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SOME INEQUALITIES FOR DOUBLE INTEGRALS AND
APPLICATIONS FOR CUBATURE FORMULA

SAMET ERDEN AND MEHMET ZEKI SARIKAYA

ABSTRACT. We establish an Ostrowski type inequality for double integrals of
second order partial derivative functions which are bounded. Then, we deduce
some inequalities of Hermite-Hadamard type for double integrals of functions
whose partial derivatives in absolute value are convex on the co- ordinates on
rectangle from the plane. Finally, some applications in Numerical Analysis in
connection with cubature formula are given.

1. INTRODUCTION

Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative I
(a,b)— Ris bounded on (a,b), i.e., || f'||.. = sup |f'(t)| < co. Then, the inequality
t

€(a,b)

holds:

b—a

b
1 - /
(L.1) I(@) - / F(t)dt| < UM] (b=a) |l

for all z € [a,b] [13]. The constant 1 is the best possible. This inequality is well
known in the literature as the Ostrowski inequality.

In a recent paper [2], Barnett and Dragomir proved the following Ostrowski type
inequality for double integrals:

Theorem 1. Let f : [a,b] X [c,d]— R be continuous on [a,b] X [c,d], f;, = ;;gy

exists on (a,b) x (¢,d) and is bounded, i.e.,

Flan) o,

0zdy

fa = sup
12l (2,y)€(ab) x (¢,d)

Then, we have the inequality:

b d
//f(s,t)dtds— (d—)(b—a)f(z,y)

d b
(1.2) — (b—a)/f(x,t)dt—i—(d—c)/f(s,y)ds

1 a+b 1 d+c
< Z(b—a 2 4 (x— 2 Z(d=—c 2 + o 2 "
< [jo-at+ - 0] [fa- ot - S0 I
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for all (z,y) € [a,b] X [c,d].

In [2], the inequality (1.2) is established by the use of integral identity involving
Peano kernels. In [14], Pachpatte obtained a new inequality in the view (1.2) by
using elementary analysis. Latif et al. proved some Ostrowski type inequalities for
functions which are co-ordinated convex in [10]. Sarikaya gave inetgral inequalities
for bounded functions in [18]. Authors deduced weighted version of Ostrowski type
inequalities for double integrals involving functions of two independent variables by
using fairly elementary analysis in [1], [16], [17] and [22].

Let us now consider a bidimensional interval A =: [a,b] x [c,d] in R? with a < b
and ¢ < d. A mapping f : A — R is said to be convex on A if the following
inequality:

flr+ 1=tz ty+ (1 -t)w) <tf(z,y)+ (1 -1)f(zw0)

holds, for all (z,y),(z,w) € A and ¢t € [0,1]. A function f: A — R is said to be
on the co-ordinates on A if the partial mappings f, : [a,b] — R, f, (u) = f (u,y)
and f; : [e,d] = R, fz (v) = f (z,v) are convex where defined for all z € [a, b] and
y € [c, d] (see, [4]).

A formal definition for co-ordinated convex function may be stated as follows:

Definition 1. A function f : A — R will be called co-ordinated canver on A, for
all t,s €[0,1] and (x,y), (u,v) € A, if the following inequality holds:

fltz+ (1 —t)y,su+ (1 —s)v)

< tsf(a,u) +s(1=0)f(y,w) + 11 = s)f(2,0) + (1 = )(1 = 5)f(y,v)-

Clearly, every convex function is co-ordinated convex. Furthermore, there exist
co-ordinated convex function which is not convex, (see, [4]).

Also, in [4], Dragomir established the following similar inequality of Hadamard’s
type for co-ordinated convex mapping on a rectangle from the plane R?.

Theorem 2. Suppose that f: A — R is co-ordinated convex on A. Then one has
the inequalities:

(13) f<a—|—b’c—|—d>

2 2
< ;-bia/bf@,cgd)d +d% df<a;b,y)dy]
= _C//f:cydydx
< i b_a/af(z,c)derm/a £ (2,d) da
/faydy+/fbydy]
< f(ac)+f(ad)+f(bc)+fbd)

4
The above inequalities are sharp.
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In recent years, researchers have studied some integral inequalities by using some
convex function on the co-ordinates on a rectangle from the plane R?. For exam-
ple, authors gave some Hadamard’s type inequalities involving Riemann-Liouville
fractional integrals for convex and s-convex functions on the co-ordinates in [3]
and [19]. in [5], Dragomir et al. worked Ostrowski type inequality for two dimen-
sional integtals in term of L,-norms. Erden and Sarikaya deduced weighted version
of Hermite-Hadamard type inequalities for functions whose partial derivatives in
absolute value are convex on the co- ordinates on rectangle from the plane in [6]
and [7]. In [8], [10]-[12], [20] and [21], some integral inequalities are obtained for
differentiable co-ordinated convex mappings. In [19], Sarikaya et al. proved some
new inequalities that give estimate of the deference between the middle and the
right most terms in (1.3) for differentiable co-ordinated convex functions. In [6],
[9] and [15], some Hermite-Hadamard type inequalities are developed for veriaty
co-ordinated convex functions.

In this study, first of all, we establish an identity for second order partial de-
rivative functions. Then, an inequality of Ostrowski type for double integrals is
gotten by using this identity. Also, Hermite-Hadamard type inequalities for convex
mappings on the co-ordinates on the rectangle from the plane are obtained. Fi-
nally, some applications of the Ostrowski type inequality developed in this work for
cubature formula are given.

2. MAIN RESULTS
In order to prove our main results we need the following lemma:

Lemma 1. Let [ : [a,b] X [¢,d]— R be an absolutely continuous function such that
the partial derivative of order 2 exists for all (t,s) € [a,b] X [c,d]. Then, for all
(x,y) € [a,b] X [¢,d], we have the equality

b d

(2.1) / / Po (2.6) Qn (4,5) fos (1, ) dsdt

- /b/df(t,s)dsdterh(x)/d[f (b,s) = [ (a,s)]ds

b d

b
+mh(y)/[f(t,d)*f(t,C)]dt*(d*C)/f(t,y)dt*(b*a)/f(x,S)ds

a c

+(b—a)(d—c) f(z,y) +mn(@)mn(y) [f (a,c) = f (a,d) = [ (b,c) + f (b, d)]
—(d=c)mn(@) [f (b,y) = f(a,9)] = (b= a) ma(y) [f (z,d) — f (2, ¢)]

= Sh (xayas7t)
for
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(s—c—mp(y)) ,c<s<y
Qn (y,s) ==

(s—d—mn(y) y<s<d
where mp,(z) = h (x — “52) and my,(y) = h (y — <5¢), h € ]0,2].
Proof. By definitions of Py, (z,t) and Qp, (y, s), we have

b d

(2.2) //Ph (x,t) Qn (y, 5) fis (¢, 8) dsdt

a
z Yy

// t—a—mu(@)][s —c—mny)] fis (¢, 5) dsdt

]

x d
+//t7a7mh )] s = d —mn(y)] fes (¢, ) dsdt

a

+// [t — b — mn(2)] [ — ¢ — mn()] frs (& 5) dsdt

b d
+// [t —b—mu(z)][s —d—mp(y)] fis (¢, 5) dsdt.

Now, we examine the above integrals. By integration by parts twice, we observe
that

[ [t a=m@lls - e ma) s (t.5) s

/ﬁ*a*mM@wavﬂm@ﬂﬁww

a

() fe (5 ¢) — / £ (k) ds} it

= [z—a—mp(@)]ly —c—mn(y)] f(z,y) + [y — c = mun(y)| mn(x) f (a,y)

—w—wwm@ﬂ/ﬂmwﬁ+muw@—a—mﬂwfww)

+mp(x)mp(y) f (a,¢) — mp(y /f (t,c)dt — [x —a — mp(x /f x, )

e /fasds+//ftsdsdt

If we calculate the other integrals in a similar way and then we substitute the results
n (2.2), we obtain desired equality (2.1). The proof is completed. O
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Now, we establish a new integral inequality for double integrals and also give
some results related to this theorem.

Theorem 3. Suppose that all the assumptions of Lemma 1 hold. If f;s = %
exists on (a,b) X (¢,d) and is bounded, i.e.,

0%f(t,s)

T

(t,s)€(a,b)x(c,d)

< 00

Then, we have the inequality:

(2.3) |Sh (2,9, s,t)|
< [(b;“>2+ (m— “;b>2+(h—2) (m— “;b> mh(a:)]
. [(d;)2+ (-5 -2 (v-39) mh<y)] el

for all (z,y) € [a,b] x [¢,d], where my,(z) = h (x — “E2) and my(y) = b (y — <52) ,
h €0,2].

Proof. We take absolute value of (2.1). Using bounded of the mapping f;s, we find
that

(24)|Sh (JI, Y, S, t)|

IN

b d
sl / / Py (1)) |Q (v, )| dsdt

a c
T b

ficlle | [ 1= a=mue)at+ [ 1t b

y d
X /|s—c—mh(y)\dt-i-/ls—d—mh(y)|d8
c Yy

We observe the above integrals for the cases a < x < “7“’ and %“7 <z <b
For all a <z < ‘%b, we have

x

/|t—a—mh(m)|dt: E=a (4~ a)maa)

a

and

(b—2)*
2

b
/|t—bfmh(:c)\dt: + (b—z) mu(z) + [ma(2)].

For all GTH’ <z < b, we write

T

2
/lt —a—ma@)ldt = TZ (o~ ) (@) + [ra(e))

a
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and
b ) )
/\t—b—mh(x)|dt:( _2"””) +(b— ) mp ().
Then, we get
(2.5) /|tfafmh |dt+/\tfbfmh )| dt

(b—z)"+ (v —a) +2(a+b:p>mh( )Jr[mh(x)]Q

Similarly, we obtain

y d
(2.6) /|s—c—mh(y)\dt+/|s—d—mh(y)|ds

-y ;(y—@ +Q(C;d_y)mh(y>+[rnh(y)]2~

If we substitute the equality (2.5) and (2.6) in (2.4), we easily deduce required
inequality (2.3) which completes the proof. O

Remark 1. If we take x = “T'H’ and y = % in Theorem 3, then we have the
mid-point inequality

//fts dsdt + (b—a) (d — )f<a-2|-b c—;—d)

d

oo (5 (212 )

a

1 2 2
< e -0 [@= 0 Il

which was given by Barnett and Dragomir in [2].

Remark 2. Under the same assumptions of Theorem 8 with h = 1 and (z,y) =
(a,c), then the following inequality hols:

b d
f(a,c)+f(a,d)1—f(bvc)+f(bvd)+ b_al — //f(w)dsdt

d b
_% dic/[f(bs)—i—f(as ds+—/ ftd)+ f(to)dt
(b—a)(d—rc)

< gL

Similarly, if we choose (x,y) = (a,d) or (z,y) = (b,¢) or (z,y) = (b,d) for h =1
in Theorem 3, then we deduce inequalities which are the same of the above result.
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Remark 3. If we choose h = 0 in Theorem 3, then the inequality (2.3) reduce to
(1.2).

Theorem 4. Suppose that all the assumptions of Lemma 1 hold. If fis € Ly(A),
% + % =1 and g > 1, then we have the inequality
(27) |Sh ({,L‘7y,8,t)|

[M—m+m“@ﬁ“ﬁﬁx—a—mﬂ@ﬁ“1;

<
q+1

— sl

lw—y+maww“+w—c—mqu“r
fO’f’ all (xvy) € [a” b] X [C, d]a where mh(x) =h ({E — GT—H)) and mh(y) =h (y — ﬂ) ,
h €[0,2]. Also, || fisll, is defined by

ts

8158 d dt

1 fesl, =

Proof. Taking absolute value of (2.1) and using Hélder’s inequality, we find that

1
a

b d
f(t,s)
Suustl < | [ [ 1RG0 Qo) dsc //\(%a

dsdt

T b q

= /\t—a—mh(x)\th+/|t—b—mh(x)|th

La x

/B_ﬁw%|ﬁ+/b—drm as| sl

We observe the above integrals for the cases a < x < “*b and ‘” <z<b
For the case of a < z < ‘”b, we get

f 0z —a—mu@)]™ = [Cmp (@)
/H—a—m“@|ﬁ— q+1

and

’ q+1 i (2)]9T?
/It—b—mh(a:>|th= [b_””mh(x)(]ﬁlﬂ w(@)]

For the case of “TH’ <z < b, we obtain

x

/|t—a —mp(x)|?dt =

a

2 — a— ma (@)™ + [m ()"

qg+1
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and

b
¢ g b=z +mp (@) = [y (2)) T
/|t—b—mh(ax)\ dt = o .

Then, we can write

x b
(2.8) /|t—a—mh($)|th—|—/|t—b—mh(m)|th
b ma@)] 4 [r - a— my (@)
B q+1 '
Similarly, we easily deduce the identity
y d
(2.9) /|s—c—mh(y)\th+/|s—d—mh(y)|qu
Ayt ma@)" e —ma(y)]
qg+1 '
Using the equality (2.8) and (2.9), we easily deduce required inequality (2.7) .
Hence, the proof is completed. ([l

Remark 4. If we take x = ‘LTH' and y = C;d in Theorem 4, then we have the
mid-point inequality

jc/df(tvs)detﬂL(b—a)(d—c)f(a;b’c;d)

d

e [r(e g uon o (3 )

a

b—a)ti(d— )t
be) T s
4(g+ 1)«

which was pgiven by Dragomir et al. in [5].

Remark 5. If we choose h = 0 in Theorem /, then we have

b
(b—a)(d—c) f(x,y) — (d o) / £(t, )t

b—a/fa:sds—i—//ftsdsdt

an+mf (I+1+(b—$)Q+1 q
< | g, |

) l(y— o (d—y)‘ﬁlr

q+1
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which was proved by Dragomir et al. in [5].

Remark 6. Under the same assumptions of Theorem 4 with h = 1 and (z,y) =
(a,c), then the following inequality hols:

b od
f(a,¢) + f(a,d) + f (b,c) + [ (b,d) .
! +(b—a)(d_c)//f(t75)dsdt

1 1 b

_5 d,c/[f(b75)+f(a7s)]ds+ﬁ/[f(t,d)—i—f(t,c)]dt

C

d

g gt
SR e A Gl SN T
4(g+1)e

Similarly, if we choose (x,y) = (a,d) or (z,y) = (b,¢) or (z,y) = (b,d) for h =1
in Theorem 4, then we deduce inequalities which are the same of the above result.

For convenience, we give the following notations used to simplify the details of
the next theorem,

(¢ —a)’ (b—a)° — (z —a)’

—(z —a)mp(z)| +

A = (b—a)[

and

We give some inequalities by using convexity of |fis (¢, s)| in the following theorem.

Theorem 5. Suppose that all the assumptions of Lemma 1 hold. If | fis (t,5)] is a
convex function on the co-ordinates on [a,b] X [c,d], then the following inequalities
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hold:
(2.10) |Sh (z,y,s,1)]
| fts (a; )] |fts (a, d)| 2
w—axd—@AC+(b—aﬂd—@A[D*”d_C”m“”]}
|.fis (b, ¢)| 2
+m [B + (b — CL) [mh(z)] ] C
|fes (b, d)|
S e s (B4~ o) b (@)?] [P+ (@~ ) b ()]
forallagargaTH’ andcgyg%d
(211) |Sh (x,y,s,t)\
|ftS (a,c)| [ 2 |fts (avd)|
< WA €+ (d =) [mn(y)] } + WAD
|fis (0,0)] 1 2 2
@i}ﬂjﬁa;3+@*aﬂmdﬂw[C+Gﬁmﬂmﬂw]
[fes (b, d)| T
@t;ﬁgj5 B+%b—aHmM@f]D
forallanS“TH’ and#gygd
(2'12) |Sh (J?,y,S,t)|
|fts (a,c)|
S Y e 4+ (b= a) (@) €
| fis (a,d)| 2 2
P g AT 6= @) @] [P+ d o) ()]
|fts (b,C)| |ft5 (bv d)| 2
e POt T g B[P -]
forall“%‘nggbandcgyg%
(2.13) |Sh (2,9, s,1)|
‘fts (a7 C>|
< Gt At e a m@P] [0+ @ m)]
| fts (a,d)| 2
e Tra A4+ (b= a) ma(@)*] D
| fts (b, )| 2 |.fes (b, d)|

for all “T+b < <band 2 <y <d, where my(z) = h (33— ”T“’) and mp(y) =

2
h(y—<2), helo,2].

Proof. If we take absolute value of (2.1), then we get

|Sh (xvya Sut)|
b d

< fﬂ&mmwuwmmwﬂww

a
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Since | fis (t, $)| is a convex function on the co-ordinates on [a, b] X [c, d], we have

b—t t—a, d—s s—c
(2.14) fts< — a—&—b_ab,d_cc—i—d_cd)‘

b-t)d=s), . D=0 .

( )(d )|ft5( ) )‘—"_(b*a)(dfc) |ftS( 7d)|
(t—a)(d—s) (t—a)(s—c)

+( a) d— ) |fté( ) )‘ (b—a) (d— ) |fts (bvd)|

(
Utilizing the inequality (2.14), we obtain
(215) |Sh (‘ray78at)|

b d
i oiers [/( 1) |y xtIdt] l/ 1@ (.5 >|ds]

a

b
|fts(a7d)|
REDICED) / R “ldt] [ 5= 0)|Qn (.5 >ds}

(t —a) | Py ()] dt (d—s)|@n (y,s)|ds

U

|fts (b7 C)|

-a@-o |/

S ®

G\& [}

(s =) |@n (v, s)| ds

b
s (b, ) AP
+(b—a)(d—c) /t )| Py, (x,t)] dt

‘We observe that

b T
(2.16) /(bft)\Ph (z,t)|dt = (b—a)/|t—a—mh(z)|dt
b

—/(t—a)|t—a—mh(m)|dt+/(b—t)|t—b—mh(at)|dt.
Now, let us observe that

T

/(t—p)(q—t)dt+/<t—p><t—q>dt

q

@) [le-pllt-ad

_ =’ =p)’ (a-p)r-p)’

3 3 2

for all r, p, g such that p < g <.

We investigate integrals given in the equality (2.16) for the cases a < z < ’ITH’
and ‘%rb <z <b

For all a <z < ‘IT“’, we have
2

Co (o aym(a),

/|t—a—mh(x)|dt:
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T

/(t—a)|t—a—mh(:c)\dt: (@

a

—a)’  (z—a)’
3 2

and using the equality (2.17) for second integral, we get

@) (b -2)°  (b—a)

b
/\b—t\|t—b—mh(x)|dt:— sty t g m(a).

For all “T“’ <z < b, we have

[ 1t-a—ma@ae =50 — o= ayma(e) + (o)

b-2)?®  (b-=2)°
3 * 2

b
/|b—t||t—b—mh(a:)|dt:
and using the equality (2.17), we obtain

3 3 2
[mhi(f)] " ( —3a) = ;a) mp(z).

/\a—t||t—a—mh(m)|dt:

Then, we write

b
/(b—t)\Ph(x,t)\dtzA

forallagzg‘%rband
b
/(b — )|y (@, )] dt = A+ (b— a) [ ()]

a

forall‘%“’<x§b.

Similarly, we easily deduce the other integrals given in the inequality (2.15) for
Casesagmg%"b, “T'H’<x§b,c§y§#and#gygd.lfwesubstitute
the resulting inequalities for all cases in (2.15), we obtain desired inequalities. The

proof is thus completed.

Remark 7. If we take x = QTH’ and y = << in Theorem 5, then we have the

2
mid-point inequality

a/bc/df(t,S)dsdt—i-(b_a)(d_c)f(a;—bvc;d>

(dc)if(t,cgd> dt(ba)if(a;rb,s>ds

(b—a)’(d—c)’ [fts (@, 0)| + | fs (@, d)| + | fis (b, ©)| + [ f1s (b, d)|
- 16 4

|
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which was given by Latif and Dragomir in [10].

Corollary 1. Under the same assumptions of Theorem &5 with h = 0, we get the
inequality

b d
/ / f(s,t)dtds + (d — €)(b — a) f(z, )

4 b
_ [(b—a)/f(sc,t)dt—k(d—c)/f(s»y)d3]

a

2 3 3
< l(b_a)(gc—a) +(b—33) —(x—a)]

2 3
x{%[(d_c) (y;C)2+(d—y)3;(y_c)3]
e |
- (b2x)2_(bx)33($a)3]
X{Ml(d_c) (9—26)2+(d—y)3;(y_c)3]
L |

for all (z,y) € [a,b] X [c,d].

Remark 8. If we take (z,y) = (a,c) for h = 1 in the inequality (2.10), then we
have the result

b d
f(a’c)+f(a7d)+f(b,0)+f(b’d) 1
‘ 4 +(b_a)(d_c)jc/f(t7s)dsdt
1 1

d b
- {d_c/[f(b,s)Jrf(a,s)]derb_laf[f(t,d)Jrf(t,c)]dt]

c

< (b=a(d=0) [Ifts (@, )| + | fis (@, d)| + | fus (b, )| + [ fis (b, d)l}
- 16 4

which was proved Sarikaya et al. in [19].

Similarly, if we choose (z,y) = (a,d) in (2.11) or (z,y) = (b,¢) in (2.12) or
(z,y) = (b,d) in (2.13) for h = 1, then we obtain inequalities which are the same
of the above result.

Theorem 6. Suppose that all the assumptions of Lemma 1 hold. If |fs (t,s)|? is
a convex function on the co-ordinates on [a,b] X [c,d], % + % =1 and g > 1, then
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the following inequality holds:
|Sh ($7 y) S) t)|

Q=

< (b-a)i(d—c)

l[b —z+ m;L(a:)]p+1 +z—a-— m;L(x)]pH] ’
p+1

y [[d —y -+ +ly—c— mh(y)]”“] »
p+1

X { |fts (aac)|q + |fts (aad)|q + |fts (b’c)‘q + |fts (b’d)|q};

for all (z,y) € [a,b] x [¢,d], where my,(z) = h (x — “E2) and my(y) = b (y — <52) ,
h €[0,2].

Proof. Taking absolute value of (2.1) and using Hoélder’s inequality, we find that

S (2,y,5,1)]
bod i /b d 3
< (//|Ph (x, )" |Qn (y,s)pdsdt) (//fts (t,8)|qudt)

By similar methods in the proof of Theorem 4, we obtain

1

b d q
//|Ph (x, )" |Qn (y,s)|pdsdt}

a ¢

(b—2+mp@)P 4+ [z —a— mh(x)]p“] ’
p+1

X[W—y+muww“+w—c—maww“
p+1

Since |fis (¢, )| is a convex function on the co-ordinates on A, we have

b—t t— d— —
fts( a+ ab7 Sc+ > Cd)
b—a a

q

(2.18) b— d—c d—c

(b-t(d=s) g b=
= ( a) (d ) |ft5( ) )| + (b CL) (d C) |fts( ,d)|
( a) (d ) N ( )(8 ) a

Using the inequahty (2.18), it follows that

b d a
(/ﬂmwmwm)

< (b—a)i(d—c)s

X {|fts (avc)|q + |fts (aad)|q + |fts (bac)|q + ‘fts (bvd)|q}}1
4
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The proof is thus completed. O

Remark 9. If we take z = ‘%"b and y = % in Theorem 6, then we have the

mid-point inequality

jc/df<t78)d5dt+(b—a)(d_c)f<a‘2|'b,c—|2—d>

(dc)if(t,cgd> dt(ba)/df<a2+b,s>ds

1

(b—a)’(d—c)’ { |fis (@, )" + |fes (@, d)|* + |fes (b, )| + | fos (b, )] } ’
4(q+1) 4

which was deduced by Latif and Dragomir in [10].

<

2
q

Corollary 2. If we choose h =0 in Theorem 6, then we have
b

(b—a)(d—¢) f(z.y) — (d— o) / £(t, )t

d bod ’
f(bfa)/f(:c, s)ds+//f(t,s)dsdt

(b— o) 4 (& — o))
p+1

Q=

< (b-a)

Q=

x (d—c)

(@)™ 4 (y— o]
p+1

X {|fts (a‘7c)|q + |fts (aad)lq + |fts (bvc)|q + ‘fts (bvd)|q}é
4

which is a Ostrowski type inequality for co-ordinated conver mappings.

Remark 10. Under the same assumptions of Theorem 6 with h =1 and (z,y) =
(a,c), then the following inequality hols:

b d
fla, o)+ fla,d)+ f(b,e) + f(b,d) 1
. Jr(b_a)(d_c)a/c/f(t,s)dsdt

1 1
2 |ld—c

d b
[+ as)ds+ 2 [1f@d)+ 1o

C

(b-a)*(d—o° { [fis (@, )| + | (a0, )| + s (b )| + | s (b )" }
4(q+1) 4
which was proved Sarikaya et al. in [19].

Similarly, if we choose (x,y) = (a,d) or (z,y) = (b,¢) or (x,y) = (b,d) for h =1
in Theorem 6, then we deduce inequalities which are the same of the above result.

2
q
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3. ArPLICATIONS TO CUBATURE FORMULAE

We now consider applications of the integral inequalities developed in the pre-
vious section, to obtain estimates of cubature formula which, it turns out have a
markedly smaller error than that which may be obtained by the classical results.

Let I, :a=xp<z1 < ...<zp1<axp=band Jp,:c=yo <y1 < oo. <Ym-1<
ym = d be divisions of the intervals [a,b] and [¢,d], &; € [z;, xi+1] (i =0,...,n — 1)
and n; € [y;,Y;j+1] (j =0,...,m —1). Consider the sum

(BLL(f, Iy Iims €,m)

n—1m-—1 Tit1

=33 [ s
=0 j=0 ;.
n—1m—1 Yi+1 n—1m-—1
Sk [ s =Y Y kit (€on)
1=0 j=0 v i=0 j=0
n—1m—1 Yit1
- Z mpu(&;) [f (@it1,8) = f(2i,8)] ds
i=0 j=0 b
n—1m-—1 Titl
= Sy [ ) - F ) de
i=0 j=0 g
n—1m-—1
+Z Z lﬂmh(gz) [f (xi+17nj) - f (331777])]
i=0 j=0
nfl'rjnfl
+3 0D kmn(m) [f (S 9501) = £ (& 9))]
i=0 j=0
n— I:n 1
=N ma&)ma(my) If (wiyy;) — £ (@i, yi40) = f (@is1,95) + f (@ie1,4540)]
=0 j=0

where ki = igy = @iy i = 01 —y; (0= 0,000n =13 5= 0,000m = 1), ma(§) =
h (é} - %) and mp(1;) = h (ﬁj _ L;““) '

Theorem 7. Let f : [a,b] X [¢,d]— R be an absolutely continuous function such

that the partial derivative of order 2 exists for all (t,s) € [a,b] X [¢,d]. If fis = atas

exists on (a,b) x (¢,d) and is bounded, i.e.,

0 f(t
f(t5)]

sl = sup i

(t,s)E(@i,@it1) X (Y5,95+1)

Then we have the representation

b d

/ / F(t, $)dsdt = T(f, Iy s €1) + RS, T Jons €11

a ¢
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where S(f, f',&,I,) is as defined in (3.1) and the remainder satisfies the astima-
tions:

(3.2)  |R(f,1n, Jm, & m)
1m—1 k2 Ti + Tist 2 T+ Tig
(e ) o (6T

j_
17 yi ) h_9 Yj Y+t
Z+ = Ty +(h—2) T T mu ()| 1 fesll oo

for all (§;,m;) € [zi, zit1] X [yj, yj41] with (i =0,...,n —1; j =0,..,m — 1), where
mp(&;) =h (51- — %) and mp(n;) = h (nj — yﬁ#) with h € [0,2].

n—

>

=0

X

Proof. Applying Theorem 3 on the interval [z;, zi11] X[y}, yj+1], ¢ =0,....,n—1; 7 =0,...,m —1),
we obtain

Tit1Yj+1 Tit1 Yi+1

/ f(t,s)dsdt —1; / f (tﬂ?j) dt — k; / [ (&irs)ds + kil f (fiﬂ?j)
T Y5 T; Yj
+mn(&;) [ If (®ivr,8) — f (@, 8)] ds +mu(n;) / [f (t,yj41) — f(t,y;)] dt

—ljmh(fi) [f ($i+1,77j) —f (%Jh)] - kimh(nj) [f (fiayjﬂ) - f(fmyj)]

+mn(&)ma(m;) [f (@i y;) — f (@i yj1) — F (@iv1,95) + f (@1, y540)]|

k? Ti+ Tyl ? Ti+ Tit1
T + (51 — 2) +(h—-2) <fz - 2) mh(fz)]

# (= 2 ) (- 2 Y )

IA

”ftS“oo

X
4 2

foralli=0,...n—1; 7=0,....,m—1.
Summing over ¢ from 0 to n — 1 and over j from 0 to m — 1 using the generalized
triangle inequality we obtain the estimations (3.2). O

Remark 11. If we take h = 0 in Theorem 7, then we recapture the cubature formula

b d
/ / F(t, $)dsdt = T(f, L, Juns €1) + RUf, Ly s 1)

where the remainder R(f, I, Jm,&,n) satisfies the estimation:
(3.3)  |R(f, Ins Iy &)

n—1m—1 k12+ g xi+xi+1 2
4 ‘ 2

which was given by Barnett and Dragomir in [2].

i=0 j=0
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It is clear that inequalities (3.2) and (3.3) are much better than the clasical

avereges of the remainders of the Midpoint cubatures.

Remark 12. If we choose §; = wﬁ# and n; = % in Theorem 7, then we
recapture the midpoint cubature formula

wh

(1]

[7]
(8]
[9]
[10]
[11]

[12]

b d
[ [ #t5)dsdt = Tus (7,10, )+ Roa (1o )
ere the remainder Ry (f, I, J) satisfies the estimation:

n—1 m—1
=0 7=0
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