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SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR p-PREINVEX
FUNCTIONS

IMRAN ABBAS BALOCH, IMDAT iSCAN

ABsTRACT. In this article, we define the class of p-preinvex functions which is generalization of preinvex
and harmonically preinvex functions. We also define the notion of p-prequasiinvex function. Finally, we
establish Hermite-Hadamard type inequalities when the power of the absolute value of the derivative
of the integrand is p-preinvex.

1. Introduction
In this section, we recall various concepts and known results,see [16],]20] and references theirin.
Definition 1.1. A function f: I C R — R is said to be convex function, if

fOz+ (1 =Ny) < Af(z) +m(l =N f(y)
for all z,y € I and ¢ € [0, 1].

Definition 1.2. A set S C R" is said to be invex with respect to the map n: S x .S — R", if for every
x,y € S and t € [0, 1], we have

x+tn(y,z) €S

Remark 1.3. Note that definition of invex set has a clear geometric interpretation.This definition
essentially says that there is a path starting from a point x which is contain in S.We do not require
that the point y should be the one of the end points of path. This observation plays an important role
in our analysis. Note that, if we demand that y should be an end point of the path for every pair of
points, z,y € S, then n(y,z) = y — x and corresponding invexity reduces to convexity. Thus, it is true
that every convex set is also an invex set with respect to 1(y,z) = y — z, but converse is not necessarily
true, see [4],[7] and references theirin

Definition 1.4. Let S C R™ be an invex set with respect to eta : S x S — R™. A function f: S — R
is said to be preinvex with respect to 7 if for every z,y € S and t € [0, 1], we have

flx+tn(y, ) <tf(z) + (1 —1)f(y).

Note that every convex function is a preinvex function, but converse is not true.
We need the following assumption regarding the function n which is due to Mohan and Neogy [|.
Condition C: Let S C R be an open invex subset with respect to n : § xS — R. For any z,y € S and
any t € [0,1],

n(y,y +tn(y, ) = —tn(y, z)

n(z,y +in(y, z)) = (L= t)n(y, ).
Note that for every x,y € S and t;,ts € [0,1], from Condition C, we have

n(y + tan(y, z),y + tin(y, z)) = (t2 — t1)n(y, ).
In [5], Noor proved the Hermite-Hadamard inequality for the preinvex function as follow:
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Theorem 1.5. Let f : S = [a,a + n(b,a)] — (0,00) be a preinvex function on the interval S° and
a,b € S° with a < a+ n(b,a). Then the following inequality holds:

2a +1(b, a) 1 pernbe) fa)+ fla+n(b,a)) _ fla)+ f(b)
f( 2 ) = n(b,a) /a flz)de < 2 = 2

In [16], M. Z. Sarikaya et all. gave the following refinements of Hermite-Hadamard inequality for
preinvex functions.

Theorem 1.6. Let S C R be an open invex set with respect to eta : S x S — R. Suppose that f : S — R
is a differentiable function. If |f'| is preinvex on S, then for every a,b € S, the following inequality
holds

1 a+n(b,a) 2a+77(b a) n(b a)
1.1 - _ (e tnoa) | , , ,
b ‘n(b,a)/a f(@)dz f( 5 )\ < S 1P @+ 1O
Theorem 1.7. Let S C R be an open inver set with respect to eta : S x S — R. Suppose that f : S — R

is a differentiable function. Assume that p € R with p > 1. If |f’|P%1 is preinver on S, then for every
a,b €S, the following inequality holds

1 atn(b,a) 2a + n(b, a)
‘n(bm/a ﬂx)dmf( 2 )‘

n(b,a 4 » _p_ »_ .\ _p_ _p_ P

a2 <M LN e ) (@) 8]
16 p+1

Theorem 1.8. Let S C R be an open invex set with respect to eta : S x S — R. Suppose that f : S — R

is a differentiable function. Assume that € R with p > 1. If |f'|? is preinvex on S, then for every

a,b €S, the following inequality holds

(1.3)

'n(;’a)/aﬁnw,a) f(x)dxf(%*;’(bva)ﬂ < n(l)g,a)[(2|f’(a)|q3+ |f’(b)|q>é+<f’(a)|q4;2|f/(b)|q>‘lz].

2. Main Results

Now, we define the class of the p-preinvex functions which is a generalization of preinvex functions
and harmonically preinvex functions:

Definition 2.1. Let p € R/{0}.The set A, , C (0, 00)is said to be p-invex with respect to 7(.,.), if for
every z,y € A and t € [0, 1], we have

[(1 = B)a? + t(z + n(y, x))]7 € A.
The p-invex set A, ,, is also call a (p, n)-connected set.

Remark 2.2. Note that for p = 1, p-invex set becomes invex set and for p = —1, p-invex set become
to harmonic invex-set.

Definition 2.3. Let p € R/{0}. The function f on the p-invex set A, , is said to be p-preinvex function
with respect to 7 if, where p € R/{0}, , if

B =

(2.1) f<[(1 ) 4t 4 n(y, 2)) ) < tf(x)+ (1 - 1) 1),

for all z,y € A, and t € [0,1].

Remark 2.4. Note that for p = 1 p-preinvex functions becomes preinvex functions and for p = —1,
p-preinvex functions become harmonically preinvex functions
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Theorem 2.5. Let f : S = [a,a + n(b,a)] — (0,00) be a p-preinvex function on the interval S° and
a,b € S° with a < a+ n(b,a). Then the following inequality holds:

f<[ap+ (a + n(b, a))Pr) . — » /aa+77(b,a) @, . @) + £(b)

2 b,a))P — a?| al-p 2

Proof. Since f is p-preinvex function on S = [a,a + n(b,a)] . Then
P10 00+ tla-+ 00,001 ) < t7(@) + (1= 050

for all ¢ € [0,1]. integrating, we have

a+n(b,a) T 1 )
[(Hn(bpa))p_ap]/ ;;(ﬂ))dx - /Of([(l—t)ap+t(a+n(b,a))p}v)dt

IN

1
[ @)+ = s
fla) + f(b)

2 Y
Now, take t = 3 in inequality (2.1) and by setting 2? = ta? + (1 — t)(a + n(b,a))? and (z + n(y, z))? =
(1 —t)aP + t(a + n(b,a))P, we have

f({au(am(b,a))pr) _ f([m(“g"(y’x))p];)

2
fl@) + fy)
2

<

Since, above inequality holds for all z,y. So, it must holds for y = x + 7(y, ), then

([t (o + (0= @400, ) 4 £ (10 - 00+ ta 100,03 )

<
2 )— 2

Now by integrating for ¢ € [0, 1], we obtain

=

2f<[ap + (a J;Tl(b, a))l’} i) S /01 f<[tap (1= t)a+ 0, a))p>dt
+ /01f<[(1 t)ap+t(a+n(b,a))p],ﬁ>dt
(O n(b,ZZ))p — o] /a e i 1(2 dz
This completes the proof. .

Definition 2.6. Let p € R/{0}. The function f on the p-invex set A, , is said to be p-prequasiinvex
function with respect to n if, where p € R/{0}, , if

(2.2) f([(l 0P+t (. x))p]é) < max{ (=), /(5)}.
for all z,y € A, , and t € [0,1].

Lemma 2.7. Let S be an invex set with respect to n and a,a + n(b,a) € S. Then, we have following

identity
2 11+77(b:‘1)
3 p / f@) .
[(a+n(b,a))? —ar]? J, zl=p

S =

= n(b,;;))p — ; < {ap + (a —;77(@ a))p]
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= {[ (1 —t)[(1 —t)aP + t(a + n(b, a))p]l%’f/ <[(1 0?4 t(at (b, a))p}é)dt

J
for all p e R/{0}.
Proof. Let

[N

H(1 = t)a? + t(a + n(b,a))?] " f ([(1 —t)a? + t(a + n(b, )] é) dt}

N|=

D=

I = %[(a + (b, a))” — a”] /O H(1 = H)a? + ta +n(b,a))") 7" f <[(1 —t)a” +t(a +n(b,a))"]

Jat

integrating by parts, we get

Nl

I = ‘tf([u_t)ap+t(a+n(b,a))z’]é>’ —/0;f([(l—t)ap+t(a+n(b,a))p];>dt,

by setting = = [(1 — t)a? + t(a + n(b, a))p]% and dt = o a))pp_ap]wl_p dx, we have

0

aP 4 (atn(b,a)P 1%
[elt(atn(.a)? ) p

I = ;Jc([azﬂ + (agn(b, a))p} ;) B [(a+n(b’pa))p o /a ifl(g_cidm,

and let

= a0y o / (t = D[~ H)a? + t(a+ (b, a>)p]1ff'<[(1 —t)a? + t(a +n<b,a)>1’1i)dt.

2

Similarly, by integrating by parts and after simplification we have

Lo([a + (at b)) p s f(a)
'[2 = 7f - 1 dw?
2 2 [(a+n(b,a))P — a?] Jiartesnwanr); x1=P

now, by adding I; and Iy we get required result. O

Theorem 2.8. Let S C R be an open invex set with respect ton: S xS — R and p € R/{0} . Suppose

that f : S — R is a differentiable function. If |f'| is p-preinvex on S, then for every a,b € S, the
following inequality holds

‘ f([(a+77(b,a))p - ap}é) o (ST / e j:ff)dx’

(2.3) < [(a+ (b)) — [(& 51 @)] + (52 + s4>|f'(b>] ,
where

1= / " 2](1 = e + ta + (b)) T dt
0

[SIE

Sy = / t(1—6)[(1—t)a? + t(a + n(b, a))p}kTpdt
0

Sz = / t(1 = B)[(1 — t)a® + t(a+ n(b,a))?] 7 dt

1

2

54:/1 (1 -1 - B[(1 - t)a? + t(a+n(b,a))?] 7" dt

2
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Proof. Using Lemma 2.7 and |f’| is p-preinvex on S, we have

#(las vy ) - P / e J) ]

[(a +n(b,a))P — a?] zl-p

1
2

< [(a+n(b.a)) — o] [ [t =00+ ta+ s,

* G

< [(a+ n(b,a) — ¥ [ [ 0= 0+ ta+ a1 (tlf’(a) - t)f’(b))dt

0

dt

=

+A (1—8)[(1—t)a? + t(a +n(b,a))?] 7

2

Iz ([(1 )@+ t(a + (b a)))

1

1 1 p
+ [ =00 e +tla+ 0o, )] (t|f'<a> - t>f’<b>|)dt}

2

~ [(a + n(b, @) — a?] [(& 517 @) + (52 + s4>|f'<b>] |

This completes the proof. O

Theorem 2.9. Let S C R be an open invex set with respect ton: S xS — R and p € R/{0} . Suppose

that f : S — R is a differentiable function.Assume that ¢ > 1 and if \f’\q%l is p-preinvex on S, then for
every a,b € S, the following inequality holds

‘ f([(a+77(b,a))p - ap}é) - e / e j:ff)dx’

1

< (ol (i + sl ) T (s o) }

where

S5 = / {1 = 6)a? + t(a + (b, a)?| 5D de
0

i

SG:/i(l—t)[(l—t)ap_'_t(a_’_n(b’a))p]%dt
0

1 -
S7 = / t[(1 = t)a” + t(a + n(b, a))p]%dt

|

SS:[1(1_t)[(l_t)ap+t(a+77(b,a))p]mdt

2

Proof. Using Lemma 2.7, Holder’s inequality and p-preinvexity of |f |q%1 on S, we have

‘f([(a +n(b,a))? — ap]zlv) “TaT n(bZ))” ey /aa+77(bv“) il(fz)a dx’

< [(a+n(b;a))” - a”] {/02 H(1 = t)a” + Ha +n(b,a))") 7

7(10=0a 4 tla+ .01} )

.

f ([(1—t)a1’+t(a+n(b, a))?] ;)

dt

+/l (1—)[(1 = t)a? + t(a +n(b,a))?] 7"

2

(1000 +itan. ot )

1

< [ty e ([ ' ﬂdt); ([ 10-00 sttty

0

g—1

=\ T
dt)
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o dt) ! }

1 g—1

+(/11(1—t)th);(/1[(1_t)ap_i_t(a_i_n(b,a))p]m

1
2 2

f’([(l —t)a” + t(a +n(b, a))p];>

< lwrnt.ay-a|( [ : wir)" ([T 10-tatlarn®ay W@ a0l Ea)

+</;(1 ) (/;[(1 =00+ tla-+ 00,0 (@ (- 010 ) }

- Mt D (sulptalets + slsle®s) T+ (sl + sulplt) ]
27Ta(g+1)q
The proof is completed. O

Theorem 2.10. Let S C R be an open invex set with respect to n : S xS — R and p € R/{0} .
Suppose that f : S — R is a differentiable function.Assume that ¢ > 1 such that % + % =1 and if |f'|?
is p-preinvex on S, then for every a,b € S, the following inequality holds

\f (1ta-+ 000,07 = 1) - P / T J) dx’

[(a +n(b,a))P — a?] at=p

 llatn(b.a) — o]
T 22 (r+ 1)

(slsr+ Swlf(b)lqy + (suls@pr+ salror )]

where

Sy = / 11— t)a® + t(a + (b, a))P) T dt
0

sz/o (1= O[(1 = )a? + ta + n(b, a))?] "5 dt

a(1—p)

(1= )a? + ta+ (b, )] "7 dt

Sll =

M\._.\
2

g(1—p)

Sia =/l (1 =0 =t)a” +t(a+n(b )’ 7 dt

Proof. Using Lemma 2.7, Holder’s inequality and p-preinvexity of |f’|2 on S, we have

‘f([(a+n(b,a))p - ap}é) - e / T j;ff)dx’

1

1-p

< [(a+n(b,a))? — a”] {/0 H(1 = t)a? + t(a+n(b,a))?) 7

dt

(10 =06+t 000,071 )
)

f ([(1—t)ap+t(a+n(b, a))p];>

)

=

+/ (1= 8)[(1 = t)a? + t(a+ n(b,a))?]

2

Iz ([(1 )@+ t(a+ (b a)))

-

1 1
q(1—p)

< [(a+77(b,a))p—ap][( /0 ét“”dt>r < /O *[(1=t)aP+t(atn(b, a))?) "5

+([1(1 - t)rdt) g (/1[(1 0?4 t{at (b, a)?] "5

1

2 2

¢\
dt)

f ([(1 —t)a? + t(a + n(b, a))p];>
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1 1 1 1

< [(a+n(b,a))? — a7 [( I trdt) ( [ 10 =0+t a0 5 <t|f<a>q+<1—t>|f<b>|q>dt)“

([ - orae) ([ 10— a4 ta -+ (b, )5 U (@) + (1 olfwna)’|

2 2

e (st o)

The proof is completed. O

ol

Q=

-

=
=
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