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Abstract. In this paper, we define a new generalized class of preinvex functions which includes
harmonically (s,m)-convex functions as a special case and establish a new identity. Using this identity,
we introduce some new integral inequalities for harmonically (s,m)-preinvex functions.

1. Introduction

In this section, we recall some basic concepts, properties and results in the convex analysis. For more
details, see [25, 50] and the references theirin. Let K be a set in the finite dimensional Euclidean space
Rn,whose inner product and norm are denoted by 〈., .〉 and ‖.‖ respectively.

Definition 1.1. A set K in Rn is said to be a convex set, if and only if,

(1− t)u+ tv ∈ K, for all u, v ∈ K , t ∈ [0, 1].

Definition 1.2. A function f on the convex set K is said to be a convex function if and only if

f((1− t)u+ tv) ≤ (1− t)f(u) + tf(v), for all u, v ∈ K , t ∈ [0, 1].

For the differentiable convex function, we have the following interesting result.

Theorem 1.3. [55] Let K be a nonempty convex set in Rn, and let f be a differentiable convex function
on the set K. Then u ∈ K is the minimum of f if and only if u ∈ K satisfies the inequality

〈f ′(u), v − u〉 ≥ 0, for all v ∈ K.

Definition 1.4. [13] A set Kη ⊆ R is said to be invex set with respect to the bifunction η(., .) if and
only if

x+ tη(y, x) ∈ Kη, for all x, y ∈ Kη, t ∈ [0, 1].

The invex set Kη is also called η-connected set. Note that, if η(b, a) = b− a, then invex set becomes
the convex set. Clearly, every convex set is an invex set but converse is not true in general.

Definition 1.5. [57] Let Kη be an invex set in R. Then, a function f : R → R is said to be preinvex
function with respect to the bifunction η(., .) if and only if

f(x+ tη(y, x)) ≤ (1− t)f(x) + tf(y) for all x, y ∈ Kη, t ∈ [0, 1].

Theorem 1.6. [28] Let Kη be an invex set in R and let f be a differentiable preinvex function on set
Kη. Then u ∈ Kη is the minimum of f if and only if u ∈ Kη satisfies the inequality

〈f ′(u), η(v, u)〉 ≥ 0, for all v ∈ Kη.

Definition 1.7. [15] A set Kh ⊂ R/{0} → R is said to be a harmonically convex set if and only if
uv

v + t(u− v)
∈ Kh, for all u, v ∈ Kh, t ∈ [0, 1].
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Definition 1.8. [15] A function f : Kh ⊂ R/{0} → R is said to be harmonically convex function if and
only if

f

(
xy

tx+ (1− t)y

)
≤ (1− t)f(x) + tf(y), for all x, y ∈ Kh, t ∈ [0, 1].

Definition 1.9. [4] The function f : I ⊂ (0,∞)→ R is said to be harmonically (s,m)-convex in second
sense, where s ∈ (0, 1] and m ∈ (0, 1] if

f
( mxy

mty + (1− t)x
)

= f
(
(
t

x
+

1− t
my

)−1
)
≤ tsf(x) +m(1− t)sf(y)

∀x, y ∈ I and t ∈ [0, 1].

Remark 1.10. Note that for s = 1, (s,m)-convexity reduces to harmonically m-convexity and for
m = 1, harmonically (s,m)-convexity reduces to harmonically s-convexity in second sense and for
s,m = 1, harmonically (s,m)-convexity reduces to ordinary harmonically convexity .

Definition 1.11. [49] A set I = [a, a+ η(b, a)] ⊆ R/{0} is said to be a harmonic invex set with respect
to the bifunction η(, ) if and only if

x(x+ η(y, x))

x+ (1− t)η(y, x)
∈ I, for all x, y ∈ I, t ∈ [0, 1]

Definition 1.12. [50] Let h : [0, 1] ⊆ J → R be a non-negative function. A function f : I → [a, a +
η(b, a)] ⊆ R/{0} → R is relative harmonic preinvex function with respect to an arbitrary nonnegative
function h and an arbitrary bifunction η(, ) if

f

(
x(x+ η(y, x))

x+ (1− t)η(y, x)

)
≤ h(1− t)f(x) + h(t)f(y), for all x, y ∈ I, t ∈ [0, 1]

Condition C: Let I ⊂ R be an invex set with respect to bifunction η(, ) : I × I → R. For any
x, y ∈ I and t ∈ [0, 1], we have

η(y, y + tη(x, y)) = −tη(x, y)

η(x, y + tη(x, y)) = (1− t)η(x, y)

Note that for every x, y ∈ I, t1, t2 ∈ [0, 1] and from condition C, we have

η(y + t2η(x, y), y + t1η(x, y)) = (t2 − t1)η(x, y)

2. Main Results

Now, we define the class of harmonically (s,m)-preinvex functions which is motivated by the definition
of harmonically (s,m)-convex functions defined by I. A. Baloch et al. [4].

Definition 2.1. A function f : [a, a+ η(b, a)] ⊆ R/{0} → R is said to be harmonically (s,m)-preinvex
functions with respect to the bifunction η(, ), if

f

x(x+ η(my, x))

x+ tη(my, x)

 = f

(
t

x
+

1− t
x+ η(my, x)

)−1
≤ tsf(x) +m(1− t)sf(y)

for all x, y ∈ [a, a+ η(b, a)], with x < my, t ∈ [0, 1], s ∈ (0, 1], m ∈ (0, 1].

Note: if η(y, x) = y − x, then harmonic (s,m)-preinvexity reduce to harmonic (s,m)-convexity.
We need the following identity, which plays an important role in the derivations of our main results.
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Lemma 2.2. Let f : [a, a+ η(mb, a)] ⊆ R/{0} → R be a differentiable function on the interior of I◦ of
I. If f ′ ∈ [a, a+ η(mb, a)] and λ ∈ [0, 1], then

Υf (a, a+ η(mb, a);λ)

=
a(a+ η(mb, a))η(mb, a)

2

[ ∫ 1
2

0

λ− 2t

(a+ tη(mb, a))2
f ′
(
a(a+ η(mb, a))

a+ tη(mb, a)

)
dt

+

∫ 1

1
2

2− 2t− λ
(a+ tη(mb, a))2

f ′
(
a(a+ η(mb, a))

a+ tη(mb, a)

)
dt

]
where

Υf (a, a+ η(mb, a);λ)

= (1− λ)f

(
2a(a+ η(mb, a))

2a+ η(mb, a)

)
+ λ

[
f(a) + f(a+ η(mb, a))

2

]
− 2a(a+ η(mb, a))

η(mb, a)

∫ a+mη(b,a)

a

f(x)

x2
dx

Proof. Integrating by parts, we have

I1 =
a(a+ η(mb, a))η(mb, a)

2

∫ 1
2

0

λ− 2t

(a+ tη(mb, a))2
f ′
(
a(a+ η(mb, a))

a+ tη(mb, a)

)
dt

=
1− λ

2
f

(
2a(a+ η(mb, a))

2a+ η(mb, a)

)
+
λ

2
f(a+ η(mb, a))−

∫ 1
2

0

f

(
a(a+ η(mb, a))

a+ tη(mb, a)

)
dt,

and

I2 =
a(a, a+ η(mb, a))η(b, a)

2

∫ 1

1
2

2t− 2 + λ

(a+ tη(mb, a))2
f ′
(
a(a+ η(mb, a))

a+ tη(mb, a)

)
dt

=
1− λ

2
f

(
2a(a+ η(mb, a))

2a+ η(mb, a)

)
+
λ

2
f(a)−

∫ 1

1
2

f

(
a(a+ η(mb, a))

x+ tη(mb, a)

)
dt

Thus
I1 + I2

= (1− λ)f

(
2a(a+ η(mb, a))

2a+ η(mb, a)

)
+ λ

[
f(a) + f(a+ η(mb, a))

2

]
− 2a(a+ η(mb, a))

η(mb, a)

∫ a+mη(b,a)

a

f(x)

x2
dx

which is the required result. �

Theorem 2.3. Let f : [a, a+ η(mb, a)] ⊆ R/{0} → R be a differentiable function on the interior I◦ of
I. If f ′ ∈ [a, a+ η(mb, a)] and |f ′|q is harmonic (s,m)-preinvex function on I for q ≥ 1 and λ ∈ [0, 1],
then ∣∣∣∣Υf (a, a+ η(mb, a);λ)

∣∣∣∣
≤ a(a+ η(mb, a))η(mb, a)

2

[
σ1(a, b;λ)1−

1
q {σ2(a, b;λ, s)|f ′(a)|q +mσ3(a, b;λ, s)|f ′(b)|q}

1
q

+σ4(a, b;λ)1−
1
q {σ5(a, b;λ, s)|f ′(a)|q +mσ6(a, b;λ, s)|f ′(b)|q}

1
q

]
,

where one can evaluate these integrals using any mathematical software (i.e maple).

σ1(a, b;λ) =

∫ 1
2

0

|λ− 2t|
(a+ tη(mb, a))2

dt,

σ2(a, b;λ, s) =

∫ 1
2

0

|λ− 2t|(1− t)s

(a+ tη(mb, a))2
,

σ3(a, b;λ, s) =

∫ 1
2

0

|λ− 2t|ts

(a+ tη(mb, a))2
,
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σ4(a, b;λ) =

∫ 1

1
2

|2− 2t− λ|
(a+ tη(mb, a))2

dt

σ5(a, b;λ, s) =

∫ 1
2

0

|2− 2t− λ|(1− t)s

(a+ tη(mb, a))2
,

σ6(a, b;λ, s) =

∫ 1
2

0

|2− 2t− λ|ts

(a+ tη(mb, a))2
.

Proof. Using Lemma 2.2 and the power mean inequality, we have∣∣∣∣Υf (a, a+ η(mb, a);λ)

∣∣∣∣
≤ a(a+ η(mb, a))η(mb, a)

2

[ ∫ 1
2

0

|λ− 2t|
(a+ tη(mb, a))2

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣dt
+

∫ 1

1
2

|2− 2t− λ|
(a+ tη(mb, a))2

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣dt]

≤ a(a+ η(mb, a))η(mb, a)

2

[(∫ 1
2

0

|λ− 2t|
(a+ tη(mb, a))2

dt

)1− 1
q

×
(∫ 1

2

0

|λ− 2t|
(a+ tη(mb, a))2

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣qdt) 1
q

+

(∫ 1

1
2

|2− 2t− λ|
(a+ tη(mb, a))2

)1− 1
q

×
(∫ 1

1
2

|2− 2t− λ|
(a+ tη(mb, a))2

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣qdt) 1
q
]

≤ a(a+ η(mb, a))η(b, a)

2

[(∫ 1
2

0

|λ− 2t|
(a+ tη(mb, a))2

dt

)1− 1
q

×
(∫ 1

2

0

|λ− 2t|
(a+ tη(mb, a))2

{ts|f ′(a)|q +m(1− t)s|f ′(b)|q}dt
) 1

q

+

(∫ 1

1
2

|2− 2t− λ|
(a+ tη(mb, a))2

)1− 1
q

×
(∫ 1

1
2

|2− 2t− λ|
(a+ tη(mb, a))2

{ts|f ′(a)|q +m(1− t)s|f ′(b)|q}dt
) 1

q
]

=
a(a+ η(mb, a))η(mb, a)

2

[
σ1(a, b;λ)1−

1
q {σ2(a, b;λ, s)|f ′(a)|q +mσ3(a, b;λ, s)|f ′(b)|q}

1
q

+σ4(a, b;λ)1−
1
q {σ5(a, b;λ, s)|f ′(a)|q +mσ6(a, b;λ, s)|f ′(b)|q}

1
q

]
,

which is the required result. �

If q = 1, then Theorem .. reduces to the following result, which appears to be a better mew one than
already exists.
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Corollary 2.4. Let f : [a, a+ η(mb, a)] ⊆ R/{0} → R be a differentiable function on the interior of I◦
of I. If f ′ ∈ [a, a+ η(mb, a)] and |f ′| is harmonic (s,m)-preinvex function on I and λ ∈ [0, 1], then∣∣∣∣Υf (a, a+ η(mb, a);λ)

∣∣∣∣
≤ a(a+ η(mb, a))η(mb, a)

2

[
{σ2(a, b;λ, s) +mσ3(a, b;λ, s)}|f ′(a)|

+{σ5(a, b;λ, s) +mσ6(a, b;λ, s)}|f ′(b)|
]
,

where σ2(a, b;λ, s), σ3(a, b;λ, s), σ5(a, b;λ, s), σ6(a, b;λ, s) are given as in Theorem...

Theorem 2.5. Let f : [a, a+ η(mb, a)] ⊆ R/{0} → R be a differentiable function on the interior of I◦
of I. If f ′ ∈ [a, a+ η(mb, a)] and |f ′|q is harmonic (s,m)-preinvex function on I for p, q > 1, 1

p + 1
q = 1

and λ ∈ [0, 1], then ∣∣∣∣Υf (a, a+ η(mb, a);λ)

∣∣∣∣
≤ a(a+ η(mb, a))η(mb, a)

2

[
(σ7(a, b;λ, p))

1
p

(
{(1− 1

2s+1
)|f ′(a)|q +

m

2s+1
|f ′(b)|q}

) 1
q

+(σ8(a, b;λ, p))
1
p

(
{m(1− 1

2s+1
)|f ′(b)|q +

1

2s+1
|f ′(a)|q}

) 1
q
]
,

where

σ7(a, b;λ, p) =

∫ 1
2

0

|λ− 2t|p

(a+ tη(mb, a))2p
dt,

σ8(a, b;λ, p) =

∫ 1

1
2

|2− 2t− λ|p

(a+ tη(mb, a))2p
dt.

Proof. Using Lemma 2.2 and Holder’s integral inequality, we have∣∣∣∣Υf (a, a+ η(mb, a);λ)

∣∣∣∣
≤ a(a+ η(mb, a))η(mb, a)

2

[ ∫ 1
2

0

|λ− 2t|
(a+ tη(mb, a))2

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣dt
+

∫ 1

1
2

|2− 2t− λ|
(a+ tη(mb, a))2

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣dt]

≤ a(a, a+ η(mb, a))η(mb, a)

2

[(∫ 1
2

0

|λ− 2t|p

(a+ tη(mb, a))2p
dt

) 1
p
(∫ 1

2

0

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣qdt) 1
q

+

(∫ 1

1
2

|2− 2t− λ|p

(a+ tη(mb, a))2p
dt

) 1
p
(∫ 1

1
2

∣∣∣∣f ′(a(a+ η(mb, a))

a+ tη(mb, a)

)∣∣∣∣qdt) 1
q
]

≤ a(a+ η(mb, a))η(b, a)

2

[(∫ 1
2

0

|λ− 2t|p

(a+ tη(mb, a))2p
dt

) 1
p
(∫ 1

2

0

{ts|f ′(a)|q +m(1− t)s|f ′(b)|q}dt
) 1

q

+

(∫ 1

1
2

|2− 2t− λ|p

(a+ tη(mb, a))2p
dt

) 1
p
(∫ 1

1
2

{ts|f ′(a)|q +m(1− t)s|f ′(b)|q}dt
) 1

q
]

=
a(a+ η(mb, a))η(mb, a)

2

[(∫ 1
2

0

|λ− 2t|p

(a+ tη(mb, a))2p
dt

) 1
p
(
{(1− 1

2s+1
)|f ′(a)|q +m

1

2s+1
|f ′(b)|q}

) 1
q
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+

(∫ 1

1
2

|2− 2t− λ|p

(a+ tη(mb, a))2p
dt

) 1
p
(
{m(1− 1

2s+1
)|f ′(b)|q +

1

2s+1
|f ′(a)|q}

) 1
q
]

The proof completes. �

Theorem 2.6. Let f : [a, a+ η(mb, a)] ⊆ R/{0} → R be a differentiable function on the interior I◦ of
I. If f ′ ∈ [a, a + η(mb, a)] and |f ′|q is harmonic (s,m)-preinvex function on I for p, q > 1, 1

p + 1
q = 1

and λ ∈ [0, 1], then ∣∣∣∣Υf (a, a+ η(mb, a);λ)

∣∣∣∣
≤ a(a+ η(mb, a))η(mb, a)

2
×
(
λp+1 + (1− λ)p+1

2(p+ 1)

) 1
p
[
(σ9(a, b;λ, q)|f ′(a)|q +mσ10(a, b;λ, q)|f ′(b)|q)

1
q

+(σ11(a, b;λ, q)|f ′(a)|q +mσ12(a, b;λ, q)|f ′(b)|q)
1
q

]
,

where

σ9(a, b;λ, p) =

∫ 1
2

0

ts

(a+ tη(mb, a))2q
dt

σ10(a, b;λ, p) =

∫ 1
2

0

(1− t)s

(a+ tη(mb, a))2q
dt

σ11(a, b;λ, p) =

∫ 1

1
2

ts

(a+ tη(mb, a))2q
dt

σ12(a, b;λ, p) =

∫ 1

1
2

(1− t)s

(a+ tη(mb, a))2q
dt

Proof. Using Lemma 2.2 and the Holder’s integral inequality, we have∣∣∣∣Υf (a, a+ η(mb, a);λ)

∣∣∣∣
≤ a(a+ η(mb, a))η(mb, a)

2

[ ∫ 1
2

0

|λ− 2t|
∣∣∣∣f
′
(
a(a+η(mb,a))
a+tη(mb,a)

)
(a+ tη(mb, a))2

∣∣∣∣dt
+

∫ 1

1
2

|2− 2t− λ|
∣∣∣∣f
′
(
a(a+η(mb,a))
a+tη(mb,a)

)
(a+ tη(mb, a))2

∣∣∣∣dt]

≤ a(a+ η(mb, a))η(mb, a)

2

[(∫ 1
2

0

|λ− 2t|pdt
) 1

p
(∫ 1

2

0

∣∣∣∣f
′
(
a(a+η(mb,a))
a+tη(mb,a)

)
(a+ tη(mb, a))2

∣∣∣∣qdt) 1
q

+

(∫ 1

1
2

|2− 2t− λ|pdt
) 1

p
(∫ 1

1
2

∣∣∣∣f
′
(
a(a+η(mb,a))
a+tη(mb,a)

)
(a+ t)η(mb, a))2

∣∣∣∣qdt) 1
q
]

≤ a(a+ η(mb, a))η(mb, a)

2

[(∫ 1
2

0

|λ− 2t|pdt
) 1

p

×
(
|f ′(a)|q

∫ 1
2

0

ts

(a+ tη(mb, a))2q
dt+m|f ′(b)|q

∫ 1
2

0

(1− t)s

(a+ tη(mb, a))2q
dt

) 1
q
]

+

(∫ 1

1
2

|2− 2t− λ|pdt
) 1

p
(
|f ′(a)|q

∫ 1

1
2

ts

(a+ tη(mb, a))2q
dt+m|f ′(b)|q

∫ 1

1
2

(1− t)s

(a+ tη(mb, a))2q
dt

) 1
q
]
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=
a(a+ η(mb, a))η(mb, a)

2
×
(
λp+1 + (1− λ)p+1

2(p+ 1)

) 1
p
[
(σ9(a, b;λ, q)|f ′(a)|q +mσ10(a, b;λ, q)|f ′(b)|q)

1
q

+(σ11(a, b;λ, q)|f ′(a)|q +mσ12(a, b;λ, q)|f ′(b)|q)
1
q

]
.

This completes the proof. �

References

[1] Alomari, M., Darus, M., Dragomir, S.S., (2009), New inequalities of Simpson’s type for s-convex functions with
applications, RGMIA Res. Rep. Coll, 12(4).

[2] Anderson, G.D., Vamanamurthy, M.K., Vuorinen, M., (2007), Generalized convexity and inequalities, Journal of
Mathematical Analysis and Applications, 335, pp.1294-1308.

[3] Baiocchi, C., Capelo, A., (1984), Variational and Quasi-variational Inequalities, J. Wiley and Sons, New York.
[4] I. A. Baloch, I.Işcan, Some Ostrowski Type Inequalities For Harmonically (s,m)-convex functoins in Second Sense,

International Journal of Analysis,Volume 2015, Article ID 672675, 9 pages.
http://dx.doi.org/10.1155/2015/672675

[5] Barani, A., Ghazanfari, A.G., Dragomir, S.S., (2012), Hermite-Hadamard inequality for functions whose derivatives
absolute values are preinvex, Journal of Inequalities and Applications, 2012: 247.

[6] Ben-Isreal, A., Mond, B., (1986), What is invexity? Journal of Austral. Mathematical Society, Ser. B, 28(1), pp.1-9.
[7] Breckner, W.W., (1978), Stetigkeitsaussagen fur eine Klass verallgemeinerter Konvex funktionen in topolo- gischen

linearen Raumen Publications Institutiue of Mathematics, 23, pp.13-20.
[8] Dragomir, S.S., Agarwal, R.P., Cerone, P., (2000), On Simpson inequality and applications, Journal of Inequalities

and Applicatons, 5, pp.533-579.
[9] Dragomir, S.S., Barnett, N.S., (1998), An Ostrowski type inequality for mappings whose second derivative are bounded

and applications, RGMIA Res. Rep. Coll, 1(2), Art 9.
[10] Dragomir, S.S., Peccaric, J., Persson, L. E., (1995), Some inequalities of Hadamard type, Soochow Journal of Math-

ematics, 21, pp.335-341.
[11] Godunova, E.K., Levin, V.I., (1985), Neravenstva dlja funkcii sirokogo klassa soderzascego vypuklye mono- tonnye i

nekotorye drugie vidy funkii. Vycislitel. Mat. i. Fiz. Mezvuzov. Sb. Nauk. MGPI Moskva, pp.138-148 (in Russian).
[12] Hadamard, J., (1983), Etude sur les proprietes des fonctions entieres e.t en particulier dune fonction consideree par

Riemann, J. Math. Pures Appl., 58, pp.171-215.
[13] Hanson, M.A., (1981), On suąciency of the Kuhn-Tucker conditions, Journal of Mathematical Analysis and Applica-

tions, 80, pp. 545-550.
[14] Hermite, C., (1883), Sur deux limites d’une intgrale dŻnie, Mathesis, 3, pp. 82.
[15] Iscan, I., (2014), Hermite-Hadamard and Simpson like inequalities for diŽerentiable harmonically convex functions,

Journal of Mathematics, 2014: Article ID 346305, 10 p.
[16] Khattri, S.K., (2010), Three proofs of inequality e < (1 + 1 n ))n+0:5; American Mathematical Monthly, 117,

pp.273-277.
[17] Kinderlehrer, D., Stampacchia, G., (1980), An Introduction to Variational Inequalities and Applications, Academic

Press, London.
[18] Kirmaci, U.S., (2004), Inequalities for diŽerentiable mappings and applications to special means of real numbers to

midpoint formula, Applied Mathematics and Computation, 147, pp.137-146.
[19] Kirmaci, U.S., Bakula, M.K., Ozdemir, M.E., Pecaric, J., (2007), Hadamard type inequalities for s-convex functions,

Applied Mathematics and Applicatins, 193, pp.26-35.
[20] Latif, M.A., (2013), Some inequalities for diŽerentiable prequasiinvex functions with applications, Konuralp Journal

of Mathematics, 1(2), pp. 1729.
[21] Latif, M.A., Dragomir, S.S., (2013), Some Hermite-Hadamard type inequalities for functions whose partial derivatives

in absloute value are preinvex on the co-oordinates, Facta Universitatis (NIS) Ser. Mathematics- Informaatics, 28(3),
pp. 257270.

[22] Latif, M.A., Dragomir, S.S., Momoniat, E., (2014), Some Weighted Integral Inequalities for DiŽerentiable Preinvex
and Prequasiinvex Functions, RGMIA.

[23] Lions, J.L., Stampacchia, G., (1967), Variational inequalities, Communication on Pure and Applied Mathe- matics,
20, pp.493-512.

[24] Mihai, M.V., Noor, M.A., Noor, K.I., Awan, M.U., (2015), Some integral inequalities for harmonically h- con-
vex functions involving hypergeometric functions, Applied Mathematics and Computation, 252, pp.257- 262. DOI:
10.1016/j.amc.2014.12.018.

[25] Mohan S.R., Neogy, S.K., (1995), On invex sets and preinvex functions, Journal of Mathematical Analysis and
Applications, 189, pp.901-908.

[26] Niculescu, C.P., Persson, L.E., (2006), Convex Functions and Their Applications, Springer-Verlag, New York.
[27] Noor, M.A., (1975), On Variational Inequalities, Ph.D. Thesis, Brunal University, London, United Kingdom.
[28] Noor, M.A., (1994), Variational-like inequalities, Optimization, 30, pp.323-330.



INTEGRAL INEQUALITIES FOR DIFFERENTIABLE HARMONICALLY (s,m)-PREINVEX FUNCTIONS 8

[29] Noor, M.A., (2000), New approximation schemes for general variational inequalities, Journal of Mathematical Analysis
and Applications, 251, pp.217-229.

[30] Noor, M.A., (2000), Some deveoplment in general variational inequalities, Applied Mathematics and Com- putation,
152, pp.199-277.

[31] Noor, M.A., (2004), Fundamental of mixed quasi variational inequalities, International Journal of Pure and Applied
Mathematics, 15, pp.137-258.

[32] Noor, M.A., (2005), Invex equilibrium problems, Journal of Mathematical Analysis and Applications, 302, pp.463-475.
[33] Noor, M.A., (2007), Hermite-Hadamard integral inequalities for log-preinvex functions, Journal of Mathe- matical

Analysis and Approximation Theory, 2, pp.126-131.
[34] Noor, M.A., (2009), Hadamard integral ineqaualities for product of two preinvex functions, Nonlinear Analysis Forum,

14, pp.167-173.
[35] Noor, M.A., (2008-2016), Numerical and Convex Analysis, Lecture Notes, COMSATS Institute of Information Tech-

nology, Islamabad, Pakistan.
[36] Noor, M.A., Noor, K.I., (2006), Generalized preinvex functions and their properties, Journal of Applied Mathematics

and Stochastics Analysis, 2006, pp.113, doi:10.1155/JAMSA/2006/12736
[37] Noor, M.A., Noor, K.I., (2006), Some characterizations of strongly preinvex functions, Journal of Mathemat- ical

Analysis adn Applications, 316, pp.697-706.
[38] Noor, M.A., Noor, K.I., (2016), Harmonic variational inequalities, Applied mathematics adn Information Science,

10(5). In Press.
[39] Noor, M.A., Noor, K.I., Awan, M.U., Costache, S.,(2015), Some integral inequalities for harmonically h- convex

functions, University POLITEHNICA of Bucharest ScientiŻc BulletinA series: Applied Mathematics and Physics,
77(1), pp.5-16.

[40] Noor, M.A., Noor, K.I., Awan, M.U., (2015), Integral inequalities for coordinated harmonically convex functions,
Complex Variables and Elliptic Equations, 60(6), pp.776-786.

[41] Noor, M.A. Noor, K.I., Awan, M.U., (2015), Some quantum estimates for Hermite-Hadamard inequalities, Applied
Mathematics and Computation, 251, pp.675-679.

[42] Noor, M.A., Noor, K.I., Awan, M.U., (2015), Some quantum integral inequalities via preinvex functions, Applied
Mathematics and Computation, 269, pp. 242-251.

[43] Noor, M.A., Noor, K.I., Awan, M.U., (2014), Integral inequalities for harmonically s-Godunova-Levin func- tions.
FACTA Universitatis (NIS)-Mathematics-Informatics, 29(4), pp.415-424.

[44] Noor, M.A., Noor, K.I., Awan, M.U., (2015), Fractional Ostroswki inequalities for (s;m)-Godunova-Levin Functions,
FACTA(NIS), Mathematics-Informatics, 30(4), pp.489-499.

[45] Noor, M.A., Noor, K.I., Awan, M.U., (2014), Some characterizations of harmonically log-convex functions, Proceeding
of Jangjeon Mathematical Society, 17(1), pp.51-61.

[46] Noor, M.A., Noor, K.I., Awan, M.U., (2014), Hermite-Hadamard inequalities for s-Godunova-Levin preinvex func-
tions, Journal of Advanced Mathematical Studies, 7(2), pp.12-19.

[47] Noor, M.A., Noor, K.I., Iftikhar, S., (2015), Nonconvex functions and integral inequalities, Punjab University Journal
of Mathematics, 47(2), pp.19-27.

[48] Noor, M.A., Noor, K.I., Iftikhar, S., (2016), Fractional Ostrowski inequalities for harmonic h-preinvex func- tions,
FACTA Universitatis (NIS), Mathematics-Informatics, 31(2).

[49] Noor, M.A., Noor, K.I., Iftikhar, S., (2016), Hermite-Hadamard inequalities for harmonic preinvex functions, Saus-
surea, 6(2), pp.34-53.

[50] Noor, M.A., Noor, K.I., Iftikhar, S., (2016), Integral inequalities for differentiable relative harmonic preinvex functions,
TWMS J. Pure Appl. Math, 7(1), pp.3-19.

[51] Noor, M.A., Noor, K.I., Awan, M.U., Li, J., (2014), On Hermite-Hadamard inequalities for h-preinvex functions,
Filomat 28(7), pp.1463-1474.

[52] Pecaric, J., Proschan, F., Tong, Y.L., (1992), J. Pecaric, F. Proschan, and Y. L. Tong, Convex Functions, Partial
Orderings, and Statistical Applications, Acdemic Press, New York.

[53] Sarikaya, M.Z., Saglam, A., Yildirim, H., (2008), On some Hermite-type inequalities for h-convex functions, Journal
of Mathematical Inequalities, 2(3), pp.335-341.

[54] Shi, H.N., Zhang, J., (2013), Some new judgement theorems of Schur geometric and Schur harmonic convex- ities for
a class of symmetric functions, Journal of Inequalities and Applications, 2013: 527.

[55] Stampacchia, G., (1964), Formes bilineaires coercivities sur les ensembles convexes, Comptes Rendus de lAcademie
des Sciences, Paris, 258, pp.4413-4416.

[56] Varosanec, S., (2007), On h-convexity, Journal of Mathematical Analysis and Applications, 326, pp.303-311.
[57] Weir, T., Mond, B., (1988), Preinvex functions in multiobjective optimization, Journal of Mathematical Analysis and

Applications, 136, pp.29-38.
[58] Yang, X.M., Li, D., (2001), On properties of preinvex functions, Journal of Mathematical Analysis and Applications,

256, pp.229-241.

Imran Abbas Baloch, Abdus Salam School of Mathematical Sciences, GC University, Lahore, Pakistan
E-mail address: iabbasbaloch@gmail.com, iabbasbaloch@sms.edu.pk



INTEGRAL INEQUALITIES FOR DIFFERENTIABLE HARMONICALLY (s,m)-PREINVEX FUNCTIONS 9
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