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SOME HERMITE-HADAMARD TYPE INEQUALITIES FOR HARMONICALLY
(p, (5,m))-CONVEX FUNCTIONS

IMRAN ABBAS BALOCH, IMDAT ISCAN

ABsTrRACT. In this article, we define the class of harmonically p-convex functions which is generaliza-
tion of convex and harmonically convex functions and Harmonically p-quasiconvex functions. We also
define the class of harmonically (p, (s, m))-convex functions which is generalization of harmonically
(s, m)-convex functions. Furthermore, we establish Hermite-Hadamard inequalities for these classes of
functions.

1. Introduction

Let f: I CR — R be a convex function and a,b € I with a < b. Then following inequality

(1.1) f(““’)_b_ /f iz < 7 )+f()

holds. This double inequality is known in the literature as the Hermite-Hadamard integral inequality
for convex function. Note that some of the classical inequalities for mean can be derived from (1.1) for
the appropriate particular selection of mapping f.Both inequalities in (1.1) hold in the reverse direction
if f is concave.

In [5], Imdat Iscan introduced the concept of harmonically convex function, and established a variant
od Hermite-Hadamard type inequalities which holds for these classes of functions as follows:

Definition 1.1. Let I C R/{0} be a real interval. A function f : I — R is said to be harmonically
convex, if

Ty
1.2 — | <t 1—-t
(1.2 s ) <t + - 01(0)
for all z,y € I and ¢ € [0, 1]. If inequality in (1.2) is reversed, then f is said to be harmonically concave.
Theorem 1.2. (see [5]) Let f : I C R/{0} — R be harmonically conver and a,b € I with a < b. If
f € Lla,b], then following inequalities hold

(1.3) f(a2+b _b_a/ f(z ();f(b).

Theorem 1.3. (see [5]). Let f : I C (0,00) — R be a differentiable on I°,a,b € I with a < b and
/€ Lia,b]. If |f'|9 is harmonically convexr on [a,b] for ¢ > 1, then

(1.9) @0 b_a/f i < PN @l 0
where
1 2 (a+0b)?
)\l_ab_(b—a)an< dab )’
-1 3a+b (a+1b)?
/\Qb(b—a)+(b—a)3ln( dab )
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\ 1 N 3a+b I (a+b)?
3 = n .
alb—a) (b—a)d dadb

Theorem 1.4. (see [5]). Let f: I C (0,00) = R be a differentiable function on I°, a,b € I witha <b
and f' € Lla,b]. If |f'|7 is harmonically convex on [a,b] for ¢ > 1, % + % =1, then

b —a ) 1
s [HOPIO e 0] < PEED L i@l + el o)

where [a®729 + b1 =24[(b — a)(1 — 2q) — a]]

M TR (g2
[b*72¢ — a'27[(b — a) (1 — 2q) + b]]
2(b—a)*(1 —q)(1 —2q)
In [6], Imdat Iscan introduced the concept of harmonically s-convex function in second sense as follow:

H2 =

Definition 1.5. A function f: I C R/{0} — R is said to be harmonically s-convex in second sense , if

(1.6 iy, ) eI+ -0

for all z,y € I and ¢t € [0,1]. If inequality in (1.6) is reversed, then f is said to be harmonically
s-concave.

Remark 1.6. Note that for s = 1, harmonically s-convexity reduces to ordinary harmonically convexity.

In [4], Feixiang Chen and Shanhe Wu generalized Hermite-Hadamard type inequalities given in [5]
which hold for harmonically s-convex functions in second sense.

Theorem 1.7. (see [4]). Let f: I C (0,00) — R be a differentiable on I° such that f' € Lla,b], where
a,b € I° with a < b. If | f'|? is harmonically s- convex in second sense on [a,b] for some fized s € (0,1],
q>1, then

o)+ 10) /fdm

< P00 01 ) Calsta. b (@) + Calsiab) P B,

where ) )
Cia,b) = b2 <2F1<2,2;3, 1= 3) = 2Fi(2, 12,1 = 3) + 52F(2, 133, 5 (1 - Z))

Ca(s,a,b) = b2 Fi(2,5+25+3,1— %) — Fi(2s+1s+2,1—5
>(s,a,b) <s+22 1(2,8 +2;5 + 3, b) R 1(2,8 + 1,5+ 2, b)
1 1 a
L F(2s+13s+3,-(1— >
PG rne Bt st 5l b)))

1
— 22 s+ 21— a4

DF1(2,2:5+3,1— 2 )

Cs(s,a,b) = b_2< Z) _

(s+1)(s+2)

1 1 a
SLF(2,1:3,-(1— 2
+22 1(7 7372( b))>

Remark 1.8. Note that for s = 1, Ci(a,b) = A1, Ca(1,a,b) = Ay and C3(1,a,b) = A3. Hence, Theorem
1.3 is particular case of theorem 1.7 for s = 1.

Theorem 1.9. (see [4]) Let f : I C (0,00) — R be a differentiable on I° such that f’ € L[a,b], where
a,b eI witha <b. If |f'| is harmonically s- convex in second sense on [a,b] for some fixed s € (0,1],

q>1, then ,
fla)+ f(b) ~ _ab f(z)
‘ 2 B b—a/a x? de

alb—a), 1 1 1 a. . a. .,
< P Fi(2 1; 2,1 —— a Fi1(2¢q,1; 2,1—— a
< Ut | R R+ 121 = DO+ R0 i+ 21 - DI @]

1
q
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Remark 1.10. Note that for s =1

1 a
H1 = %Tq-2F1(2q72735 1- g)a
and .
a
M2 = %72(1'21?1(2617 173a 1- g)

Hence, Theorem 1.4 is particular case of theorem 1.9 for s = 1.

In ([8]), Jaekeun Park considered the class of (s, m)-convex functions in second sense. This class of
function is defined as follow

Definition 1.11. For some fixed s € (0,1] and m € [0,1] a mapping f : I C [0,00) — R is said to be
(s, m)-convex in the second sense on I if

flte +m(1—t)y) <t f(x) +m(1 —1)°f(y)
holds, for all z,y € I and ¢ € [0, 1]

In ([7]), Imdat Iscan introduced the concept of harmonically (o, m)-convex functions and established
some Hermite-Hadamard type inequalities for this class of function. This class of functions is defined
as follow

Definition 1.12. The function f : (0,00) — R is said to be harmonically («, m)-convex, where a € [0, 1]
and m € (0, 1], if
my [0 S A o o
1.7 —_—) = -4 — <t 1-1¢
(17) (i) = H(G 4 =h)™) < @) + =) )

for all z,y € (0,00) and ¢ € [0, 1]. If the inequality in (1.7) is reversed, then f is said to be harmonically
(cr, m)-concave.

In [1] , authors introduce the concept of Harmonically (s, m)-convex functions in second sense which
generalize the notion of Harmonically convex and Harmonically s-convex functions in second sense
introduced by Imdat Iscan in [5],[6].

In [2], we established some results connected with the right side of new inequality similar to (1.1) for
this class of functions such that results given by Imdat Iscan [5] , Feixiang Chen and Shanhe Wu [4] are
obtained for the particular values of s, m as follows:
Definition 1.13. The function f : I C (0,00) — R is said to be harmonically (s, m)-convex in second
sense, where s € (0,1] and m € (0,1] if
mxy t 1—-t 4 R s
— V= f((=+—) Y <t 1—t)
Mo a—ns) =G5 7) Sef@+m =10/ )

Vaz,y € I and t € [0, 1].
Remark 1.14. Note that for s = 1, (s, m)-convexity reduces to harmonically m-convexity and for
m = 1, harmonically (s, m)-convexity reduces to harmonically s-convexity in second sense (see [6]) and
for s,m = 1, harmonically (s, m)-convexity reduces to ordinary harmonically convexity (see [5]).

The following result of the Hermite-Hadamard type holds.

Theorem 1.15. Let f: I C (0,00) — R be a harmonically (s, m)-convex function in second sense with
s€0,1] and m € (0,1]. If0 < a <b < oo and f € L[a,b], then one has following inequality

fla)+mf(E) F(b) +mf()
s+1 ’ s+1
Corollary 1.16. If we take m = 1 in theorem 1.15, then we get

ab (* f(x) fla) + f(b)
b—a/a x? 4z < s+1

b b
bciia ’ if)dxﬁmin{
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Corollary 1.17. If we take s =1 in theorem 1.15, then we get
/ f(=z {f(a) +mf(E) f0) +mf(%)
bfa

2 ’ 2
Theorem 1.18. Let f : I C (0,00) — R be a differentiable function on I°, a,% € I° with a < b,
m € (0,1] and f' € La,b]. If |f'|? is harmonically (s, m)-convez in second sense on [a, 2] for ¢ > 1
with s € [0,1], then

fla) + f ab(b — a) NPAES
2 b_a 21 [o1(s, 30, D)1 f(@)|* + mpa(s, s 0, ) f' ()]
where
1,s+2 2,s+1
pi(s,qza,b) = %QE(%J s+ 3 1fg) —%QH(Q(]J s+3:1— b)
224-53(2, 5+ 1) 2a
W.2F1(2q,2;5+3;17 a—i—b)
| Bs+1,2) oa Ll oay Bs+12) . a
p2(SaQ7a7b) W2F1(2Qas+178+37§(1_5))_T2FI(ZQ7S+178+371_E)
B(s+2,1) a
T2F1(2q78+278+371—g)

B is Euler Beta function defined by

I'(2)I'(y) ' -1 —1
Brmy:i:/tw 1—8)¥7dt, z,y >0
(z,y) Taty) (1-1)
ands Fy is hypergeometric function defined by
1 1
Fi(a,b; =—— [ "t -0t 1 —2t) %t e > b >0 <1
oFifabie) = g [ 0= = > b0,

Theorem 1.19. Let f : I C (0,00) — R be a differentiable function on I, ma,b € I° with a < b,
m € (0,1] and f' € Lla,b]. If |f'|? is harmonically (s, m)-convez in second sense on [a, 2] for ¢ > 1

with s € [0,1], then
fla)+ f(b)  ab [ f(x)
‘ 2 Cb— a/a x2 de
ab(b—a) 1-1 TNT AN
—5 1 "(0.g50,0)[pi(s, g0 DS (@) +mpa(s, g a, D) ()]

Theorem 1.20. Let f : I C (0,00) — R be a differentiable function on I°, ma,b € I° with a < b,
m € (0,1] and f' € Lla,b]. If |f'|? is harmonically (s, m)-convez in second sense on [a, 2] for ¢ > 1,

%Jr % =1 with s € [0,1], then
f@+fb)  ab [P f(2)
‘ 5 — b—a/a p dx

Q=

IN

b(b — 1 |1 —b a
< M(gﬂd)‘l’ [m(s,q;a,b)lf’(a)l"+ml/z(s,q;mbwl(m)lq]é
where
B(1,s+1)
v1(s,q;a,b) __b72}1<2q’178 2,1 - b)
and

1,1
va(s,q;a,b) = %.25(2%5 +Ls+2,1- %)
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2. Main Results

Now, we define the class of the harmonically p-convex functions which is a generalization of convex
functions and harmonically convex functions:

Definition 2.1. The function f : I C (0,00) — R is said to be harmonically p-convex function, where
p € R/{0}, if

o ) () 2o

for all z,y € I and ¢ € [0,1]. If the inequality in (2.3) is reversed, then f is said to be harmonically
p-concave.

Remark 2.2. Note that for p = —1, harmonic p-convexity reduce to convexity and for p = 1 harmonic
p-convexity reduce to harmonic convexity.

Theorem 2.3. Let f : I C R/{0} — R be harmonically p-convex and a,b € I with a <b. If f € L[a,b],
then following inequalities hold

2ab p(ab)? [ f(x) fla)+ f(b)
(2.2) f <[ ) < dv < —————

1 — —
ap 4 bp)v b —ap f, xptl

Definition 2.4. The function f : I C (0,00) — R is said to be harmonically p-quasiconvex function,
where p € R/{0}, if

(23) f([typ . t)zp];) - f((; .~ t> ,:) < max{f(2), f()},

for all z,y € I and ¢ € [0,1]. If the inequality in (2.3) is reversed, then f is said to be harmonically
p-quasiconcave.

Now, we define the class of the harmonically (p, (s, m))-convex functions:

Definition 2.5. The function f : I C (0,00) — R is said to be harmonically (p, (s, m))-convex function,
where p € R/{0}, s,m € (0, 1], if

for all z,y € I with my € I and ¢t € [0,1]. If the inequality in (2.4) is reversed, then f is said to be
harmonically (p, (s, m))-concave.

Remark 2.6. Note that for p = 1 harmonic (p, (s, m))-convexity reduce to harmonic (s, m)-convexity.

Theorem 2.7. Let f : I C R/{0} — R be harmonically (p, (s,m))-convex and a,b € T with a < b. If
f € La,b], then following inequality hold
p(mab)® (™" f(z) , _ f(a) +mf(b)

(mb)p —ap J, aptl = s+1

(2.5)

For finding some new more general inequalities of Hermite-Hadamard type for the functions whose
derivatives are harmonically (s, m)-convex in second sense, we need the following lemma:

Lemma 2.8. Let f : I C R/{0} — R be a differentiable function on I° with a <b. If f € L[a,b] and
p € R/{0}, then
fla)+f(b) _ plab)” [* f(z)  ~_ ab(b? —a?) /1 1—2t < ab > "
_ r =
2 bp —apr J, xPtl 2p o [t + (1 — t)ap]’%l [tbP + (1 — t)ap]%
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Proof. Let

1
I:ab(bp—ap) 1—2t 1 ,( ab 1)dt
2p /0 [t + (1 — t)ar)s T

Integrating by parts, we have

I= ;’(Qt_ 1)f([tbp+ (fb_t)ap]i)

1

o_/olf([tbu(fb—t)ap}é)dt

Setting © = ——2 | we have dt = PS{”ZZ 4z hence we obtain
[tbP+(1—t)aP] P @ ¢
_ @+ f0)  plaby [ f(x)
I= — dx
2 bp —apr J, xPtl
this completes the proof. O

Theorem 2.9. Let f : I C (0,00) — R be a differentiable function on I°, a,% € I° with a < b,
m € (0,1], f' € Lla,b] and p € R/{0}. If |f'|? is harmonically (p, (s, m))-convex in second sense on
la, L] for ¢ > 1 with s € [0,1], then
) [,
2

bp — P a xrpt+1

1

ab(b? — aP)
2p

_1 b
(%)1 q {Gl(s’p’q;a’bﬂfl(aﬂq +moa(s, p, ;0 )| ()]

where
s Bl s +2) 2 P (PEDL 105 4+ 311 — (2)7)
— s B(2,5 + 1). 2F1(<p+1>q 25+ 3;1— (2)P)

(p+1)q

+ 3 (2m) 7 B2s+ 1) R (BN 2543, 524 p>0

o1(s,p,¢;a,b) =
e Bls +2,1)2 P (EL 54 955 4 351 — (L))

— s Bls + 1, 2) . (e s+ 15+ 31— (L))

+ sraorne B(s + 1,2).2Fi( @+1)qs+ls+3 a?=b%, p<0

2aP

and

s Bls +2,1) o Py (PEDL 54905+ 311 — (2)7)
—mﬁﬁ(erl,?)-zF((p*”q s+1is+3;1— (2)P)
+ s Bls + 1,2) o Py (BE9 5 4 s 4 3,800 p0

UQ(Svpaq;aab) =
AL, 5+ 2). 2F1(<p“>‘1,1,s+3 1— (L))

— ot (2,5 + ).QF(@;U (25 + 31— (L))

(p+1)ag P
+ i (w2m) 7 B@s+ 1)aR (W1 9 g 3,000 < g

Proof. From above Lemma and using power mean inequality, we have

{0410 _ staby qu4
2

bp —ap J, xp+1
p_ qp) [! —
< ab(b? — a )/ 1 — 2t _ f’< ab : )‘dt
2p o [th? 4+ (1—t)a?) T [tb? + (1 — t)ar]»

ab(b? — aP) ! -3
<(/ |1—2t|dt>
2p 0
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1 11— 2t < ab ) th>é
X(/o [tbpﬁ—(l—t)ap]% / [tbp—l—(l—t)al’]%

Since, |f’|? is harmonically (p, (s, m))-convex function in second sense, we have

ab(b? — aP) ! =g
g(/ |12t|dt>
2p 0

UL — 2[5 £ (a)|7 + m(1 — £)* [/ (L2)|9] 7
y (/0 dt)

[tb? + (1 — t)ar] 5
_ ab(t? —a?) 1\1-1 . ()4 . A i
= () or(s s DL @+ oo i DI )
(]

Corollary 2.10. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
f' € Lia,b] and p € R/{0}. If | f'|? is harmonically (p, (1,1))-convez in second sense on [a,b] for ¢ > 1,

then
’f(a) +f(b)  plab)r [° f(x)
2

dz
bp —ar J, xPt!

Q=

1

< O ) oL @+ oaltp i D O]

< R
Corollary 2.11. Let f : I C (0,00) — R be a differentiable function on I°, a,% € I° with a < b,

€ (0,1], f' € Lla,b] and p € R/{0}. If |f'|? is harmonically (1,(s,m))-convex in second sense on
la, L] for ¢ > 1 with s € [0,1], then

f@) +f(b) _ (ab) [* f(x)
‘ 2 _bfa/a x? de

b(b — 1.1-1 b 1
: %pa)(i)l ' {01(5’ 1,g;a,b)|f'(a)]* +m02(8,17q;a,b)|f'(m)lq]

2
Corollary 2.12. If we take m =1 in Theorem 2.9, then we get
‘f(a) +f(b)  plab)r [ f(z)
2

P _— qP p+1
a? J, x

dx‘

< ab(bz;p_ap)(bl_é [01(8,1% g a,b)|f'(a)|” + 02(s,p, ¢; a, b)lf’(b)d E

Corollary 2.13. If we take s =1 in Theorem 2.9, then we get
‘f(a) + /() plab)? [ f(z)
2

bp —ap J, xrpt+1

dm‘

1
1

< M(i)l_% |:o-1(1,p,q;a,b)|f/(a)|q + m02(1apaQ§a7b)|fl(:1)|q:| q

< %
Theorem 2.14. Let f : I C (0,00) — R be a differentiable function on I, a,T% € I° with a < b,

€ (0,1], f" € Lla,b] and p € R/{0}. If |f'|? is harmonically (p,(s,m))-convex in second sense on
[a, %] for ¢ > 1 with s € [0,1], then

LOESOMEC qu4
2

P — P p+1
a? J,

b(bP — aP) 1-1 b 17
< POl (1500 oo L DL @ + o i, L ()l
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Proof. From Lemma, Power mean inequality and harmonically (p, (s, m))-convexity in second sense

of|f'| on [a, £],we have

LOESOMEC ngﬁ
2

bp —ap J, xp+1
ab

< ab(b? — aP) /1 1 — 2t _ f’< 1 ) ‘dt
2p o [th? 4+ (1—t)a?) T [tb? + (1 — t)ar]»
- ab(b? — aP) (/1 11— 2t] _ dt) 1-3
2p o [t + (1 —t)ar]s
1 PN
11— 2t /( ab ) dt)q
) </0 [th? + (1 — t)ar] "> I [t + (1 — t)ar]>

P _ gP 1 _ 1-3
< ab(b? — a )(/ [1— 2t _ dt)
2p 0 [th? + (1 —t)a?] #

UL — 26 [t5 (@) |2 + m(1 — £)*[ f/(L2)|9] 7
5 (/O dt>

[t + (1 — t)ar] ">

b(bP — qP) 1-1 b %
= 0 1t o1 sup D @+ s i LN

Corollary 2.15. If we take s =m =1 in Theorem 2.14, we get

V@+ﬂ@_ﬂ@pbfwm
2 br — P o xpt+1

Q=

ab(b? —aP) 1-1
ol i) (1 L DT @ + a1 L) O

Corollary 2.16. If we take s =1 in Theorem 2.14, we get
‘f(a) +f(b)  plab)r [ f(z)
2

P _— qP p+1
a? J,

dx

1
ab(bP —aP) 1-1 b a
< 0ol bt [oa(1up LD @ + oL L L)1)

Corollary 2.17. If we take m = 1 in Theorem 2.14, we get

LOESOMEC Hug4

2 bp —ar J, xPtl

b(bP — gP) 1-1 a
< 0o bt [os s LI @ + s 50 DO

Corollary 2.18. If we take p =1 in Theorem 2.14, we get

yﬂ@;fw>_§@2[f6§d4

_ 1 b a
S wgi ! (15 17 11 a, b) |:U1(Sa 17 1;(1, b)|f/(a)|q + m02(57 17 17 a, b)|f,(m)|q:|
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Theorem 2.19. Let f : I C (0,00) — R be a differentiable function on I°, a,% € I° with a < b,

m € (0,1], f" € L[a,b] and p € R/{0}. If |f'|? is harmonically (p,(s,m))-convex in second sense on
[a, %] forg>1,1+ % with s € [0,1], then

fla)+ ) _ plabyr [* fG)
| |

bp — P a xrpt+1

1

_ ab(bp — ap) ( 1 )7’ |:w1(8,p7 q;a,b)\f/(a)lq +mw2(s,p,q;a,b)|f/(%)\q

2p p+1
where
s B s + 1) 2P (PED 155 42,1 — (8)7), p>0
wl(svpaq;aab) =
a(pil)qﬁ(s—i_l’l)'?F ((P+1) S+1 S+2 1_(2):0)7 p<0
and
1 1,1 (p+1)q 1; 2:1— (&) 0
b(p+1)<16(8+ ) ( s+ 1s+ (b) )a p>
w2(87p7Q;aab) =

s (L s +1). 2F((p21)q,1;8+2;1*(§)p)7 p<0

Proof. From Lemma, Power mean inequality and harmonically (p, (s, m))-convexity in second sense

of|f'|7 on [a

a, -], we have

’ﬂ®+ﬂ®_pWW’bme%

2 bp —ar J, xPt!
ab

: ab(bzp_ = /o1 [tbp+|(11_2t§ap]’T / /<[tbp+ (1 —t)ap]i> ‘dt
< ()
) (Al [th? + (1 _113) p) d < [tbP + (fb— t)ap]i>

D _ D 1 »
S ab(ba)(/ |1 _ 2t|pdt)
2p 0

X(/lwu<nq+m< >|f@)1ﬁ)3
0

1

7 \q
)

(pt+1)q

[tbe + (1 — t)ar] "

1

_ ab(b];p a?) (pi 1) ’ |:w1(57p7 g;a,b)| f'(a)|" + mwa(s,p, ¢ a, bﬂf’(rl:z)q} “

Corollary 2.20. If we take s =m =1 in Theorem 2.19, we get
LCES R, bf@hﬁ

2 bp —ar J, xPt!

1

- ab(b];p = (pw1L 1) ‘“ [wl(l,p,q;a,b)lf’(a)lq +wa(1,p, g0, b) | f' ()|
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Corollary 2.21. If we take s =1 in Theorem 2.19, we get

f@)+ () plaby [* fa)
2 bp —ap J, xp+1
_ab(b? — aP) 1 » ) 10 \lg . 0o q%
() [ maa I @ + mea(lpas )
Corollary 2.22. [If we take m =1 in Theorem 2.19, we get
‘f(a) +f(b)  plab)r [* f(z) d ‘
— x
2 bp — P a pt1

=“b(bp‘“”>( ! )p[wl(s,p,q;a,b)lf’(a)l"+W2(s,p,q;a,b)|f’(b)lq]q

2p p+1

Corollary 2.23. If we take p =1 in Theorem 2.19, we get

[1

2
3
4
5
©
[7

B

‘f(a);f(b) _ b(aﬁz /a" fg) dx’

! .
) [ Laablr @+ meae L ganlr ]

~ab(b—a) 1
B 2 r+1
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