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HERMITE-HADAMARD’S INEQUALITIES FOR CONFORMABLE
FRACTIONAL INTEGRALS

M.Z. SARIKAYA, A. AKKURT, H. BUDAK, M.E. YILDIRIM, AND H. YILDIRIM

ABSTRACT. In this paper, we establish the Hermite-Hadamard type inequali-
ties for conformable fractional integral and we will investigate some integral in-
equalities connected with the left and right hand side of the Hermite-Hadamard
type inequalities for conformable fractional integral. The results presented here
would provide generalizations of those given in earlier works and we show that
some our results are better than the other results with respect to midpoint
inequalities.

1. INTRODUCTION

Let f: I C R — R be a convex function define on an interval I of real numbers,
and a,b € I with a < b. Then, the following inequalities hold:

s ) Syg ) f@dr < 2

a

(1.1) f(“+b)< Lo fla) + f(b)

It was first discovered by Hermite in 1881 in the Journal Mathesis. This inequal-
ity (1.1) was nowhere mentioned in the mathematical literature untill 1893. In [1],
Beckenbach, a leading expert on the theory of convex functions, wrote that the in-
equality (1.1) was proved by Hadamard in 1893. In 1974, Mitrinovi¢ found Hermite
and Hadamard’s note in Mathesis. That is why, the inequality (1.1) was known as
Hermite-Hadamard inequality. We note that Hermite-Hadamard’s inequality may
be regarded as a refinements of the concept of convexity and it follows easily from
Jensen’s inequality. This inequality (1.1) has been received renewed attention in
recent years and a remarkable variety of refinements and generalizations have been
found in [2]-[6].

Definition 1. The function f : [a,b] C R — R, is said to be convez if the following
inequality holds

(1.2) fQz+ A=Ay <Af(2)+(1=X2)f(y)
for all z,y € [a,b] and X € [0,1].

In [6], Dragomir and Agarwal proved the following results connected with the
right part of (1.1).
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Lemma 1. ([6]) Let f : I° C R — R be a differentiable mapping on I°, a,b €
I° with a < b. If f' € Lla,b], then the following equality holds:

a b 7011
(1.3) il );f(b) —biaff(m)dx: b2 {(172t)f'(ta+(1—t)b)dt.

Theorem 1. ([6]) Let f : I° C R — R be a differentiable mapping on I°, a,b €
I° witha < b. If f' € La, b] then the following inequality holds:

f()-QFf b_ /f )(f’()|+|f’(b)l).

2
In [5], Kurmaci gave the following results.

Lemma 2. ([5]) Let f : I° C R — R be a differentiable mapping on I°, a,b € I° (I°
is the interior of I) with a <b. If f' € L]a,b], then the following equality holds:

e

:(b—a)[ VP (ta+ (L= t)b)dt+ [}, (t—1) f (ta+ (1= t)b) dt] .

Theorem 2. ([5]) Let f : I° C R — R be a differentiable mapping on I°, a,b €
I° (I° is the interior of I) with a < b. If f' € L|a,b], then the following inequality

holds:
a+b
- /f )do _f< )

2. DEFINITIONS AND PROPERTIES OF CONFORMABLE FRACTIONAL DERIVATIVE
AND INTEGRAL

(1.4)

(1.5)

(1.6)

(1 @1+ 1P @)

The following definitions and theorems with respect to conformable fractional
derivative and integral were referred in [7]-[12].

Definition 2. (Conformable fractional derivative) Given a function f : [0,00) —
R. Then the “conformable fractional derivative” of f of order o is defined by

t+eth™) — f(t
1) D () 1) = i L) 2 IO
e—0 3
forallt >0, a € (0,1). If f is a—differentiable in some (0,a), a > 0, lim+ £ () eist,
t—0
then define

(2.2) £ (0) = lim £ (1).

t—0+

We can write (@) (t) for Dy, (f) (t) to denote the conformable fractional derivatives
of f of order o.. In addition, if the conformable fractional derivative of f of order
« exists, then we simply say [ is a—differentiable.

Theorem 3. Let o € (0,1] and f, g be a—differentiable at a point t > 0. Then
i. Do (af +bg) = aD, (f) + 0D, (g), for all a,b € R,
ii. Dy (X)) = 0, for all constant functions f (t) = A,

iii. Do (f9) = fDa (9) + 9Da (f)
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D —gD
0, (L) = 222000 )
g
If f is differentiable, then

_ tl—ag

(2.3 D (1) () =% ).
Also:

1.D,(1)=0

2. D, (€%%) = az'~%%® a € R

3. D, (sin(ax)) = ax'~ cos(ax), a € R

4. D, (cos(ar)) = —az'~*sin(ax), a € R

5. Do (Lt*) =1

6. Dy (sin(L)) = cos(£)

7. Dy (cos(L)) = —sin(L)

8. Dy (em) = ().

Theorem 4 (Mean value theorem for conformable fractional differentiable func-
tions). Let o € (0,1] and f : [a,b] — R be a continuous on [a,b] and an a-fractional
differentiable mapping on (a,b) with 0 < a < b. Then, there exists ¢ € (a,b), such

that )
Da () (¢) = L0 =S 1),

Definition 3 (Conformable fractional integral). Let o € (0,1] and 0 < a < b. A
function f : [a,b] — R is a-fractional integrable on [a,b] if the integral

b b
(2.4) / f(x)daz = / f(z) 2> tda
exists and is finite. All a-fractional integrable on [a,b] is indicated by L ([a,b])

Remark 1.
f ()

.,L.l—oz

13(f) (1) = 12 (17 f) = / da,

where the integral is the usual Riemann improper integral, and o € (0,1].

Theorem 5. Let f : (a,b) — R be differentiable and 0 < « < 1. Then, for all
t > a we have

(2.5) IEDf @) = f () = f(a).

Theorem 6. (Integration by parts) Let f,g : [a,b] — R be two functions such
that fg is differentiable. Then

b b
(2.6) / £ (2) D2 () (2) duz = fl! — / 0(2) D (£) (2) doz.
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Theorem 7. Assume that f : [a,00) — R such that f("™(t) is continuous and
«a € (n,n+ 1]. Then, for all t > a we have

Def@) 15 =1().

Theorem 8. Let a € (0,1] and f : [a,b] — R be a continuous on [a,b] with
0<a<b. Then,

15 () (@) < Ig | f] () -

In this paper, we establish the Hermite-Hadamard type inequalities for con-
formable fractional integral and we will investigate some integral inequalities con-
nected with the left and right hand side of the Hermite-Hadamard type inequalities
for conformable fractional integral. The results presented here would provide gen-
eralizations of those given in earlier works.

3. HERMITE-HADAMARD’S INEQUALITIES FOR CONFORMABLE FRACTIONAL
INTEGRAL

We will start the following important result for a-fractional differentiable map-
ping;
Theorem 9. Let o € (0,1] and f : [a,b] — R be an a-fractional differentiable
mapping on (a,b) with 0 < a < b. Then, the following conditions are equivalent:
i) f is a convex functions on [a,b]
ii) Do f (t) is an increasing function on |[a,b]
it) for any x1,x2 € [a,b]
(5 — 27)

(3.1) f(x2) > f(x1) + D (f) (1) -

Proof. i) — ii) Let x1,22 € [a,b] with 21 < z2 and we take h > 0 which is small
enough such that x; — h,x2 + h € [a,b]. Since 1 — h < 21 < 2 < 22 + h, then we
know that

flay) = flan —h) _ flwz) = f(@1) _ flz2+h) — f(a2)

h - To — T1 - h

(3.2)

Multipling the inequality (3.2) with 2]~ < 23, for 1 < x2, a € (0,1], we get

—of(@1) — flz1 —h) —af(@2+h) — f(z2)
(3.3) i . <z o .

Let us put h = ez~ ' (and h = exy ') such that h — 0, ¢ — 0, then the inequality
(3.2) can be converted to

flx1) = flzg —exf™) o flet exy ') — fla2)

3 9

Since f is a-fractional differentiable mapping on (a,b), then let ¢ — 0%, we obtain

(34) Doz.f(xl) < Daf(xl)
this show that D, f is increasing in [a, b].

1) — 4i1) Take x1,29 € [a,b] with 21 < x2. Since D, f is increasing in [a, b],
then by mean value theorem for conformable fractional differentiable we get

fe2) — fla) = Do (f) (&)= "D (5) ()

(0% «

(5 — =)
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where ¢ € (z1,x2). It is follow that

72 = S+ B b (1) ().

i) — 1) For any x1, 22 € [a,b], we take x5 = Az1 + (1 — A) z2 and 2§ = Azf +
(I —=X)z§ for A € (0,1). It is easy to show that = —z§ = (1 — A) (z§ — 2%) and
2§ —x§ = =X (2 — 2%). Thus, by using (3.1), we obtain that

f@ﬂ2fww+EﬁjﬁaDQUMmy:ﬂmyulf»Eizﬂﬁ

and
fle2) > fas) + E=23) b (1) (as)

Both sides of the above two expressions, multiply A and (1 — A), repectively, and
add side to side, then we have

A (x1) + (1= A) f(w2) > fzz) = f(Az1 + (1= A) z2)

which is show that f is a convex function. The proof is completed. O

Do (f) (z3)

(67

[0

BT b (1) () = Ss) A

(%

Theorem 10. Let o € (0,1}, a > 0, and f : [a,b] — R is a continuous function
and ¢ : [0,00) — R be continuous and convex function. Then,

b b
(35) @(mfw/fWMw>§Mfw/wU®D%ﬂ

Proof. Let ¢ : [0,00) — R be a convex function and xg € [0, 00). From the definition
of convexity, there exists m € R such that,

(3.6) ¢(y) — ¢(z0) = m (y — 7o) -

Since f is a continuous function

ba_aa

b
(3.7) o= —° / f(2) doz

is well defined. The function @o f is also continuous , thus we may apply (3.6) with
y = f(t) and (3.7) to obtain

e(f(t) — e(zo) = m (f(t) — o).

Integrating above inequality from a to b, we get

b b b b
| et ®)at = (o) [ dat = m</ﬂmu—m/da>
b b
= m (/ f(t)dat — wg‘/ dat> =0.
It is obvious that the inequality (3.5) holds. O

Hermite-Hadamard’s inequalities can be represented in conformable fractional
integral forms as follows:
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Theorem 11. Let o« € (0,1] and f : I € RT — R be a convexr function and
f € LL (la,b]) with 0 < a < b. Then, the following inequality for conformable
fractional integral holds:

Proof. Since f is a convex function on I C RT, for z, y* € [a®,b*] with \ = %, we
have

(3.9) f (m@;y@> < f(x%;f(y“)

ie, with % = t*a® + (1 — t*) b%, y* = (1 — %) a® 4+ t*b*, for ¢t € [0,1], a € (0,1]

(3.10)  2f (a +ba> < F (7% 4 (1= 19)b%) + £ (1 — 1) a® + 125 |

By integrating the resulting inequality with respect to ¢ over [0,1], we obtain
1 o pa
2y £(=5%) dat

(3.11) <f0 f({t%a™ 4+ (1 —t)bv)d, t+f0 (1 —t%) a™ + t*b) dat

- b"‘—a"‘ f f

and the first inequality is proved. For the proof of the second inequality in (3.9) we
first note that if f is a convex function, then, for A € [0, 1], it yields

f(t%a® + (1= t*)b%) <t f (a®) + (1L —t%) £ (b%)
and
F U= %) a® 4+ 1767) < (1—42) f (@) + 12 (6°)
By adding these inequalities we have
(3.12) (%™ + (1= t2)b%) + f (1 — %) a® +17b%) < f (a®) + f (b%).
Integrating inequality with respect to ¢ over [0,1], we obtain
Sy f(#a® + (1=t 6*) dat + [ (1 =) a® 4+ t26*) dat < [f (@) + £ (6%)] [y dat

i.e.

f( )+ f(b)
2c

The proof is completed. O

Remark 2. If we choose a = 1 in (3.8), then inequality (3.8) become inequality
(1.1).

Theorem 12. Let o € (0,1] and f : I C R — R be a convex function and
f € L ([a,b]) with 0 < a < b. Then, for t € [0,1], the following inequality for
conformable fractional integral holds:

(3.13)
f<a ;b)q(ta f(a);f(b)

Vdoxr < H (%) <
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where
0 = 1y (DU | (a0 )0
and
H (1) = 3 [(1— 1) £ (a%) + £ (1207 + (1~ £2)b%) +£F ().

Proof. Since f is a convex function on I, by applying (3.8) on the subinterval
[a®, t*a™ + (1 — %) b*], with ¢ # 1, we have

o (AT

o (%@ +(1—t%)p%) o
e . Pt dos
fla®) + [ (% + (1 — %) b%)

5 .
Now, by applying (3.8) on the subinterval [t*a® + (1 — ¢%) b*,b%], with ¢ # 0, we
have

(3.15) f (

<

A%t + (2 — %) b
2

o b
< f (@) doz
ta (b()é - aa) \/('to‘anr(lt")ba)(l’é
f(t%a™ + (1 —%)b%) + f (b%)
f— 2 .
Multiplying (3.14) by (1 —¢%), and (3.14) by t*, and addi,ng the resulting inequal-
ities, we obtain the following inequalities
a

b
g /a f (@) dox < H (%)

where h (t*) and H (t*) are defined as in Thereom 12. Using the fact that f is a
convex function, we get

(3.16) h(t®) <

a™ + b
i) 1 (“)
B L) e (1= )b at (2 — 1) b
= f((lt) 5 +t 5 >
e (0 [0 + (1=t b]\ o ([t + (1 —12) 5] + b
< a-eyf( - ) ( . )
< I =1 @) + £ (% + (1= ) b%) - F ()]
o f) e
- 2

Therefore, by (3.16) and (3.17) we have (3.13). O
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4. TRAPEZOID TYPE INEQUALITIES FOR CONFORMABLE FRACTIONAL INTEGRAL

We need the following lemma. With the help of this, we give some integral
inequalities connected with the right-side of Hermite-Hadamard-type inequalities
for conformable fractional integral.

Lemma 3. Let o € (0,1] and f : I C RY — R be an a-fractional differentiable
function on (a,b) with 0 < a < b. If D, (f) be an a-fractional integrable function
on [a, b] ,then the following identity for conformable fractional integral holds:
@)+ £ )

2

(4.1)
1
=5 Jo (1=26%) Do () (t%a% + (1 = ) b*) dat
Proof. Integrating by parts

Jo (1=2t%) D (£) (0% + (1 — %) b*) dat

= (1—2t%) f (t%™ + (1 — t*) b)) +2af0 ft%a® + (1 —t%) bY) dot
a (e} 2a b

=—[fla)+f( )]erfaf(x

1
Thus, by multiplying both sides by o0 e have conclusion (4.1). O

Remark 3. If we choose o =1 in (4.1), then equality (4.1) become equality (1.3).

Theorem 13. Let « € (0,1] and f: I CRT — R be an a-fractional differentiable
function on I° and D, (f) be an a-fractional integrable function on I with 0 < a <
b. If |f'] be a convex function on I,then the following inequality for conformable
fractional integral holds:

o o b
Fg‘\l )+ () a_aa/f(ﬂc)dx

a (b —a®) (23a2 +6x 2% — 8) [aa(“‘” [Da (f) (@)] + 6"V [ Dy (f) (b%)]

2 3a x 2302 2

Proof. Using Lemma 3, it follows that

f(a®) + F (%) O b
’ 2 _ba_aafaf(x )dax

1
< 5 Jo [L=26°1 Do (£) (20 + (1 = 2) b)| dat.

Since |f'] is a convex function, by using the properties D, (f o g) (t) = [’ (9(t)) Dag(t)
and D, (f) (t) = t'=f/(t), it follows that

(4.3) [ Do (f) (8% + (1 = %) b%)]

< a0 —a®) 1%V Do (f) (@) + (1= %) 6™V Dy (f) (b“)|]~
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Using (4.3), we have

f(a®) + £ (%) o bop (g

I G i ) e

< M Sy 11 =202 %@~ [ Dy () (@®)] + (1 = %) b=V | Dy, (f) (0°)[] dut
_ M {aa(ml) Do (f) (a®)] fiy |1 — 26| t*dt

+ 6@ Dy () (6] fy 11 = 262 (1= ) dat }

where

1 1
/\1—2t"‘|(1—t“)dat:/ 11— 26| t%d ot =
0 0

230 1 g x 20" _ 8
3o x 2307

Thus, the proof is completed. (|

Remark 4. If we choose o = 1 in (4.2), then inequality (4.2) become inequality

(1.4).

Theorem 14. Let o € (0,1] and f: I CRT — R be an a-fractional differentiable
function on I° and D, (f) be an a-fractional integrable function on I with 0 <
a<b. If|f'1, ¢ > 1, be a convex function on I, then the following inequality for
conformable fractional integral holds:

(4.4)

[@) 1107 _a

2

<
- 2

a(b® —a®)

o f (@) daz

ba_aa

a1 |D,, (f) (@) + b7V | D, (£) W);
2

()’

where % + % =1, A(«a) is given by

st o) ()

Proof. Using Lemma 3 and Holder’s integral inequality, we find

f @)+ f (%) O b,
’ 2 _ba—ao‘faf(x ) da

1 1 « o O « (0%
< 5 Jo 11— 26D () (#7a® + (1= ) %)] dut

Q=

IN

% (o 11~ 2t”‘\pdat>% (o 1Da (1) (0 + (1= £2)b)|* dot)
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Since | f’|? is a convex function, by using the properties D, (f o g) (t) = f' (g(t)) Dag(t)
and D,, (f) (t) = t1=2f/(t), it follows that

(45) |Da () (t7a + (1= 1) b7
< a0 —a) [£a @D [Dy () (@) + (1= 47) 67D D () 6] -
By using (4.5), we have

f(a®) + (%) O b,
' 2 _ba—aafaf(x ) do

=

e ) (ba; @) (Jy 11 =2t dat)

IN

(it (1 | D () (@) + (1 = 12) 5 | Dy () (0)[%) dct

b — g % ga(a—1) D, q+bqa(a71) D, b)|? %
< A0 (g ) (e D@ LA

It follows that

1
/ 1 —2t%|P dt
0

. 1
/2 (1 — 2t dut +/ (2t* — 1)P d,t
0

s

1 5 ) 1 p+1 1 . p+1
20(p+ 1) 2071 2021

which is completed the proof. O

Remark 5. If we choose o = 1 in (4.4), then inequality (4.4) become Theorem
2.9. in [6].

5. MIDPOINT TYPE INEQUALITIES FOR CONFORMABLE FRACTIONAL INTEGRAL

We need the following lemma. With the help of this, we give some integral
inequalities connected with the left-side of Hermite-Hadamard-type inequalities
for conformable fractional integral.

Lemma 4. Let o € (0,1] and f : I C RT — R be an a-fractional differentiable
function on I° with 0 < a < b. If D, (f) be an a-fractional integrable function on
I, then the following identity for conformable fractional integral holds:

a® + b* « b o
F(E50) - et s

= [V P()Dy (f) (t%a® + (1 — 19) b%) dot

(5.1)

where
£, 0<t< 5
P(t) =

=1, e <t<l

Q=
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Proof. Integrating by parts

/0 P(t)Da () (1% + (1 - %)) dyt

e
/ 1 Doy (F) (1% + (1 — 7Y b) dut
0

+ 1 (% = 1)Da (f) (t%a% + (1 = 1%) b%) dat

1
2l/a

(% 4 (1= 1) b —a/mf(t“aCW—( 1) %) dyt

+ (@ =1 f (t%a” + (1 —t*)b%) —a/ Ft%a™ + (1 —t%)b%)dat
a® 4 b o
- (5 )‘(ba—w)/a e
Thus, we have conclusion (5.1). ]

Remark 6. If we choose a =1 in (5.1), then equality (5.1) become equality (1.5).

Theorem 15. Let a € (0,1] and f: I CRT — R be an a-fractional differentiable
function on I° and D, (f) be an a-fractional integrable function on I. If |f'| be
a convex function on I, then the following inequality for conformable fractional
integrals holds:

(5.2) ‘mfaa/abf(x“)dam—f<aa;ba)‘
< a®®—a”) a® =V D, (f) (a®)| + bV D, (f) (0%)]
< e ( : )

Proof. Using Lemma 3, it follows that

« b o a® + b~
mfaf(x )dafﬂ—f( 9 )’

1
21/«

<8 [ e IDa () a4 (1= ) b) dat

0

+ [ (1=t%)[Da (f) (#*a® + (1 = 1%) b%)[ dat

Ha\__\3>a

21/a

By using (4.3), we have
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ba_aa

e o a® + b
fff(w)daa:—f< . )‘
< a0 —a?) {/Ozl/at”‘ [t%a*"V | Dq (f) (@) + (1 = %) 62D [Dq (f) ()] dat

+ [ (1 =12) [t*a @D Dq (£) (@)] + (1 = ) b2~V [ Dy () (b)) dat}

21/a

_ a(0*—a?) (ao‘(a_l) [Da (f) (a®)] + b~V [D, (f) (bo‘)|>
8 o '

Thus, the proof is completed. [

Remark 7. If we choose o =1 in (5.2), then inequality (5.2) become the inequality

(1.6).

Theorem 16. Let a € (0,1] and f: I C RT — R be an a-fractional differentiable
function on I° and D, (f) be an a-fractional integrable function on I. If |f'|?,
q > l,be a convex function on I, then the following inequality for conformable
fractional integrals holds:

(5.3)

o b o a® + b
o [ Fe e (T )‘

< a(b™ —a®) (W)WB(&)

where % + % =1, B(a) is defined by

a1V D, (f) (a®)|" + 36~V |D,, (f) (b*) ) o
8«

Bla) = <

39— | D, (f) (@)]? + %@ D, () (b)) *
+ ( = ) .
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Proof. Using Lemma 3 and from Hoélder’s inequality, it follows that

L e ()

ba_aa

1
>1/a

< /ta|Da(f)(taau(l—ta)ba)mat
0

1
21/

1
+ [ (1=t [Da (f) (#*a® + (1 = 1%) b%)[ dat

1 1/p 1 1/q

< ot Do (f) (t%a® + (1 — ) b*)|* dyt
/ /

1 1/q

/P
1 1
+ / (1— 1) dot / Do (£) (#%0% + (1 — 1) b) |7 dyt

2l/a ol/a

By using (4.5), it follows that
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2l (S50

b® — aq«

1 1/17
< Ck(ba _aa) (a(p+1)2p+l>

1 1/q

N
-

~]
R

(21 [ Dy () (@) + (1= 1) 61 Dy () ()] dat

X
S

1/q
1
+ [t*a® =1 Dy () (a®)|* + (1 = %) 04D [Dg (f) (0°)|*] dat
ST/a
1 1/p
:a(b —a )(a(p+1)2p+1>
(@Y Do () (@) + 360 1Dy () (6)
S8a
L (3 D () (@) 4+ b1 Dy (£) 6) [
8a
Thus, the proof of completed. O

Remark 8. If we choose « = 1 in (5.3), then inequality (5.3) become the inequality
(2.1) in Theorem 2.5. in [5].

REFERENCES

[1] E. F. Beckenbach, Convex functions, Bull. Amer. Math. Soc., 54 (1948) 439-460.
http://dx.doi.org/10.1090/s0002-9904-1948-08994-7.

[2] A.E. Farissi, Simple Proof and Refinement of Hermite-Hadamard Inequality, J. Math.Inequal,
4(3), 2010, 365-369.

[3] M.Z. Sarikaya, E. Set, H. Yaldiz, N. Bagak, Hermite-Hadamard’s inequalities for fractional
integrals and related fractional inequalities, Math. Comput.Modell. 57 (9) (2013) 2403-2407.

[4] M.Z. Sarikaya and N. Aktan, On the generalization of some integral inequalities and their
applications, Mathematical and Computer Modelling, Volume 54, Issues 9-10, November
2011, Pages 2175-2182.

[5] U.S. Kirmaci, Inequalities for differentiable mappings and applications to special means of
real numbers and to midpoint formula, Appl. Math. Comput. 147 (1) (2004) 137-146.

[6] S.S. Dragomir, Agarwal, R.P,.Two inequalities for differentiable mappings and applications
to special means of real numbers and to trapezoidal formula (1998) Applied Mathematics
Letters, 11 (5), pp. 91-95.

[7] T. Abdeljawad, On conformable fractional calculus, Journal of Computational and Applied
Mathematics 279 (2015) 57-66.



HERMITE-HADAMARD’S INEQUALITIES FOR CONFORMABLE... 15

[8] D. R. Anderson, Taylor’s formula and integral inequalities for conformable fractional deriva-
tives, Contributions in Mathematics and Engineering, in Honor of Constantin Caratheodory,
Springer, to appear.

[9] R. Khalil, M. Al horani, A. Yousef, M. Sababheh, A new definition of fractional derivative,
Journal of Computational Apllied Mathematics, 264 (2014), 65-70.

[10] O.S. Iyiola and E.R.Nwaeze, Some new results on the new conformable fractional calculus
with application using D’Alambert approach, Progr. Fract. Differ. Appl., 2(2), 115-122, 2016.

[11] M. Abu Hammad, R. Khalil, Conformable fractional heat differential equations, International
Journal of Differential Equations and Applications 13( 3), 2014, 177-183.

[12] M. Abu Hammad, R. Khalil, Abel’s formula and wronskian for conformable fractional dif-
ferential equations, International Journal of Differential Equations and Applications 13( 3),
2014, 177-183.

[DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, DUZCE UNIVERSITY, DUZCE,
TURKEY
E-mail address: sarikayamz@gmail.com

[DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, UNIVERSITY OF KAHRAMAN-
MARAS SUTCU IMAM, 46000, KAHRAMANMARAS, TURKEY
E-mail address: abdullahmat@gmail.com

[DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, DUZCE UNIVERSITY, DUZCE,
TURKEY
E-mail address: hsyn.budak@gmail.com

[DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, UNIVERSITY OF CUMHURIYET,
S1vAs, TURKEY
E-mail address: mesra@cumhuriyet.edu.tr

[DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS, UNIVERSITY OF KAHRAMAN-
MARAS SUTCU InmaM, 46000, KAHRAMANMARAS, TURKEY
E-mail address: hyildir@ksu.edu.tr





