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HERMITE-HADMARD TYPE INTEGRAL INEQUALITIES FOR (p,(s,m))-CONVEX
FUNCTIONS

IMRAN ABBAS BALOCH, IMDAT iSCAN

ABsTRACT. In this paper, we define a new generalized class of p-convex functions which includes
(s, m)-convex functions and harmonically (s, m)-convex functions as a special cases and establish some
new Hermite-Hadamard type inequalities for (p,(s,m))-convex functions.

1. Introduction

Let f: I C R — R be a convex function defined on the interval I of real numbers and a,b € I with
a < b, then following inequality

(1) () <52 /bfu)dmsf(a”f(b)

2 b—a 2

holds. The inequality (1.1) is known in the literature as Hermite-Hadamard integral inequality for convex
functions.It is important to note that some of the classical inequalities for means can be obtained from
(1.1) with the appropriate selection of the function f. Both inequalities in (1.1) hold in reverse direction
if f is concave. For the some results which generalize, improve and extend the inequalities (1.1), we
refer the reader to the recent paper (see [3,5,7,8,10,11,15]).

In [5], Dragomir gave the following Lemma:

Lemma 1.1. Let f : I° C R — R be a differentiable mapping on I° and a,b € I° with a < b. If
1 € Lla,b], then the following equality holds

b —a !
(1.2) f(a);f(b) — bia/ f(z)dz = b 5 /0 (1 —2t)f' (ta+ (1 —t)b)dt.

By using Lemma 1.1, Dragomir obtained the following Hermite-Hadamard type inequalities for the
convex functions.

Theorem 1.2. Let f : I° C R — R be a differentiable mapping on I° and a,b € I° with a < b. If
f' € Lla,b] is convex on [a,b], then the following inequality holds

b —a)(|f'(a 4
(1.3) ‘ﬂa);ﬂb)_bla/ f(m)dm‘g (b )(If(8)|+|f (0)]

Theorem 1.3. Let f: I° C R — R be a differentiable mapping on I° and a,b € I° with a < b and
p>1. If |f'|? € L[a,b] is convex on [a,b], then the following inequality holds

b —a "(a)]4 ! q%
(1.4) ’f(a);'f(b)_bia/ fla)da| < 2= {(lf() + /()]

2 )
where, ]%Jr % =1.

<

-

2(p+1)»
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Let A(a,b;t) =ta+ (1 —t)b, G(a,b;t) = a'b'~, H(a, b't)zﬁ and M,(a,b,;t) = (ta? + (1 —

)bp) p € R/{0}, be the weighted arithmetic, geometric, harmonic, power of order p means of two
positive real numbers a and b with @ # b for ¢t € [0 1] respectively. M,(a,b,;t) is continuous and strictly
increasing with respect to t € R for the fixed p € R/{0} and a,b > 0 with a # b. In [20], Niculescu gave
the definitions of convexities according to geometric mean as G A-convex, GG-convex and AG-convex.
In [9], I scan gave the definition of Harmonically convex and concave functions as follow

Definition 1.4. [9] A function f: I C R/{0} — R is said to be harmonically convex function if

(1.5) f<t:r—|—($1y—t)y> <1 =t)f(x)+tf(y), forallz,y€ Ky, te<]0,1].

for all z,y € I and ¢ € [0,1]. If the inequality in (1.5) is reversed, then f is said to be harmonically
concave.

The following result of the Hermite-Hadamard type holds for harmonically convex functions.

Theorem 1.5. [9] Let f : I C R — R be a harmonically convex mapping and a,b € I with a < b. If
f € Lla,b] , then the following inequalities hold

(1.6) f(a’zibb) <2 / f(a a);f(b)

the above inequalities are sharp.

Lemma 1.6. [9] Let f : I C R — R be a differentiable mapping on I° and a,b € I° with a < b. If
f' € Lla,b] is convex on [a,b], then

f(a) + f(z ab(b a) [* 1—2t , 1—2t
(17) 2 / az /0 T 0 —bap’ (tb—i—(l—t)a)dt'

Using Lemma 1.6, the followmg inequalities hold.

Theorem 1.7. [9] Let f: I° C (0,00) — R be a differentiable mapping on I° and a,b € I° with a < b.
If |12 € Lla,b] is harmonically convex on [a b] for ¢ > 1, then the following inequality holds

g OO I OO @+ s
where N ln<(a+b)2>7
b (h=a)y dab
Az = b(z;—1 o " (2(1—2;)3 In ((a4+a£)2)
A3 = a(bl_ a) (Za_tl)bi% In <(a4+azf)2) =AM

Theorem 1.8. [9] Let f: I° C (0,00) — R be a differentiable mapping on I° and a,b € I° with a < b.
If 1’17 € Lla,b] is harmonically convez on [a,b] for ¢ > 1, %—i—% =1, then the following inequality holds

R e T Bl G ORI
where
17D — )1~ 20) — a]
2(b—a)?(1—q)(1 —2q) ’
[P —al2)(b — a)(1 — 2¢) + b]]
T ) I G ) [ R R
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Definition 1.9. [13] The function f : (0,00) — R is said to be harmonically («,m)-convex, where
a € [0,1] and m € (0, 1], if

maxy t 1—-t o o
1.10 —_—) = -4+ — <t 1—-¢
(1.10) (=) = F(G + 5™ < @)+ ml1 = )£ )
for all z,y € (0,00) and ¢ € [0, 1]. If the inequality in (1.10) is reversed, then f is said to be harmonically
(v, m)-concave.

Definition 1.10. [1] The function f : I C (0,00) — R is said to be harmonically (s, m)-convex in
second sense, where s € (0, 1] and m € (0,1] i
may

Forrites) = 1+ 7)< 27w + (1= 071w
Vz,y € I and ¢ € [0,1].

T my

Remark 1.11. Note that for s = 1, (s, m)-convexity reduces to harmonically m-convexity and for
m = 1, harmonically (s,m)-convexity reduces to harmonically s-convexity in second sense and for
s,m = 1, harmonically (s, m)-convexity reduces to ordinary harmonically convexity .

I. A. Baloch et al. established some Hermite-Hadamard type inequalities for Harmonically (s, m)-
convex functions in second sense in [2].
In [21], Zhang and Wan gave definition of p-convex functions and we will consider the definition of
p-convexity in the following reference:
I. Iscan. Ostrowski type inequalities for p-convex functions, Researchgate doi: 10.13140 /RG.2.1.1028.5209.
Available online at https://www.researchgate.net/publication /299593487 .

Definition 1.12. Let I be a p-convex set. A function f : I — R is said to be a p-convex function or

belong to the class PC(I), if

(L.11) meﬁ+(1aMH%>So¢m»+<IMf@)

forallz,ye I,a€[0,1]andp=2k+1lorp=2,n=2r+1, m=2t+1and k,r,t € N.

m

Example 1.13. Let f:(0,00) = R, f(z) =2P,p#0and g: (0,00) = R, g(z) = ¢, c € R, then f and
g are both p-convex and p-concave functions.

In [21], if we take I C (0,00), p # 0 and h(t) = ¢, then we have following theorem

Theorem 1.14. Let f: I C (0,00) — R be a p-convex function, p € R/{0} and a,b € I with a <b. If
f € Lla,b], then we have

1.1 qu+wr>§bp bﬂww<ﬂ®;ﬂw

2 p—qp J, xl-P "

For some results related to p-convex functions and its generalizations, we refer the reader to see
[12,6,17,18,19,21].
In [17], if we take I C (0,00) and p € R/{0}, then we have following lemma

Lemma 1.15. Let f: I C (0,00) — R be a differentiable mapping on I° and a,b € I° with a < b and
p € R/{0}. If f' € Lla,b] , then

fla) + f(b) D b f@), b —ar [ 12t , o1
(1.13) 5 o ), Gopdr = % /0 [tal’—i—(l—t)bp]l*%f([mp+(17t)bp] v )dt

Remark 1.16. In Lemma 1.15,
(i) If we take p = 1, then we have equality (1.2) in Lemma 1.1.
(ii)If we take p = —1, then we have equality (1.7) in Lemma 1.6.
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For finding some new inequalities of Hermite-Hadamard type for functions whose derivatives are p-
convex, I'scan [14] used Beta function, Gamma function and integral form of the hypergeometric function
which are defined as follows

Bla.g) - D)

! -1 B—1
F(a+6):/0t (1—t)%1dt, o, 8> 0

INEY! :/ t*teTtdt, a >0
0

and

1
2 F1(a, By, 2) = m/o P — )P A —2t) Y, v > >0, |2 < 1

Theorem 1.17. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R/{0} and f' € Lla,b]. If |f'|? is p-convex on [a,b] for ¢ > 1, then

f(a)+f(b) p bf(m) bp_ap 1_% / q / ql
(119 e |, | < TG G @)+ Gl B,
where
G=Ciabn = H(CEE)T
1= 01(a,05p) = 4 5
1 aP —bP 1 bP — aP
X[2F1<1—p7233 P+bp>+2Fl<1 ,2;3§M>}7
1 [a? +bP p1
Gr=Calatin) = 5i(57)
1 aP — bP 1 bP — aP
Fill—-,2:4 F{l—-,2:3; ———
X[2 1( 7 ’ap+bp>+62 1( ; ’37ap+bp>

1 bP — aP
Fi(1-2>,2i4———
+2 1( pa ) ’ap—i-bP)]’

Cs = C3(a,b;p) = C1 — Cy

Theorem 1.18. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R/{0} and [’ € L{a,b]. If |f'|? is p-convex on [a,b] for ¢ > 1, % + % =1, then

a b flx —aP v 1
(i  |[f@rie) f<>dx‘<bp (-57) )t @i+ cilrmimt,

2 o —ar f, xlP 2p r—+1
where
o P (g —2,1;3;1— (2)P), p<0
Oy = Cula,bspsq) = 297 "7 AP a\pY
4= Calabipig) {zbqiq.zFl(q—g,2;3;1—(b>"), p>0
1 b
sa—roF1(qg—2,2;3;1—(2)P), p<O0
Cs = Cs(a,biprq) = { 27" 2l a\py,
5= Csla,bipig) { g2 Fi(a = L1131 —(§)P), p>0

Theorem 1.19. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R/{0} and f' € L[a,b]. If |f'|7 is p-convez on [a,b] for ¢ > 1, L + % =1, then

f@+f0) v @), bp—apc;< ! )‘1’[|f’(a)q+|f’(b)lq‘lf
2 b —ap |, xl-P 2p S \g+1 2 ’

(1.16) m' <
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where

1 T b
o (r—=t 1'2’1_(*)1)) p<0
Cs = Cgla,bipiq) =4 o772 a’l U’
6 6( p Q) { brpl—r-QFl(r a17211 (3)}?)’ p>0

2. Main Results

Now, we define the class of (p, (s, m))-convex functions which unifies different type of convexities
and using Lemma 1.15, we introduce more general Hermite-Hadamard type inequalities for this class of
functions.

Definition 2.1. The function f : (0,6*] — R, b* > 0 is said to be (p, (s,m))-convex function in first
sense, where s € (0, 1] and m € (0, 1], if

(2.1) f@m¢+«1—txmyvﬁ)fsﬁfu>+nw1—tﬂf@>

for all z,y € (0,b*], t € [0, 1].
If the inequality (2.1) is reversed,, then f is said to be (p, (s, m))-concave function in first sense.

Definition 2.2. The function f : (0,b*] — R, b* > 0 is said to be (p, (s, m))-convex function in second
sense, where s € (0, 1] and m € (0, 1], if

(2.2) mef+«1—txmyVﬁ)<<ffm>+nw1—w%ﬂw

for all z,y € (0,b*], t € [0, 1].
If the inequality (2.2) is reversed,, then f is said to be (p, (s,m))-concave function in second sense.

Remark 2.3. Note that for p = 1, (p, (s, m))-convexity in first and second sense reduce to (s, m)-
convexity in first and second sense respectively and for p = —1, (p, (s,m))-convexity in first and second
sense reduce to harmonically (o, m)-convexity and harmonically (s, m)-convexity in second sense re-
spectively.

Proposition 2.4. Let I C (0,00) be a real interval, p € R/{0} and f: I — R is a function, then;
(1) if p<1 and f is (s,m)-convex and nondecreasing function then f is (p, (s, m))-convez.

(2) if p>1 and f is (p, (s,m))-convex and nondecreasing function then f is (s, m)-convex .
(8)ifp<1andf is (p,( m))-concave and nondecreasing function then f is (s, m)-concave.

(4) if p>1 and f is (s, ) -concave and nondecreasing function then f is (p, (s, m))-concave.

(5) if p > 1 and f is (s,m)-convex and nonincreasing function then f is (p, (s, m))-convez.

(6) if p<1 and f is (p, (s,m))-convex and nonincreasing function then f is (s, m)-convex .

(7) if p>1 and f is (p, (s,m))-concave and nonincreasing function then f is (s, m)-concave.

(s,m

(8)ifp<1and f is (s ) -concave and nonincreasing function then f is (p, (s,m))-concave.

Proof. Since g(x) = P, p € (—o00,0) U [1,00) is a convex function on (0,00) and g(x) = 2P, p € (0,1] is
concave function on (0,1), the proof is obvious from the following power mean inequalities

[t2? + (1 — ) (my)"]> >tz + (1—t)(my), p>1

and

=

2P+ (1= )my)?]¥ < b+ (1 - 1)(my), p <1
for all z,y € (0,00) and t € [0, 1]. O
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Proposition 2.5. If [ : [a,b] C (0,00) — R and if we consider the function g : [a?,b?] — R defined by
g(t) = f(t%), p # 0, then f is (p, (s,m))-convez if and only if g is (s, m)-convex on [a?,bP].

Theorem 2.6. Let function f : (0,b*] — R, b* > 0 be (p, (s,m))-convex function in second sense, where
s € (0,1] and m € (0,1]. Then, following inequality holds for all a,b € (0,b*] with a < mb < b.

P "), f@tmi)
(23) by —ar J, w ST R

Proof. Since, f is (p, (s, m))-convex in second sense. Hence inequality (2.2) holds for all a,b € (0, b*]
with a < mb < b and by integrating it we obtain

(mb)f_ap ambﬁfzdff = /Olf([tau(l—t)(mb)p]é)dt

1
/0 [£°F(a) + m(1 — 0)° F(b)dt

fla) +mf(b)
s+1

IN

O

Theorem 2.7. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R/{0} and [’ € Lla,b]. If |f'|? is (p, (s, m))-convex on [a,b] for ¢ > 1, then
0 f@ S0 p [, <2

2 bp —ap |, xl-P

2 < = T+ sl F )]

where

BPB(L,2).2 (1 - 5, 1531 — ()P)
= 01PB(2,1) 2P (1~ 5,231 — (§)P)

P py1—21 P_qP
+ (%) pﬁ(2’ 1)2F1(1_1%72737 ngrap)v p>0
nl(aab;p) = )
a'"PB(2,1)2F1 (1~ 5,231 — (2)7)
—a'PB(1,2).0F1(1 - 1,131 = (2)P)

+20 7% PB(1,2) o Fy (1 - L1311 -

)
3 B(5+1,2)0F1 (1= L5+ 155 +3; 5(1 = (§)
— b PB(s+1,2)0F (1 — L s +1;5+3;1—(
FOPB(s+2,1) (1 - 5,5+ 255+ 31— (
nl(aab;p) =
at=PB(1,s +2).0Fy (1 — % Lis+3;1—(2)P)

—a' B2, s+ 1) Fi(1 - £, 255+ 31— (2)P)

+ mﬁ(zs +1)oFi(1— 1,25+ 3, 470), p<0

and

_1 P _oP
2%(@133.{;17)1 P (275+1)'2F1(17%72;5+3; ZP+bP)
=0 B2, 5+ 1) Fi(1 - 5,25 + 351 — (§)P)
F PRl s +2)0Fi(1 - 5, s+ 351 — (§)P), p>0
m(a,b;p) =
al_pﬁ(s+2,1).2F1(1—%,54—2;54—3;1—(2)7")
—a"PA(s+ 1,2) 0 Fi(1 = 1,5+ 155 +3;1 = (2)P)
+;al—%(sﬂ,z).gﬂ(l—%7s+1;s+3;M), p<0

2aP
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7

Proof. From Lemma 1.15, by using power mean integral inequality and by (p, (s, m))-convexity in second
sense of |f’|7 on [a, b], we have

fl@+f0®)  p

@),

2 bP — aP

It is easy to check that

J

|1 — 2t

11— 2t|ts

I

—dt
tap + (1 — t)br]' 7

1
—dt
[tap 4 (1 — t)br])' " »

1—
a TP

x ‘

- bPQ_pap /01 — (11_2;)1)17]1‘ ’([tap +(1- t)bp]117> ’dt
= bp2_pap </o1 [ta? +|(11—2tt)|bp]1‘i dt) -

([ il o sa-om) o)
<

bp—ap</1 11— 2t] )1‘3
T dt
2p 0 [ta? + (1 —t)br] ">

U1 = 2t)[t°] £ (a) |7 + m(1 — £)°| F(B)|9) \ *
x(/o [tar + (1 — t)br]) > )

P —aP 1

- Tm_%[nzlf( )7 + s (B3

H (1-2t) ! (2t —1)

/0 [ta? + (1 — t)bv])'~ % e /2 [ta? + (1 — t)bv])'~» “
' (1-t) [ t

/0 [ta + (1 = t)br] % “ /o [tar + (1 — t)br)' > "

! (2t — 1)
2/; [ta? + (1 —t)bp]' "> a

PPB(L2)0F (1= 131 = (§)7)
—b17PB(2,1).0Fy (1 — 1 123, 1 —(9)P)
() B DR - LB ) p>0

p? <1 ppfap

al=PB(2,1).0F1 (1 — l ,2;3;1— (2)P)
— al’pﬂ(l,Q).zFl(l - 113, 1;3;1 — (*) )

+27 21 PA(1,2) 2Py (1 - L1531 51— (2)P), p<0
m(a,b;p),

% _ S 1 _ s
2/ (1 —2t)t it +/ (2t — 1)t at
0 [ta? + (1 — t)bP]k* 0 [ta? + (1 — t)bp]F;

(S—|—12)2F1(1—*S+18+3 ( (%)p))
—b1 PB(s+1, 2)2F1(1—7 s+ 1; 3—|—3 1= (§)P)
DTG+ 2, 1) (- s+ 2s 1 31-(2)),  p>0

a'PB(1L s +2).0 (1 -1, 155+ 31— (§)P>
falfpﬁ(2 s+ 1)2F1(1— 3,2 5+3 1f(f) )

B2 s+ )R- 2548 822), p<0

2s (aP-i-bP)

772(0’7 bvp)7
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_1 _a
%(ﬁ)l P5(275+1)~2F1(1—,%,2;84-3;%)
—bl_pﬁ(2,8+1).2F1(1—%,2;84—3;1—(%)7’)

1=rp(1 2F (1211 (1 — (%)
/1 L-oa-nr 0B s +2) 01— Lis+31-(5)7),  p>0
1-1 -
0 [ta? + (1 —)br) "% A PB(s+2,1)2F(1— L s+ 25 +31— (L))
—a'"PB(s+1,2)0F1 (1= L5+ 155+ 31— (2)P)
+ 950 PA(s + 1,2) 0 Fi(1 = L5+ 155 + 3 @by p <0

2aP
= n3(a,b;p),

Remark 2.8. If we take s = m = 1 in Theorem 2.7, we obtain the inequality (1.12). If we take
s=m=1and p=—1 in Theorem 2.7, we obtain the inequality (1.8).

Corollary 2.9. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R/{0} and f' € Lla,b]. If |f'| is (p, (s,m))-convex on [a,b] , then

o) f@+i®) bf(x)d‘

< bP — aP
x
2 b —ap [, xl-P 2p

(2] f ()] + mns| £ (D)]]-
where Ny and ns are defined as in Theorem 2.6.

Remark 2.10. If we take s = m = p =1 in Corollary 2.9, we obtain the inequality (1.3).

Theorem 2.11. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R/{0} and f’ € L[a,b]. If | f'|? is (p, (s,m))-convex on [a,b] for g > 1, % + % =1, then

ne  |[f@EI0)  p @) o] < V2]

! q a3
Tl o () @+l

where
VITPIB(s +1,1) 2k (g — L5+ 15s + 21— (§)F), p>0
naa,b;p;q) = ;
aq_pqﬁ(l,s—l—l).gFl(q—%,1;84—2;1—(g)p), p<0
and
b1 PI5(1,8 4+ 1).2F1(q — %,1;5—1—2;1—(%)”), p>0
na(a, b;p; q) =

a?™P1B(s + 1,1).0F1 (g — 4,5+ 155+ 2,1 — (2)F), p<0

a
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Proof. From Lemma 1.15, Holder’s inequality and the (p, (s, m))-convexity of |f'|? on [a,b], we have

fla)+f0)  p  ["f@) b —ar [ 1- 2t i1
> i r— ’ xl—pdz < % /0 [tap+(1—t)bp]17’ ([ta + (1 —¢)bP) >‘dt
bP — aP 1 » »
< V([ )
1 1 NN
/ P _ -
><(/o [tap+(1—t)bp]q_i / ([m + =0l ) dt)
<

bpdp(/ 12t|pdt>
X(/o [tap+(1

= T2 (5a) @+ s

1

@]+ m( —t)“"f(b)lq]dt>q

£)bP)1™

‘d\*—' ‘

where an easy calculation shows that

1 15
7dt = n4(a,b;p;q
/0 tar 1 (1w 5t = )

1 5
(1-1¢)°

rdt = ns(a, b;p;q

/0 [ta? + (1 — t)br]7— % ol )

Remark 2.12. In Theorem 2.11

()If we take s = m = 1, we obtain the inequality (1.13).

(2)If we take s = m = p = 1, we obtain the inequality (1.4).
(3)If we take s = m =, p = —1, we obtain the inequality (1.9).

Theorem 2.13. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R/{0} and f’ € Lla,b]. If |f'|% is (p, (s,m))-convez on [a,b] for ¢ >1, L + é =1, then
(2.7)
fa) + f(b) P bf(x)d bP—af 1 1 L \7(1f(@)|+m|f(b)[")*
- —axr < Tlg + y
2 b —ap J, x1-P 2p 25(s+1)(s+2) s+2 2

where

br_prﬂ(l,Q).zFl(T— £,1;3;1— (a) )

b A(2,1) 0 Fy (o T 231 — (2)7)

+(a1’—2i-bp )T_75(2 1) 2F1( = 2 3’ gi;g:) p> 0

n6(a, b;p;r) =

a” P2, 1) Fi(r — £,2;3;1 = (5)P )
—a" P B(1, 2)2F1(7’—771731 (£)P)

+a" P B(1,2).0F (1 — v 133 M), p<0

2aP
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Proof. From Lemma 1.15, Holder’s inequality and the (p, (s, m))-convexity of |f'|? on [a,b], we have

f(a) + f(b) p bf(x)dm‘ WP — P /1
0

2 b —ar f, P 2p

1-—2t
[ta + (1 — t)bp]" %

: 2_pap </o1 [tar + |(11_—2tt>|bp]” dt)
x(/ol 11— 2¢) f’([tap +( —t)bp]é)
: 2_pap </o1 [tar + |(11_—2tt)|bp]” dt)
<[ 1= 2@+ m 1))

p_a s 1 L@ mlr @)
B 9p 10 (2S(s+1)(s+2) S+2> < 2 ) ’

f’([tap +(1— t)bp]i> ’dt

e

IN

0\
dt)

3=

IN

1
q

Where an easy calculation gives

1
11— 2t
=dt = ng(a, b;p;r
/o[tap+(1—t)bp]’”p 1 (a, b i)
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