}.

Q“ : The a-type set of the rational numbers is defined as the set {m® = (g)
p.q € Z, q#0}.
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J® : The a-type set of the irrational numbers is defined as the set {m® # (%) :
p,q € Z, q# 0}.

R* : The a-type set of the real line numbers is defined as the set R* = Q“U J“.

If a®, b and c® belongs the set R* of real line numbers, then

(1) a® + b and a®b* belongs the set R*;

(2) a® +b* =0+ a® = (a+b)" = (b+a)”;

(3) a® + (b +c*) = (a+b)" +c

(4) a“b® = b*a® = (ab)® = (ba)”;

(5) a® (b°c) = (ab%) ¢

(6) a® (b* + %) = a®b* 4+ a®c*;

(7) a® 4+ 0% = 0% + a® = a® and a“1% = 1%a® = a°.

The definition of the local fractional derivative and local fractional integral can
be given as follows.

Definition 1. [20] A non-differentiable function f : R — R, x — f(x) is called
to be local fractional continuous at xg, if for any € > 0, there exists 6 > 0, such that

[f (@) = flzo)| <e”
holds for |x — xg| < 0, where €,6 € R. If f(x) is local continuous on the interval
(a,b), we denote f(z) € Cy(a,b).

Definition 2. [20]The local fractional derivative of f(x) of order o at x = xq is

defined by
£ () = ddfix) i A ((f(x_)fa(xo))’
z T=x0 T %o T xO)
where A® (f(z) — f(20)) =T+ 1) (f(x) - f(x0)).
k+1 times

——
If there exists f*+t1De(z) = D2...Df(x) for any = € I C R, then we denoted
[ € Dgy1ya(I), where £ =0,1,2, ...

Lemma 1. [20] Suppose that f(z) € Cyla,b] and f(z) € Dy(a,bd), then for 0 <
a <1 we have a a—differential form

d*f(z) = ) (z)dw
Definition 3. [20] Let f(x) € Cy [a,b]. Then the local fractional integral is defined

by,
N-—-1

1
I f (@) /f - T Ay 2 6)86)"

with At; = tj41 —t; and At = max {Aty, Aty, ..., Atn_1}, where [tj,tj11], j =
0,... N—1anda =ty <ty <..<tn_1 <ty =>b is partition of interval [a,b].

Lemma 2. [20]
(1) (Local fractional integration is anti-differentiation) Suppose that f(x) =
g (z) € Cy [a,b], then we have
ody f(z) = g(b) — g(a).
(2) (Local fractional integration by parts) Suppose that f(x), g(x) € Dy [a,b] and
f@(x), ¢! (x) € Cy[a,b], then we have

oI5 (@) () = [@)g(@)];, —a 5 [ (@)g(2).
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Lemma 3. [20] We have
o ka
i) d*z™ Il + ko) zh=Da,
dz®  T(1+(k—1)a)
b
. 1 ko o« (1 + ka)
”)Ha+D/§ @2) = i+ Do)

a

(b0 — g0 ke R

In [1], Akkurt et al. proved the following theorem. In this article, we give some
results related to this inequality and some applications for generalized Ostrowski-
Griiss inequality in numerical integration.

Theorem 4 (Generalized Ostrowski-Griiss inequality). Let I C R be an interval,
f:I°CR — R (I9 is the interior of I) such that f € Do (I°) for a,b € I° with
a<b. If f(*) € I [a,b] and

§< fz) <A
where 6, A € RY, then we have

ri+oa) ., JT2(1+a) f(b) — f(a) a+b\”
@) = o ulp ) - 2 e T =R (- )
(2.1)
(b—a)®
wru+aﬂA_®

for all x € [a,b].

In [19], the following result called generalized Griiss inequality was derived by
Sarikaya et al.

Theorem 5 (Geneneralized Griiss inequality). Let f,g € I%[a,b]. Then, ¢ <
flx) <P and v<g(z) <T, for all x € [a,b],p, D,y and T € R*, we have

(2.2 2(0.9)| < par ey (@~ A=)
where
23 Talf) = Py ol @)~ LI @) [l

The concept of local fractional calculus (also called fractal calculus) is introduced
by Yang in [20]. The local fractional calculus is utilized to handle various nondif-
ferentiable problems that appear in complex systems of the real-world phenomena.
Especially, the nondifferentiability occurring in science and engineering was modeled
by the local fractional ordinary or partial differential equations. Thus, these topics
are important and interesting for researchers working in such fields as mathemati-
cal physics and applied sciences. Authors give some inetgral inequalities involving
generalized moments in [1]. Chen established Holder’s inequality and some inet-
gral inequalities on fractal space in [4]. Erden and Sarikaya proved some Pompeiu
type inequalities involving local fractional integrals and gave its applications. In
[13], generalized convex functions are introduced by Mo et al.. In [17]-[19], aithors
deduced some generalized integral inequalities which are Ostrowski and Griiss type
by using local fractional integrals. Yang mantioned some topics related to local
fractional calculus and its applications in [21]-[24].
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In this study, we establish generaized Pre-Griiss inequality for local fractional
integrals. Then, some application of this inequality for generalized continuous ran-
dom variables are given. Finally, we obtain some estimates of composite quadrature
rules by using generalized Ostrowski-Griiss inequality.

3. GENERALIZED PRE-GRUSS INEQUALITY FOR LOCAL FRACTIONAL INTAGRALS

We establish generalized pre-Griiss inequality by using local fractional intagrals.

Theorem 6 (Geneneralized Pre-Griiss inequality). Let f,g € I [a,b] and ¢ <
f(x) <@, for all x € [a,b], where p,® € R*. Then we have

(b—a)”
(3.1) Ta(f:9)| < 2T (1+a)

Nl

(@ —¢) [Talg: 9)]

where Ty (f, g) is defined as (2.3).

Proof. By using the local fractional integrals for mappings f, g € I2 [a, b], we have
the generalized Korkine’s identity

b b
(52) s [ [ U@ - 0@ - gt @) @
= B R @) -2 L))
= QQTa(fag)-

Appling generalized Holder’s integral inequality for p = ¢ = 2, we obtain

2
1
3.3 —— N
(3.3) <(b_a)2a (fg)>

b b
Sl e / / (@) = Fw))l9() — 9(u)] (d)" (d2)°

IN

2¢ (b—a) 2ap2 (1+a) /b/b[f(x)—f(y)f(dy)a (dx)™
/

S T— / P (dy)” (do)°

1 1
= ——=Tu(f, ﬁTa ) .
<(b—a)2°‘ (f f)) <(b_ 2 (9 g))
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‘We observe that

b
1 ) 1

T F(1+a)_(b—a)aF(l—&-a)/f(x)(dx)a

a

b
1 o 4
I'(l+ ) (b—a)a/f(x) (de)” - 'l+o)

b
1

Gy | [ @@ )

a

Using the fact that [® — f(z)] [f(xz) — ¢] > 0 and also the elementary inequality for
a—type set of the real line numbers

4%pg < (p+4q)?, pgeR,

we obtain

1 1
(3.4) mTa(ﬁf) < m(q’*%@)%

If we substitute the inequality (3.4) in (3.3), then we obtain the inequality (3.1).
The proof is thus completed. 0

4. SOME INEQUALITIES FOR RANDOM VARIABLES

Let X be a random variable having the probability distribution function f :
[a,b] — R*. Assume that there exists the lower and upper bound for f, i.e., a—type
real numbers ¢,® such that f(t) € Cqla,b] and 0 < ¢ < f(t) < & < 1 for all
t € [a,b]. Define the generalized expectation, p—moment, variance of the random
variable X as follows:

B°(X) = gy [ O,
1 b
Ey(X) = m/tp“f(t)(dt)“, where p > 0,
1 b
Vara(X) = ab(X) = oty [ (=0 F0)(a)”

= ES$(X)-[E*(X)]>,  where p=E*(X) and p € [a,b] C R®

respectively.
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Theorem 7. Let X, f and E*(X) be as defined in above. Then we have the
inequality
E*(X) 'l+a) o
4.1 — b
(41) Ti+a) Tt ¢HY
(b—a)” I'(l+2a)
sor (@ —9)
20T (14 o) Frl4+a)T'(1+3a)
I?’(1+a)
I'2(1+2a)
for all x € [a,b].

Proof. Chosing g(t) =t in (3.1), it follows that

ﬁﬁ{ﬂfiwafft“fwt>—-[afff<w}[affta]
(bfa)a
S Brire Y [rma)

Because f is a pdf and above definition, we have

(a2 + ab + b2)a

2

(a+ b)ﬂ

(4.2)

1
b—a)® 2
(b—a) O — [ JIEtP|

(4.3) PP =1
and
(4.4) EO(X) = JIPtf(2).
Also, using the Lemma 3, we get
oo F(l + Oé) 2 2\ &
(45) aIb t° = m (b a )
and
(b_a)a 20 a2 %

(4.6) {F 1+ aly't [aly't?]

_ o I'(1+2a) 2 2\

= (-9 [F(1+Q)F(1+3a) (a% + ab+7)

2 (1 2
_& (a b)2a

T2 (1+ 2a)
Substituting the equalities (4.3), (4.4), (4.5) and (4.6) in (4.2), we easily deduce
desired inequality (4.1) which completes the proof. O

Let us recall generalized p—Logarithmic mean:

_ ' (1+ pa) pp+la _ 4p+a]s
Ly(a,b) = [F(1+(p+1)a) [ oo ” , peZ\{-1,0}, a,beR, a#b.

Proposition 1. Let X, f and E;‘(X) be as defined in above. Then we have the
inequality
‘ Ep(X)

it 40

|

(bi a)a 2p » 2
Pri+a) @{F@+®L%@®Li@m



8 SAMET ERDEN, MEHMET ZEKI SARIKAYA, AND NURI CELIK

The proof is obvious by the inequality (3.1) in which we choose ¢(t) = tP*,
p € Z\ {—1,0} and use the definition of generalized p—Logarithmic mean.

Theorem 8. Let X, f and Var,(X) be as defined in above. Then we have the
inequality

Vary(X)
®) ‘F(Ha) - ‘
(b—a)” B 2
S Brata) _w)[r(1+a)_‘42} '
where
CT(+2a) [(b—a) . a+b\>*
_1“(1-1-304)[ o 3 <“_ 2 > ]
and
5 _ L(+do) (b—a)* " a+b\"
= T(ts50) | 160 (“_ 2)

(b _ a)20¢ a + b 2a
10¢ — .
L T

Proof. Chosing g(t) = (t — p)** in (3.1), it follows that

48 | g 0™ @) - L @) [ - 0]
(b_a)a (b_a)a a da « « 2 %
< W(‘I’—@[Ma% (t —p) _[alb (t—li)2}}
Because f is a pdf and above definition, we have
(4.9) algf(t) =
and
(4.10) Vare(X) = oI (t — p)* f(x).

Also, using the Lemma 3, we get

_a20¢ a 2c
A1) o -0 = p S - o) [Ww =3 ]

and

(412), 13 (6 — o' Ch)

5(14—5&) (b—a) [(b— ' = (b —w)* (4 —a)
=) (=)’ = o) (u - ) + (- a)]
Tr

r

(14 4a) o =a) a+b\*
(1+5a)(b—a) —— 45 (u— )

bh— pre’ b 2c

If we substitute the equalities (4.9), (4.10), (4.11) and (4.12) in (4.8), then we obtain
required inequality (4.1) which completes the proof. a
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5. AN APPLICATION FOR CUMULATIVE DISTIRBUTION FUNCTION

The following theorem contains an inequality which connects the generalized
expectation E%(X), the Cumulative Distirbution Function

[e3

Pr(X <) = Fa(X) = ﬁ/f(t)(dt)o‘

and the probability distribution function f : [a,b] — R has the bounds ¢ and @,
where ¢, ® € R°.

Theorem 9. Let X, f, E*(X), Fo(:) and ¢, ® be as defined in above. Then we
have the inequality

E(X) + (b—a)® Fa(X) — b®
(5.1) ‘ Ti+a) C'
(b—a)°
v 7
I'(1+2q)

2c 2« %
b-a +3a<w_a;w) ]"Cﬂ

F'l+a)T(1+3a)

for all x € [a,b], where

T+ a+b\"
C= 2 T 20 (m 2 ) '

Proof. Define the mapping

._ (t_a)a7 a<t<z
Pa(@,?) { (t—b)*, z<t<b.

Using the Lemma 1, because f is a pdf, we write

b
(5.2) Fia | P
= E°(X) +Zb ) Fo(X) — b°.

—a
If we take the inequality (3.1) for g(t) = P.(z,t), we get
(b—a)
'l+ow)
b—a)” b—a)”

< 7(5 ) (®—) b-a)
20T (1 + o) T(1+a)

(5.3) awmuwmwwmwmumamm]

2

I P@t) = [l P )|
Because f is a pdf, we have

(5-4) oIy f(8) = 1.

Now, using the Lemma 3, we obtain

(5.5) 8P (1) = 2@5((11;02) <a: _a ; b) (b—a)°
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and

(5.6) oIy P2(z,t) = L(L+2a) (b—a)® [(b_“) P <x_ a+b> ] .

I'(1+3q) 2

If we substitute the equalities (5.2), (5.4), (5.5) and (5.6) in (5.3), then we obtain
required inequality (5.1) which completes the proof. O

Remark 1. If we take x = “T“’ in (5.1), then we have the inequality

’EQ(X)—&—(b—a)aer (Xg “;b) — b
= {r<1£(o});<2f)+3a)r(b43)m

(@ — ).

Remark 2. Under the same assumptions of Theorem 9 with x = a, © = b, adding
the results and using the triangle inequality for the modulus, we get the inequality

- (57)

T'(1+2a) _(F(1+a)>2 %(b—a)za
T(I+a)D(1+3a) \T(1+2a) 2a

(@ — ).

6. APPLICATIONS TO NUMERICAL QUADRATURE RULES

We give some results related to the inequality (2.1).

Corollary 1. Under the same assumptions of Theorem 4 with x = a, x = b, adding
the results and using the triangle inequality for the modulus, we get the inequality
fla)+f(b) T(1+a) (b—a)®

20 C (b—a)” “Ibaf(t)‘ = 4oT (1 + @)

(6.1) (A—6).

Remark 3. If we choose © = ‘LT'H’

£(52) - i | < S a0,

in Theorem 4, we obtain

We now consider applications of the generalized Ostrowski-Griiss inequality, to
obtain estimates of composite quadrature rules which, it turns out have a markedly
smaller error than that which may be obtained by the classical results.

Let I, :a=a0 <21 < ... <Zp_1 < T, = b be a division of the interval [a, D],
& € [xi,xip1] (1=0,...,n —1). Define the quadrature

n—1

1

(6.2) S(f,1n,6) : :me(fi)h?

(XF(1+04) n-l xi‘f’flf'i «@
-9 m ; (fl - 2“) [f(l’i+1) — f(xl)]

where h; = x;41 —x;, 1 =0, ..., n — 1.
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Theorem 10. Let f : [a,b] C R — R* be a mapping such that f € Cy[a,b] and
f € Dala,b). If
§< f) <A

where §, A € RY, then we have the representation

b
1
where S(f, I,,€) is as defined in (6.2) and the remainder satisfies the estimation:

A-§ X2,
(6.3) |R(f,1n,§)|_mzhi :
=0

Proof. Applying Theorem 4 on the interval [x;,2;41] for the intermadiate points
&,;, we obtain

h? a ar(1+a) Ti+ Tiy1 “

mf(fz) o gy f(8) —2 T(1+20) (fi - 5 > [f(@it1) — f(2i)]
h2®

S B (1ta)

for all ¢ = 0,...,n — 1. Summing over ¢ from 0 to n — 1 and using the triangle

(A—0)

inequality we obtain the estimation (6.3). O
Now, define the mid-point and trapezoidal quadrature rule, respectively, as the
followings:
]. xX; + xz+1
A I,) = =———— —— | b,
1 f () JF f (Tit1)
: h
Ar(f 1) = oy Z(j)
where h; = (41 —24),1=0, ..., n— L.

It is clear that inequality (6.3) are much better than the clasical avereges of the
remainders of the generalized Midpoint and Trapezoidal quadratures.

Remark 4. If we choose &; = L;’“ in Theorem 10, then we recapture the mid-
point quadrature formula

b
1 .
m/f(t)(dt) = Ay (f, 1) + Rue(f, I,)

where the remainder Ry (f, I,,) satisfies the estimation

2a

Also, if we consider the inequality (6.1), then we Tecapture the trapezoidal quadrature

formula
b

/ F@&)(d)* = Ap(f.1,) + Rr(f. 1)

a

1
F(1+a)
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where the remainder Ry (f,I,,) satisfies the estimation

A-d
L) < mpeq oy 22
|RT<f7 n)‘ = 4ar2 (]_ +a) ;hz
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