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GENERALIZED WEIGHTED CEBYSEV AND OSTROWSKI
TYPE INEQUALITIES FOR DOUBLE INTEGRALS

HUSEYIN BUDAK AND MEHMET ZEKI SARIKAYA

ABSTRACT. In this paper, we firstly establish generalized weighted Mont-
gomery identity for double integrals. Then, some generalized weighted Cebysev
and Ostrowski type inequalities for double integrals are given.

1. INTRODUCTION

Let f : [a,b] — R be a differentiable mapping on (a,b) whoose derivative f’ :
(a,b) — R is baunded on (a,b), i.e. |[f'| := sup |f'(t)| < co. Then we have the
t(a,b)

c€(a,b
b 2
1 1 (x_ Lb) /
_b_a/f(t)dt < +(] (b—a)[lflls

for all z € [a,b][10]. The constant + is the best possible. This inequality is well
known in the literature as the Ostrowski inequality. For some results which general-
ize, improve and extend the inequality (1.1) see [2, 5, 18, 19, 21] and the references
therein.

In [4], P. L. Cebysev proved the following important integral inequality

(1.1) T(f.9)l = 35 = (b a)? 1 Moo 119l

where f, g : [a,b] — R are absolutely continuous functions whose derivatives f’, g’ €

Lo [a,b] and
_a/f ia/bgwda:

a

inequality

1.2) T(f, w)dz —

which is called the Cebysev functional, provided the integrals in (1.2) exist. In
recent years many researchers have given the generalization of Cebysev type in-
equalities, we can mention the works [1, 3, 6, 9, 12, 13, 14, 16, 20].

Let wy : [a,b] — [0,00) a weight function. We define m;(a, b) fwl )ds and

mi(a,t) = fw1 )ds, so that mq(a,t) =0 for t < a.

In [13], the authours proved the following weighted Montgomery’s indentity:
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Let f : [a,b] — R be absolutely continuous, ¢; : Ry — R4 be a differentiable
function on R4 with ¢1(0) = 0, ¢1(m1(a,b)) # 0 and ¢} is integrable on R, then
b
1
1.3 T zi/wt'ma,t t)dt

(13) f@) = s [uOgimi@ )/

a

b

/me@ﬁf®ﬁ

a

R
p1(m1(a,b))

for all = € [a,b], where

p1(ma(a,t)), a<t<w
(1.4) Py, o (z,t) =

p1(mi(a,t)) —p1(mi(a, b)), = <t<b.

Recently, many authors have studied on Cebysev inequality for double integrals,
please see [7, 8, 11, 15]. In [8], authors established a weighted Cebysev type in-
equality for double integrals using the probability density functions. In this paper,
we obtain a generalized weighted Cebysev type inequality similir to this inequality
for double integrals using the weighted funtions which are not necessarily the prob-
ability density functions. Moreover, we established an Ostrowski type inequality
for double integral which is the generalization of the inequality given in [17].

2. GENERALIZED WEIGHTED MONTGOMERY IDENTITY FOR DOUBLE INTEGRALS
In order to prove our main theorems, we need prove following identities

Let wy : [¢,d] — [0,00) a weight function. We define ma(c, d) f wa(u)du and

ma(c, $) wa )du, so that ma(c, s) for s < c. ps : Ry — Ry be a differentiable
function on ]R+ with ©2(0) = 0, p2(ma(e,d)) # 0 and ¢} is integrable on R..

Theorem 1. Let f : A = [a,b] X [¢,d] = R be a partial differentiable function such

that second derivative 828’;(525) is integrable on A. Then for all (x,y) € A we have

1
(2.1) f(zy) = 01 m1<a,b))<,02(m2(cvd))

d

(
b
X[//wNMM$%WMmW%me$V@$%ﬁ

c

b od
0 s
+//wl(t)wi(ml(&t))QwQ,W(y,8) fg;’ ) dsdt

a c
b
o/

b d
+//Pﬂ)1»ﬂ91 :l? thztpz(yﬂ ) éf(a )d dt

dsdt

wWo (S)(pIQ (m2(ca S))Pw17<P1 ($’ t) af(‘(;t’ S)

\a.
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where Py, o, (x,t) is defined as in (1.4) and Qu,, 4, (y,s) defined by

‘pQ(mQ(CﬂS))? c<s<y
(22) QwQ,@Q (yas) =
pa(malc, s)) — p2(ma(c,d)), y<s<d.

8f(t y)

Proof. Aplying the identity (1.3) for the partial derivative , we have

b
1 /
(23) fa) = s [0t me) S

v of(t.4)
-|-cp1 (ml(a, b)) /PUJl,Lpl (JL‘, t) P dt

a

for all (z,y) € A. Similarly, applying the identity (1.3) for the partial derivative

af(t ) we get

d
(24) fty) = s / ws(s)eh(mae, ) f(t, 5)ds

d
1 of(t,s)
+¢2(m2(c’ d)) /sz,@z(yvs) 85 dS

for all (¢,y) € A. For partial derivative of (2.4) according to ¢, we have

d

i) . L /w2 (oo 209) 4

ot ot

d
1 0%f(t,s)
+m /sz,g&z (y, S)st

for all (t,y) € A. If we subsitute the equalities (2.4) and (2.5) in (2.3), then we
obtain the required result. (|

Remark 1. If we choose ¢1(u) = ¢2(u) = u in the Theorem 1, then the Theorem
1 reduces the Lemma 2 in [17].

Theorem 2. Let f : A — R be a partial differentiable function such that sec-

ond derivative 823’;(5;5) 1s integrable on A. Then we have the following generalized
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weighted Montgomery’s identity,

e1(

a

b
1 !
QO (@)~ s / wi (8), (ma (a, 1) £ (£, y)dt
d

1 /
~pa(male,d) / w2(8)a(ma(c, ) f (2, s)ds

b d
//w1 wa(8)p] (my(a,t))ph(ma(c, s))f(t, s)dsdt

w1(mq(a,d) b 2(ma(c, d))

b d
Ot 9)
- Py 1) Qug.ion (1, 8) o st
<P1(m1(a b m2 c, d // 1,$1 II}' Q ® (y ) Otds S

for all (z,y) € A.

Proof. Using the integration by parts we have,

d
82
/Pwl ¥1 $ t)sz <P2(y7 ) éft(a )d dt

c

b d d
— [ Paratat) [ [ eatmate) L s — afunate ay) [ © ggﬁds] a

a\v

b d
= [ Puatot lmmz(c, )LD — [ wfsyehmae, )L g§>d] it
b
= palma(e.) [ P, (w25t
oy Of(t
—//wg(s)goé(mg(qs))Pprl(x,t) fét, s)dtds.
Similarly, we have
b
(2.8) /Pwl,w(mt)afgg Y) gy
P 9 Fof
- /%(ml(a,t))%dt—wl(ml(a,b))/%dt

b
= i (ma(a, b)) f () - / wn (£)g! (ma (a,£)) £ 1, ),
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and

dtds

b
af(t,
/w2 902 m2 c, s))Pwl,ip1(x7t) fét S)

\&

d [0 ’
_ /w2 @2 m2 c, S)) /(p1<m1(a,t))%dt_4pl(m<a’7 b))/afét )dt ds

b
- /mwmwa$>wwmmmﬂa@/mm¢WMmmﬂmw4w

d

wWMmW/@$WWM@$VMﬂ%

b d
j//mwm@MmeﬁM%m@$ﬁ&$ﬁ

If we subsitute the equalities (2.8) and (2.9) in (2.7) and divide the result identity
by ©1(mi(a,b))pa(ma(c,d)), then we obtain the required identity (2.6). O

Remark 2. Ifwy and we are probability density functions in (2.6), then the identity
(2.6) reduces the identity (6) in [8].

3. NEW GENERALIZED WEIGHTED OSTROWSKI AND CEBYSEV INEQUALITIES

Theorem 3. Let f: A — R has continuous partial derivatives af(t ) 9t gng

’ Js
% on A. Then we have the following weighted Ostrowski znequalzty

fmw_@ﬂmmbwwmcd(;/ (514 ma (1) h(male, ) (1, )l
el W Wé)’”” (o)
vma(end) | 2252 it o)+ |25 o)
where
b
— [ 1Punor et
and '

d
%MZ/@%mmﬂ%.
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Proof. Taking modulus in Theorem 1, we have

1

fey) = p1(ma(a, b))p2(mz(c, d))

b d
l//M@W@MWMWﬂMW@@@H@ﬂﬁﬁ

1 df(t, s)
<
= i(mi(a, b))p2(ma(c, d)) {//wl ) [P (ma(a, 6)] | Qus e (¥, 8 |‘ dsdt
b d
+ /w ) ehtoma (e P ) | 2252 s
[ D*f(t,s)
+//|Pw17801 T, t ||sz tpz(ya )| 95Ot ds dt]
<

1 Haf (t,s
p1(m1(a,b))pa(ma(c, d))

b d
‘ H<P/1||OO//wl(t)|me¢2(y,s)|dsdt
‘Hﬂl//w o o (. 1)] st

\//?a%xmwwwmnwﬂ

Here, we have the equalities

/b/dwl(f) |Qua o (Y, 5)| dsdt = (/bm(t)dt) (/d|Qw2,tP2(ya5)d5) = m(a,b)Ha(y),

Hafts

+H3fts

b d

/ / Ww3() | Py o, (2,1)] dsdt = / / Py oy (2, 0)] dt | = ma(e, d)Hy (x)
and
b d
[ [ 1P .00 1Qu o 315 s
b d
(/|Pw17@1(ac,t)|dt) (/|sz,m(ya5)|d5) = Hy(z)Ha(y)
which complete the proof. O

Remark 3. If we choose p1(u) = pa(u) = u in the Theorem 3, then the Theorem
3 reduces the Theorem 2 in [17].

Theorem 4. Let f,g : A — R be be a partial differentiable functions such that

their second derivatives Oai(;ts) and aagg(ats) are integrable on A. Then we have the
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weighted Cebysev inequality

(31) |T(1U1,§01,w27902,f,g)|
1 *f(t,s) dg(t, s) / /
<
= pi(mi(a,b)pi(ma(c.d)) | 0tds ||| Otos c>o||<leOO||w2||Oo

></b/dw1($>wz(y)H12(fv)H§(y)dydw

where Hi(x) and Hy(y) are defined as in (3) and

T(w17 Y1, W2, P2, f7 g)
1

p1(mi(a,b))pa(ma(c, d))

x [ / / wn () wa() g} (ma (0, 2))0h (ma(e, ) £ & w)g ) dyde

pa(

X (/ wg(s)golg(mg(c,s))g(x,s)ds) dydx

ma(c,d)) //w1 Jwa(y)h (ma(a, ) g5 (ma(c, y)) f (2, y)
d

C

_<p1(mﬁ//w1 a)wa(y) ' (ma(a, ) (ma(e, y))g (2, y)
b

(/ wi ()@} (my(a,t))f(t y)dt) dydz

g@l(ml(a b))pa(ma(c, d))

( w1 (2)wa(y) @1 (ma(a, x)) s (ma(e,y)) f(x, y)dydx)

( wy (z)wa(y) @) (m1(a, x))py(ma(c, y))g(%y)dydx)] :
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Proof. From Theorem 2, writting again the identity (2.6) for the function g(z,y),

we have

b
1 /
(3:2)g(x,y) — (pl(mlm’b))a/wl(ﬂ‘?l(ml(a:t))g(tvy)dt

d
_m/w2(3)‘»0l2(m2(c7s))g(w,s)ds

b d
1
o s / / wr(Owals)eh s (0, 0)hmales))g 0, 5)dse

_ *g(t,s)
- 4,01(777/1(@ b m2 c, d // w1,P1 CL’ t ng <P2(y, ) 6t8 d dt

After multiplying the identities (2.6) and (3.2), multiplying both sides result by

wl(x)ZfE%fggﬁg?gﬁ%%?(C’y)) and integrating over A, we have

(33) T(wla P1, W2, P2, f’ )

b od
~ i, b 3(ma(c, d)) // // wi,i1 (0 8) Qs (U, )825’(8 %) dsdt

// wi o1 (T3 1) Qus s (U5 5) 825(8 )d dt] dydzx.

Taking the modulus in (3.3), we obtain

T (w1, p1,w2, 2, f,9)]

IN

b d
1 / /
S T / / w2 ()24 (3 ) (ma(e, )

F b d
« / / Pos s (2,)Quy (45|
« //\pw (2, ) Qus o )] |

f(t,s)
Jtos

0%f(t,s)

ETEP dsdt

Pg(t, 5)
9tds

‘oo‘
2

b d b d
X//wl(x)w2(y) // w1,P1 1‘ t sz @2(?/7 )|d3dt dydx
a ¢

dsdt | dydzx

Pg(t,s)
OtOs

IN

191106 0211

’ oo

w?(m(aab))s&z(mz(@ d)) ‘
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1 ?f(t, )| ||9%(t ) / /
= 3 3 1631l 11951l 0o
@t (mi(a,b))ps(ma(c,d)) || 0tds ||| Otds ||
b d
< [ [w s ) dyd.
This completes the proof. ([

Remark 4. Ifw; and wy are probability density functions in (3.1), then the identity
(5.1) reduces the identity (14) in [8].
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