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INTEGRAL INEQUALITIES FOR DIFFERENTIABLE HARMONICALLY
(s,m)-PREINVEX FUNCTIONS

IMRAN ABBAS BALOCH, IMDAT ISCAN

ABSTRACT. In this paper, we define a new generalized class of preinvex functions which includes
harmonically (s, m)-convex functions as a special case and establish a new identity. Using this identity,
we introduce some new integral inequalities for harmonically (s, m)-preinvex functions.

1. Introduction

In this section, we recall some basic concepts, properties and results in the convex analysis. For more
details, see [25, 50] and the references theirin. Let K be a set in the finite dimensional Euclidean space
R™,whose inner product and norm are denoted by (.,.) and ||.|| respectively.

Definition 1.1. A set K in R" is said to be a convex set, if and only if,
(I-thu+tve K, forallu,v € K,t €]0,1].
Definition 1.2. A function f on the convex set K is said to be a convex function if and only if
f(A=tu+to) <A —=t)f(u)+tf(v), forallu,v € K,t €][0,1].
For the differentiable convex function, we have the following interesting result.

Theorem 1.3. [55] Let K be a nonempty convex set in R™, and let f be a differentiable convex function
on the set K. Then u € K is the minimum of f if and only if u € K satisfies the inequality

(f'(u),v—u) >0, forallve K.
Definition 1.4. [13] A set K,, C R is said to be invex set with respect to the bifunction 7(.,.) if and
only if
z+tn(y,z) € Ky, forall z,y € K,, tel0,1].

The invex set K, is also called n-connected set. Note that, if (b, a) = b — a, then invex set becomes
the convex set. Clearly, every convex set is an invex set but converse is not true in general.

Definition 1.5. [57] Let K, be an invex set in R. Then, a function f : R — R is said to be preinvex
function with respect to the bifunction 7(.,.) if and only if

fle+tn(y,xz) < (1 —t)f(z) +tf(y) forall z,y € K,, te|0,1].

Theorem 1.6. (28] Let K, be an invex set in R and let f be a differentiable preinvex function on set
K,. Then u € K, is the minimum of f if and only if u € K,, satisfies the inequality

(f'(u),n(v,u)) >0, forallveK,.

Definition 1.7. [15] A set K;, C R/{0} — R is said to be a harmonically convex set if and only if
uw

——— € Ky, llu,ve Ky, tel0,1].

T pr— n, forall u,v h [0,1]
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Definition 1.8. [15] A function f : K C R/{0} — R is said to be harmonically convex function if and
only if

f<m+f1y_t)y> <A =0)f(x)+tf(y), forallz,ye Ky, t€0,1].

Definition 1.9. [4] The function f : I C (0,00) — R is said to be harmonically (s, m)-convex in second
sense, where s € (0,1] and m € (0,1] if

f(

Va,y € I and t € [0, 1].

t 1—-t _

mi =) ~ NG, SEI@ A m =)

maxy

Remark 1.10. Note that for s = 1, (s, m)-convexity reduces to harmonically m-convexity and for
m = 1, harmonically (s,m)-convexity reduces to harmonically s-convexity in second sense and for
s,m = 1, harmonically (s, m)-convexity reduces to ordinary harmonically convexity .

Definition 1.11. [49] A set I = [a,a+7(b,a)] C R/{0} is said to be a harmonic invex set with respect
to the bifunction 7(,) if and only if

z(x +n(y, =)
z+ (1= t)n(y, =)
Definition 1.12. [50] Let h : [0,1] € J — R be a non-negative function. A function f : I — [a,a +

n(b,a)] C R/{0} — R is relative harmonic preinvex function with respect to an arbitrary nonnegative
function h and an arbitrary bifunction 7n(,) if

el, forallz,yel, t€l0,1]

2(z + n(y, 7))
/ ( R

Condition C: Let I C R be an invex set with respect to bifunction n(,) : I x I — R. For any
x,y € I and t € [0,1], we have

> <h(l—=t)f(x)+h@®)f(y), forallz,ye I, tec]|0,1]

n(y,y +tn(z,y)) = —tn(z,y)

n(@,y+tn(z,y) = (1—t)n(z,y)
Note that for every x,y € I, t1,ts € [0,1] and from condition C, we have

n(y +tan(z,y), y + tn(z,y)) = (t2 — t1)n(x, y)

2. Main Results

Now, we define the class of harmonically (s, m)-preinvex functions which is motivated by the definition
of harmonically (s, m)-convex functions defined by I. A. Baloch et al. [4].

Definition 2.1. A function f : [a,a + n(b,a)] C R/{0} — R is said to be harmonically (s, m)-preinvex
functions with respect to the bifunction n(, ), if

s x(z +n(my,x)) | _ (t 1—t

-1
v+ tn(my, z) e x+n(my)> <t () +m(l =) f(y)

for all z,y € [a,a + n(b,a)], with x < my, t € [0,1], s € (0,1], m € (0, 1].

Note: if n(y,x) = y — x, then harmonic (s, m)-preinvexity reduce to harmonic (s, m)-convexity.
We need the following identity, which plays an important role in the derivations of our main results.
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Lemma 2.2. Let f : [a,a+n(mb,a)] CR/{0} — R be a differentiable function on the interior of I° of
I. If f € [a,a 4+ n(mb,a)] and X\ € [0,1], then

T ¢(a,a+n(mb,a); \)

_a(a+n(mb,a))n(mb, a) 2 A — 2t ,{ ala +n(mb,a))
N 2 [/0 (a + tn(mb, a))Qf < a + tn(mb )dt

! / it e )

Ys(a,a+n(mb,a); \)

-

where

dx

_ 2a(a + n(mb, a)) fa) + fla+n(mb,a)]  2a(a+n(mb,a) [T f(z)
- (1_/\)f< 2a + n(mb, a) > +)\{ 2 } B n(mb, a) /a T2

Proof. Integrating by parts, we have

ala + n(mb a))n(mb,a / A—2t ,( ala +n(mb,a))
I = dt
o (a+tn(mb,a))? a + tn(mb, a)

_ 1—Af<2a(a+n(mb7a))> +%f(a+77(mb,a)) _/O%f<m+”(mb’a)))dt,

2 2a + n(mb, a) a + tn(mb, a)
and
a(a, a—l—nmba Lot —240 ,(a(a+ n(mb,a))
I, = dt
1 (a+tn(mb,a))? a + tn(mb, a)
1— X,/ 2a(a+ n(mb,a)) 1 a(a + n(mb, a))
_ — 2\ dt
2 f< 2a + n(mb, a) >+ %f x + tn(mb, a)
Thus
I + I
9 a+mn(b,a)
Y 2a(a +n(mb,a))\ [ f(a)+ fla+n(mb a))]  2a(a+n(mb a)) / f@) 4.
2a + n(mb, a) 2 n(mb, a) “ x?
which is the required result. (]

Theorem 2.3. Let f : [a,a + n(mb,a)] C R/{0} — R be a differentiable function on the interior I° of
I. If ' € [a,a+n(mb,a)] and |f'|? is harmonic (s, m)-preinvez function on I for ¢ > 1 and X € [0,1],
then

’Tf(a,aJrn(mb,a);)\)‘

a(a + n(mb, a))n(mb, a)
- 2

{Ul(a, by AN "5 {oa(a, b N, 8)|f(a)|? + mos(a, by N, s)| f/(B)|7} @

Fou(a,b; )7 {og(a, b A, 8)| ()| + maos(a, b; A, 8)| f/()|7} 7

where one can evaluate these integrals using any mathematical software (i.e maple).

T a—2t
b= [ — 2T g
71(a5:4) / (@ t(mb, a))?

A —2t|(1—t)°
b; N\, s) = —
0’2(@, 5 75) /0 (a+tn(mb,a))2

T A2t
7b;A7 - —’
oa(a,b A, 5) /0 T
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bo2—2t-
04(a,b;)\)=/ (lt/\dt

a + tn(mb, a))?

T 2-2t— A|(1—0t)°
7b;)\7 - b
tin) = [

12— 2t — AJt*
bids) = [ AZT AL
ool b\, s) /0 T

Proof. Using Lemma 2.2 and the power mean inequality, we have

’Tf(a,aJrn(mb,a);/\)‘

_ ala+n(mb, a))n(mb,a) [/ : 1A — 2t

2 a + tn(mb, a))? a + tn(mb, a)
Lo2—2t— ) ,(ala+n(mb,a))
+/; (a+ tn(mb,a)? | < a+ tn(mb, a) )M

< a(a+77(mb,2a))n(mb,a) [(/Oé Wdt)l‘l‘

(/ armar i)

" (/ it R th) 1
- a(a+n(mg,a))n(b,a){< /%( |A(2;f| . dt)“
- o (a+tn(md,a))?
<[ : i @I+ w1 = o7l @)
+</ <a|i;n?;;,2>>2>l_é
«( / 1 I @+ mG —t)Sf'(bW}dt);]

= aa+ n(mbéa))n(mb, e) |:O'1(a, b; /\)1_% {o2(a,b; A, 8)| f'(a)|? + mos(a, b; X, 5)|f’(b)|q}%

f <a(a + n(mb, a))) ‘dt

1

q q
)

Q=

,(a(a+n(mb, a)))

a + tn(mb, a)

Q

=

Fo(a b N {os(a b A, )| (0)]? +mo—6<a7b;x,s>|f'(b>m%},

which is the required result. O

If ¢ = 1, then Theorem .. reduces to the following result, which appears to be a better mew one than
already exists.
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Corollary 2.4. Let f : [a,a+n(mb,a)] CR/{0} — R be a differentiable function on the interior of I°
of I. If ' € [a,a+n(mb,a)] and |f’| is harmonic (s, m)-preinvex function on I and X € [0,1], then

’Tf(a, a+ n(mb,a); \)

< a(a + 77(mb,2a))77(mb7 a)

[{agm, b\, ) + mos(a, b A, )} f/()]

+{o5(a,b; \, s) + mog(a,b; A, s)}|f’(b)|} ,
where oo(a,b; A, s), o3(a,b; A, 8), os(a,b; A, s), og(a,b; A, s) are given as in Theorem...

Theorem 2.5. Let f : [a,a + n(mb,a)] CR/{0} = R be a differentiable function on the interior of I°
of I. If f" € [a,a+n(mb,a)] and |f'|? is harmonic (s, m)-preinvex function on I for p,q > 1, 1%—|—% =1
and X € [0,1], then

]Tf<a,a+ n(mb, am)\

< ala + 7](mb,2a))n(mb7 a)

m

I @I + sl om)

[on(atir ) (10~ 5

Hosta,bx o) ({m(l - ZlF O + gl @ )

where
B |A —2tP
by A = dt
o’7<(l, ) 7]9) /0 (a+tn(mb,a))2p )

1
|2 — 2t — AP
b\, p) = .
os(a,b; A, p) /é (a + ty(mb, a))?»

Proof. Using Lemma 2.2 and Holder’s integral inequality, we have

T (aya + n(mb, am)\

a(a + n(mb, a))n(mb, a) B [A — 2t
= 2 [/0 (a + tn(mb,a))?

* /; miln?;;i'))g f
. a(a,a+77(ms, a))n(mb, a) K/O% . J;tg,j;ji))gpdt);(/j (o (g
(f ) (] () 4)'

a+ tn(mb, a)

N /1 |2 — 2t — AP it
1 (a+tn(mb,a))?P

()

(et )

N
)

I (a(a + n(mb, a)))

=

</;{t5|f/(a)q +m(1— t)s|f/(b)|q}dt) é}
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+(AIWE¢£;@2;%dQ;<“M1QLJU“®q+2i1waﬂ)q

The proof completes. O

Theorem 2.6. Let f : [a,a + n(mb,a)] C R/{0} — R be a differentiable function on the interior I° of
I. If f' € [a,a+n(mb,a)] and |f'|? is harmonic (s, m)-preinvex function on I for p,q > 1, %—i—% =1
and A € [0,1], then

’Tf(a,aJrn(mb,a);A)‘

a(a + n(mb,a))n(mb, a) y ()\pH + (1 = N\)Ptt

N 2 2(p+1) ) |:(0'9(aab;/\aQ)|f,(a)q+m0'10(a,b; /\’q)|f’(b)|Q)§

+wumwMANme+nwumwug»f@wﬁ]

where

[SE

tS

b rp) = [

gy [F -y
UlO(a,b,)\,p) _/0 (a+t77(mb, a))gq

1 s
o11(a, b; A, p) :/; (a+tn(mb’“))2th

alg(a,b;A,p):A( (1—1t)*

a + tn(mb, a))%

Proof. Using Lemma 2.2 and the Holder’s integral inequality, we have

Y¢(a,a+ n(mb, a);A)‘

dt

a(a+n(mb,a))
a(a +n(mb,a))n(mb, a) | attn(mb,a)
- 2 (a + tn(mb, a))?

f/ <a(a+n (mb, a)))
1 a+tn(mb,a)
2—-2t— )\ dt
*é' i)
a(a+n(mb,a
f/ < a+t777’(mb a)))>

a(a + n(mbéaDn(mb’ @) K /0é A — 2t|pdt> p (/o (a +tn(mb, a))?
th> é}

f/ <a(a+7](mllj a))))
a+t'r]m a
(/ 2o "’dt) (/;
1
2

(a -+ t)n(mb, a))?
am+nmwﬂ»Mma@[(A%A_%Pﬁ>%

IN

é
ﬁ)

- 2

1

x ('f'(a”q /05 (ot tn(t;zb, gt +mifOF /0; (a+ iz(;ntb)ia»?q dt) 1

o f - WWY(f“”éimuﬁkﬂwﬂ“wwwwAﬁméiﬁlwﬂﬁT

2
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1

a(a + n(mb, a))n(mb, a) <)\p+1 + (1= N\)Ptt

2 20+ 1) ) {(”g(“’b; )l (@] +mao(a;bi A q) £ (6)])

Ho11(a, b0, @) f'(@)|7 + mara(a, b A, q)| f/(0)|9) @

This completes the proof. O
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