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QUASILINEARITY OF SOME FUNCTIONALS ASSOCIATED TO
A WEAKEN DAVIS-CHOI-JENSEN’S INEQUALITY FOR
POSITIVE MAPS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some quasilinearity properties of some
functionals associated to a weaken Davis-Choi-Jensen’s inequality for positive
maps and convex (concave) functions. Applications for power function and
logarithm are also provided.

1. INTRODUCTION

Let H be a complex Hilbert space and B (H), the Banach algebra of bounded
linear operators acting on H. We denote by By, (H) the semi-space of all selfadjoint
operators in B (H). We denote by BT (H) the convex cone of all positive operators
on H and by BT (H) the convex cone of all positive definite operators on H.

Let H, K be complex Hilbert spaces. Following [2] (see also [14, p. 18]) we can
introduce the following definition:

Definition 1. A map ® : B(H) — B(K) is linear if it is additive and homogeneous,
namely

D (ANA+ uB) =20 (A) + u® (B)
forany A, u € C and A, B € B(H). The linear map ® : B(H) — B(K) is positive
if it preserves the operator order, i.e. if A € BY (H) then ®(A) € BT (K). We
write & € P [B(H),B(K)]|. The linear map ® : B(H) — B(K) is normalised if it
preserves the identity operator, i.e. ® (1y) = 1x. We write ® € Py [B(H),B(K)].

We observe that a positive linear map ® preserves the order relation, namely
A < B implies ® (4) < ®(B)

and preserves the adjoint operation ® (A*) = ®(A4)". If ® € P [B(H),B(K))
and OélH S A S ﬂlH, then Oth S (I)(A) S BlK

If the map ¥ : B(H) — B(K) is linear, positive and ¥ (1) € BT (K) then by
putting ® = U2 (1) WU ~1/2 (1) we get that & € Py [B(H),B(K)], namely
it is also normalised.

A real valued continuous function f on an interval [ is said to be operator convex
(concave) on I if

FA=NA+AB) < (2)(1=A) f(A)+Af(B)
for all A € [0, 1] and for every selfadjoint operators A, B € B (H) whose spectra are

contained in I.
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The following Jensen’s type result is well known [2]:

Theorem 1 (Davis-Choi-Jensen’s Inequality). Let f : I — R be an operator convex
function on the interval I and ® € Py [B(H),B(K)], then for any selfadjoint
operator A whose spectrum is contained in I we have

(1.1) f(@(A) <@ (f(A).
We observe that if U € B [B(H),B(K)] with ¥ (1) € Bt* (K), then by taking
O =0"12(1y)0VY2(1y) in (1.1) we get
£ (2 (L) 0 (A2 (1)) € W (1) 0 (A) 82 (1),

If we multiply both sides of this inequality by ¥'/2 (15) we get the following Davis-
Choi-Jensen’s inequality for general positive linear maps:

(12) w2 (1) £ (U2 () W (A) O (1)) W (1) S W (£ (4)).

In the recent paper [9] we established the following weaken version of Davis-
Choi-Jensen’s inequality that holds for the larger class of convex functions:

Theorem 2. Let f: I — R be a convex function on the interval I and ® : B(H) —
B (K) a normalised positive linear map. Then for any selfadjoint operator A whose
spectrum Sp (A) is contained in I we have

(1.3) FU@(A)yy) <(®(f(A)yy)
foranyy € K, |ly[| = 1.

If the normality condition is dropped, then we have:

Corollary 1. Let f : I — R be a convexr function on the interval I and ¥ €
BB(H),B(K)] with ¥ (1g) € BT (K). Then for any selfadjoint operator A
whose spectrum Sp (A) is contained in I we have

(U (A)v,v) (W (f(A))v,v)
(1.4) f ((\II(lH)v,v>) < (¥ (1g)v,v)

for any v € K with v # 0.

For Jensen’s type operator inequalities see [3]-[13] and the references therein.

We define by By [B(H),B(K)] the convex cone of all linear, positive maps ¥
with ¥ (1) € BT (K), namely ¥ (1g) is positive invertible operator in K and
define the functional Ay 4, : P [B(H),B(K)] — B(K) by

(W (4)v,v) )
(W (1g)v,v) )

where f: I — R is a convex (concave) function on the interval I, A is a selfadjoint
operator whose spectrum is contained in I and v € K, v # 0.

In this paper we establish some quasilinearity properties of some functionals
associated to a weaken Davis-Choi-Jensen’s inequality (1.4) for positive maps and
convex (concave) functions. Applications for power function and logarithm are also
provided.

Ao (0) = (¥ (1) v,0) f (
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2. THE MAIN RESULTS
The following result holds:

Theorem 3. Let f : I — R be a convex (concave) function on the interval I, A
a selfadjoint operator whose spectrum is contained in I and v € K, v # 0. If Uy,
Uy € Py [B(H),B(K)] and X € [0,1], then

21 Apan(T=A) W+ AW <(2) (1= A)Apaw (V1) +AAf a0 (P2),
namely Ny 4, is convex (concave) on Py [B(H),B (K)].
In particular, we have that
(2.2) Apaw (W1 + Vo) < (>)Ap a0 (V1) +Afaw (P2),
namely Ny 4, is subadditive (superadditive) on Br [B(H),B (K)).

Proof. Assume that f : I — R is a convex function on the interval I and v € K,

v # 0.
Let Oy, Oy € P, [B(H),B(K)] and A € [0,1], then

(23)  Dpaw((1—N) Ty +ATy)
o w7 (L= 01+ 30) (4),0)
= (@ =A%+ 202) (L) v,0) £ (<<<1 TN D) <1H>v,v>>
= [(1 - )‘) <\II1 (1H) U’U> + A <\IJ2 (1H) U’U>]

(1 =) (¥ (A)v,v) + A (T3 (A)v,v)
xf((1—A><w1<1mv,v>+A<%<1H>v,v>>'

Using the convexity of f we have

(1 =X)(Ty (A)v,v) + A (T3 (A) v,v)

@4) 1 ((1 =N (@; (1) 0, 0) + A (s (L) >)

A=) (W (1) ) GRS
=/ 1= (¥ (1g)v,v) + A

Uy (
Uy (

v
)v,v)
(=X @ (L) w0 £ (s ) + 2 (W2 () vo) f (s
AR 21 D) 2T\ W (L) )
(1 =) (W1 (1) v, 0) + A (W2 (1) v, 0)
and by multiplying (2.4) with (1 — X) (¥1 (1) v,v) + A (¥ (1g)v,v) > 0 and by
using (2.3), we get

Af,A,v ((1 — )\) Uy + )\\Ifg)
(V1 (A)v,v)

S (=N (VY (1g)v,v) f (<‘I’1(1H)UU>
=1 =NApa0 (V1) +AAf 4,0 (V2),

which proves the convexity of Ay 4 .
We have by (2.1) that

Uy (A)v,v
( 1g)v,v) (<\I'22((1H))v,v>)
(U2 (1n

<

)+A<\I/2(1H)v,v>f((‘1’z(fl)v,v>)

(Wa (1) v,v)

20 205 _ Apaw (V1) + Apan (20
Af,A,v(\p1+\112):Af,A,v( L 2>< s 1); 40 (202)

205,40 (U1) +20¢4. (T
_ 28754, (¥y) : £.40 (P2) = Npan (U)+ Dfay, (V)

for any Uy, Wy € Py [B(H),B(K)], which proves (2.2). O
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For Uy, Uy € B;[B(H),B(K)] we denote that Wy »; Wy if Uy — Uy €
Br[B(H),B(K)]. This means that U5 — ¥y is a linear positive functional and
Uy (1) — ¥y (1g) € BT (K).

We have:

Corollary 2. Let f : I — [0,00) be a concave function on the interval I, A a
selfadjoint operator whose spectrum is contained in I and v € K, v # 0.
(Z) If\lll, U, € ‘B[ [B (H) ,B(K)] with Wy =7 Uy then

(2.5) Nfaw (W) > Afan (Py),

namely Ay 4, is operator monotonic in the order” =;” of P [B(H),B(K)].
(1) If O, Y e Pr[BH),B(K)], t, T >0 withT >t and TY >=; ¥ =1 tY then

(2.6) TAf a0 (L) > Dfan (W) >tAf5a,(Y).
Proof. (i) Let Wy, Uy € Py [B(H),B(K)] with ¥y =5 Uy, then by (2.2) we have
DNpae(P2)=0D¢ a0 (T1+To—T1) > Aga,(T1)+ADp a0 (To—Ty)
implying that
ANgaw(Wo) = Apay (V1) > ADpan(P2—Uy).

Since f is positive and Uy — Uy € P [B(H),B(K)] with ¥o (1) — ¥; (1g) €

Bt (K) it follows that Ay 4, (Vs — ¥1) > 0 and the inequality (2.5) is proved.
(ii) The proof follows by (2.5) on taking first U5 = TY, ¥; = ¥ and then

Py =W, ¥; =tT and by the positive homogeneity of A¢ 4 ,. O

We consider now the functional Ay 4., : B [B(H),B(K)] — B(K) defined by
27 Opae(¥):= (¥ (f(A)v,v) = Apan ()

= (U (f (A)) 0, 0) — (¥ (1gr) v, 0) f (WH> ,

(¥ (1g)v,v)

where f: I — R is a convex (concave) function on the interval I, A is a selfadjoint
operator whose spectrum is contained in I and v € K, v # 0.
We can state the following result:

Theorem 4. Let f : I — R be a convex (concave) function on the interval I and
A a selfadjoint operator whose spectrum is contained in I and v € K, v # 0. Then
the functional Oy 4 ,is positive (negative) on Py [B(H),B(K)], it is positive ho-
mogeneous and concave (convex) on Py [B(H),B(K)]. Of 4., is also superadditive
(subadditive) on Py [B(H),B(K)].

Proof. We consider only the convex case. The positivity of (s 4, on By [B(H) , B (K)]
is equivalent to the inequality for general positive linear maps (1.4). The positive
homogeneity follows by the same property of Ay 4, and the definition of Ay 4 .
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If Oy, Uy € Py [B(H),B(K)], A €]0,1] and v € K, v # 0, then by Theorem 3

we have
O aw (1= X) Uy + ATy)

= (A=) ¥y +AW) (f (A)) v,0) — Bpap (1 —A) W1 4 AVy)
> (1 =X (T1(f (A)v,v) + A{(V2f (A)) v, v)
— (=N ADpa0 (P1) = AAf a0 (V2)
=1 =N [¥1(f(A)v,v) = Apaw (V1)]

A2 f (A))v,v) = Ap a0 (P2)]
=1 =)0 a0 (V1) +A0yf4,0 (¥2)

that proves the operator concavity of L¢ 4 4.
The operator superadditivity follows in a similar way and we omit the details. [

Corollary 3. Let f : I — R be a convexr function on the interval I, A a self-
adjoint operator whose spectrum is contained in I and v € K, v # 0. If U,
YTePrBH),BE),t, T>0withT >t andTY >=; ¥ =; tY then

(2.8) TOf A (1) > O a0 (V) > 0y 40 (T)
or, equivalently,

(29)  TEY(f(A)v,v) = Apaw(T)) 2 (¥ (f(A)v,v) = Ap a0 (P)
> t((T(f (A)v,v) = D a(T)) 2 0.

Now, assume that A a selfadjoint operator whose spectrum is contained in [m, M]
for some real constants M > m. If f is convex, then for any ¢ € [m, M] we have

M —t)f (m) + (& —m) f (M)
M—m ’
If A a selfadjoint operator whose spectrum is contained in [ M
)

A < M1y and by taking the map ¥ we get m¥U (1y) < ¥ (
U e P [B(H),B(K)]. This is equivalent to

(W (A)v,v)
S ey -

(2.10) f@)<

], then mly <
< MV (1g) for

for any v € K, v # 0.

Ifwetaket:% v e K, v#0in (2.10), then we get

f( (W (A) v, ) > < (M — (G £ (m) + (%—m)ﬂw
(W (1g)v,v) M —
that is equivalent to

Afaw (¥) < Opa0 (V)

where
_ (MY (1g) =V (A)v,v) f(m)+(V(A) —m¥ (1g))v,v) f (M)
<>f,A,v (\II> E M—m

for U € P; [B(H),B(K)], is a trapezoidal type functional. We observe that O 4,
is additive and positive homogeneous on By [B(H) , B (K)].
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We define the functional Of 4., : By [B(H),B(K)] — B(K) by
Oraw (W) := 0740 (V) = Dpan (V)
_ (MY (1g) — ¥ (A))v, v>f(m) + (¥ (A) —m¥ (1g)) v, 0) f (M)

_<\1/(1H)v7v>f< 1H )v,v) > -

We observe that if f is convex (concave) on [m, M] and mly < A < M1y, then
(2.11) Ora0(¥)>(L)0 for any ¥ € Py [B(H),B(K)].

Theorem 5. Let f : I — R be a convex (concave) function on the interval I
and A a selfadjoint operator whose spectrum is contained in [m, M) and v € K,
v # 0. Then the functional O 4 ,is positive (negative) on Py [B(H),B(K)], it is
positive homogeneous and concave (convex) on P [B(H),B(K)]. Ofan is also
superadditive (subadditive) on Py [B(H),B(K)].

The proof is similar to the one from Theorem 4 and we omit the details.

Corollary 4. Let f : I — R be a convex function on the interval I, A a self-
adjoint operator whose spectrum is contained in I and v € K, v # 0. If U,
YePB[BH),BE),t, T>0withT >t and TY »=; U =1 tY then

(2.12) TOp a0 (1) 2 0fra0 (V) >1t0ra,(T)
or, equivalently,
[<(MT(1H)T(A))v,v>f(m)+< Y (A) —mY (1g))v,v) f (M)

(213) T

M
_<T(1H)U’U>f< 1H )v,0) )
ST

m

o (MY (1g) = U (A))v,0) f(m) + (¥ (A) =m¥ (Lx))v,v) f (M)

_<\P(1H)U7U>f< 1H )v,v) )
ztk(MT(lH) T@)vv) f

_<T(1H)v,v>f<m)]

(m) + (Y (4) —mY (1g))v,v) f (M)
M—-m

> 0.

3. SOME EXAMPLES

Let A; be selfadjoint operators on H with Sp(A;) C I, ¢ € {1,...,n} and p =
(p1s...,pn) an n-tuple of nonnegative weights with P, := >°""  p; > 0. We write
p € R, . Consider also the n-tuple of normalised positive maps ® = (¢4, ...,9,,)
with ¢, € Py [B(H),B(H)] for i € {1,...,n}.

If we put
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then we have Sp (1[1) C I. We can define the positive map
U,o:B(H)®..0B(H)— B(H)
by

Tpo (A1 @ .. A) =) pi; (Ai).
i=1

Using the functional calculus for continuous functions f on I we have

i=1 gt
Since
i=1
and P, > 0 it follows that U, o € B [B(H) @ ... 8 B(H),B(H)].
If p,q € R, with p > ¢, namely p; > ¢; for i € {1,...,n} and P,, > @Q,, then
\I]p,<1> ~I ‘I/q7<1>.

Assume also that 7 = min;eqy .} {%}, R = max;cq1,... .0} {%} and r < % <R.
Then
Upo (4) = W0 (A) =D (i~ ra:) 6, (A1) 2 0
i=1
for A > 6,

n

V.o (iH) —¥ (iH) = Z (pi —r@i) ¢ (1) = (Pn —rQn) 1u

=1

and

RUyo (1n) =Yy (In) =Y (Rgi —pi) 6; (1n) = (RQn — Po) 1n

i=1
showing that
(3.1) R\I/q,cp I \I/p7<p =1 ?”\I/q,@.
Now, observe that for v € H, ||v|| = 1 we have
(X i1 pidi (Ai) v, v)
Af,A,v (\I/p,‘I’) =P.f ( ! P )

where p € R, .

Let f: I — R be a convex (concave) function on the interval I, A a selfadjoint
operator whose spectrum is contained in I and v € H, |jv|| = 1. If p,q € R}, then
we have by Theorem 3 that

(3:2) Dt ie (Ta-sprage) S ()1 =N D) 5, (Tpa) + A0 5, (Tg0)
for any A € [0,1] and, in particular
(3.3) Af,,i,v (\pp-i-q,‘b) <(>) Af,A,u (\I'pﬁi’) + Af,A,'u (\Ijq,d’) :
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By using (2.6) for p, ¢ € R}, withr = minje1,.. ny {%}, R = max;eq1,.. n) {’q’—}
andr<%<Rwehave

" g0, (4, i pid; (Aq) v,
(34) Ran <Z¢:1 q (bz ( ) U, ’U> Z Pnf <21_1p ¢z ( )U U>
Qn Py
Z Tan <<Zi—1 q’bqsl (Al) v, U> ) ;
Qn
provided f : I — [0,00) is a concave function on the interval I, A a selfadjoint
operator whose spectrum is contained in I and v € H, ||v| = 1.

If we take f(t) =¢°, s € (0,1) and assume that 4, > 0, i € {1,...,n} then by
(3.4) we have the power inequality

(3.5) RY/sQL/s—1 <Z 4o, (Ai)v,v> > pl/s-t <Zpi¢i (Ai)v,v>
=1 =1
> Tl/sQfll/sfl <ZQZ¢2 (Az) v7,0> ,

i=1

for v e H, |jv|]| = 1.
By taking the supremum in this inequality over v € H, ||v|| = 1, we get the norm
inequality

(36) Rl/sQ»}/S_l 2 Pé/s_l

Zpi(bi (Ai)

i=1

Z qi9; (Ai)

i=1

> TI/SQ}/S_l

Z 2:9; (As)

i=1

We also have

(37) Df,A:v (\I/I),q)) = Zpi <¢Z (f (AL)) U,’U> _ Pnf <<Zi_1 pz%n(Az) ’U7’U>> ’

i=1

where p € RY .
By utilising (2.9) we can state that

(38)  R|Ya(6,(f (4))v,v) ~ Quf (@?—1%3 <Az->v,v>)]
i=1 n
> D pi(6i(f (A)v,0) = Puf <<Zi—1pf¢£<&>vvv>)

=y [Z ¢ (0; (f (Ai))v,v) — Quf <<Zi=1 Qigin(Ai)”U,”U>>‘|

for p,q € R, with 7 = min;e(y,.. oy {%}, R = max;cq1,.. 0} {’;—} and r < % <
R.
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If we take f(t) = |t|*, t € R with a > 1 then for any selfadjoint operators A;,

i €{1,...,n} we have
ZqL (JAil*) v, 0) — Q1 <qu¢ > ]

— P ¢ <Zpi¢i (A;) v7v>

N e

mK(MP L = sz z->> v,v>f<m>
(oo

- pp (S vy,

(3.9)

n

Y

pi (¢; (JAi]™) v, 0)

Finally, since

<>fAv

P,

then by (2.13) we have

T

m)
+ < (Z qid; (A;) — an1H> > (M ]
B iy @i (Ai) v, v)
Qs (== )

f (M)
e [ ranEnas)oc) oo
)

(-]

—P.f (<ZZ—1 pig; (A

(4i)
P,
{ 1
>r
- M—m

i) U,V

)
<<MQn1H - qucb ) v v> f(m)
{(E s

of (<z:?_1 qiginmz—) v,v) ) }
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for p,q € R, with r = min;cqy .y {%}, R = max;c(1,.. n} {5—} and r < % <
R.

Several other inequalities may be obtained if one chooses the convex functions
f(t) = —Int, tint, ¥ where t > 0 and 8 € (—00,0) U [1,00) or f(t) = exp (71),
t,v € R and v # 0. The details are omitted.
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