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CALLEBAUT AND HOLDER TYPE INEQUALITIES FOR
POSITIVE LINEAR MAPS OF SELFADJOINT OPERATORS VIA
A KITTANEH-MANASRAH RESULT

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities of Callebaut and Hélder type for positive linear
maps of continuous functions of selfadjoint linear operators in Hilbert spaces,
are given. Applications for power function are provided as well.

1. INTRODUCTION

As is well-known, the famous Young inequality for scalars says that if a, b > 0
and v € [0,1], then

(1.1) a7y < (1—v)a+uvb

with equality if and only if @ = b. The inequality (1.4) is also called as v-weighted
arithmetic-geometric mean inequality.

Kittaneh and Manasrah [8], [9] provided a refinement and a reverse for Young
inequality as follows:

(1.2) T(\f—\/gyS(1—u)a+ub—a1_”b”§R(\f—\/B)2

where a, b > 0, v € [0,1], r = min{l — v,v} and R = max{l — v,v}. The case
v = 5 reduces (1.2) to an identity and is of no interest.

We observe that, if a, b € [m, M] C (0,00), then ‘f— \/I;‘ < VM —\/m and
by (1.2) we obtain the following simple reverse of Young inequality

2

(1.3) (1-v)a+vb—a Vb < R(\/M—\/ﬁ)

We can give a direct proof for (1.2) as follows.
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2 S.S. DRAGOMIRY2

Recall the following result obtained by Dragomir in 2006 [3] that provides a
refinement and a reverse for the weighted Jensen’s discrete inequality:

j€{1,2,...,n}

(1.4) n  min  {p;} %Z@(xj)_cb %ij

1 n 1 n
< FZM‘I’(%)—‘I’ FZP;%‘
() n S0

je{l2,n

1 n 1 n
<n max }{pj} EZ@’(J:J')—(I’ ﬁle ,
j=1 j=1

where ® : C' — R is a convex function defined on convex subset C' of the linear space
X, {#j},cq10, oy are vectors in C and {p;} n) are nonnegative numbers
with P, =377 pj > 0.

For n = 2, we deduce from (1.4) that

(1.5) 2min {v,1— v} P(x)‘g@(y) _ & (m;yﬂ
<v®(z)+ (1-v) @ (y) — @ vz + (1-v)y]

< 2max{v,1 - v} q)(x);(b(y) -° <x;y>}

je{1,2,...

for any z, y € R and v € [0, 1].
If we take ® (x) = exp (z), then we get from (1.5) that

(1.6) 2min {v,1 - v} FXP (@) +exply) o <m;ryﬂ

2
< vexp(a) + (1 — v) exp(y) — exp [va + (1 — ) y]

a1 ) [exp (z) +exp(y) exp <m;ry>}

2

for any =, y € R and v € [0,1]. Further, denote exp(z) = a, exp(y) = b with a,
b > 0, then from (1.6) we obtain the inequality (1.2).

Let H be a complex Hilbert space and B (H), the Banach algebra of bounded
linear operators acting on H. We denote by BT (H) the convex cone of all positive
operators on H and by Bt (H) the convex cone of all positive definite operators
on H.

Let H, K be complex Hilbert spaces. Following [2] (see also [15, p. 18]) we can
introduce:

Definition 1. A map ® : B(H) — B(K) is linear if it is additive and homogeneous,
namely

O (A + pB) = A\B (A) + u® (B)

forany A, p € C and A, B € B(H). The linear map ® : B(H) — B(K) is positive
if it preserves the operator order, i.e. if A € BY (H) then ®(A) € BT (K). We
write ® € P [B(H),B(K)]. The linear map ® : B(H) — B(K) is normalised if it
preserves the identity operator, i.e. ® (1g) = 1. We write ® € Py [B(H), B (K)].
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We observe that a positive linear map ® preserves the order relation, namely
A < B implies ® (4) < ®(B)

and preserves the adjoint operation ® (A*) = ®(A)". If ® € Py [B(H),B(K))
and aly < A< pBly, then alg < ®(A) < flk.

If the map ¥ : B(H) — B(K) is linear, positive and ¥ (1g) € BT (K) then by
putting ® = U~1/2 (1) WU~Y2 (1) we get that ® € Py [B(H), B (K)], namely
it is also normalised.

For some recent inequalities for positive maps of Hilbert space operators see
[4]-[7], [10]-[14], [16]-[18] and the references therein.

In this paper we establish some inequalities of Callebaut and Holder type for
positive linear maps of continuous functions of selfadjoint linear operators in Hilbert
spaces. Applications for power function are provided as well.

2. CALLEBAUT’S TYPE INEQUALITIES

The following refinement of Cauchy-Bunyakowsky-Schwarz inequality for n-tuples
of nonnegative real numbers (a1, ...,a,), (b1,...,b,) was established by Callebaut
in 1965 [1] and can be stated as follows:

n

n 2 n n n
(2.1) (Z a,;bi> < Z af(l_’\)bf’\ Z Q%Ab?(l—)\) < Z a? Z b2,
=1 i1 i=1 i=1 =1

for any X € [0,1].
In this section we obtain, as a main result, the following refinement and reverse
of the second part of Callebaut inequality 2.1 in the case of positive maps:

(22) 0= ((@ (% (4) 2,2) (@ (f2(A)) &) = (@ (f (4) g (4)) 2,2)°)
< (@ (g* (4) w,) (@ (f*(4)) z, )
= (2 (1 (@) () v,z ) (@ (£2077) (4) * (4)) ,)

< R ((2 (9% () 2,2) (0 (2 () 2.2) — (@ ( (A) g (A)) 2. 2)°)

for any x € K, where f, g : I — R are continuous functions on the interval
I, A is a selfadjoint operator with Sp(A) C I, v € [0,1], r = min{l — v, v},
R=max{l —v,v} and ® € B[B(H),B(K)].

This result can be obtained as a particular case of the more general result incor-
porated in:

Theorem 1. Let f, g : I — R be continuous functions on the interval I and

A, B be two selfadjoint operators with Sp (A), Sp(B) C I. If v € [0,1] and ®,
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U cB[B(H),B(K)], then
(2.3) 0<r (<<I> (g2 (A)) x, x> <\IJ (f2 (B)) x, x> —2(®(f(A)g(A))z,z)

< (¥ (f(B)g(B)zx) + (2 (f*(4) z,2) (¥ (9 (B)) z,7))
< (1=v){®(¢*(A) z,2) (¥ (f*(B) z,z) + v (@ (f* (A)) z,2) (¥ (¢* (B)) z, z)
—(@ (7 (2 (W) aa) (¥ (1207 (B) g (B)) w2
< R((2 (g% (A) w,2) (¥ (f2 (B)) w,2) = 2(2(f (A) g (A)) z, )

X (U (f(B)g(B))z,x) + (@ (f*(A) z,2) (¥ (¢° (B)) x,z))
for any x € K, where r = min {1 — v,v} and R = max {1 —v,v}.
Proof. Let t, s € I such that g (¢), g (s) # 0. If we use the inequalities (1.2) for
£, )

“TEO T 26

then we get

2.0 . (f(t) B f(8)>2

SR(f(t)_f(s)){

g(t)  9(s)
where v € [0,1], r =min {1 —v,v} and R = max {1 —v,v}.
Therefore
HONIONIOIER0)
25) " (92 0 Z90a) P <s>>
£, 26 (PO (PG
SOy TR <g2(t>> (g?(s))
HOENIONIOINRC.
SR<g2<t> 2g<t>g<s>+g2<s>>'

(2.6) 0<r(f2()g*(s) =2f () g (t) f (5) g (5) + [*(s) g° (1))
< (1 =v) f2(t) g (5) +vg® (t) f* (s)
= P () g () £ (s) g2 (s)
<R(fF(t)g* (s) —2f (1) g (8) f(s) g (s) + [ (s) g° (1)) ,
which holds for any ¢, s € I.
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Fix t € I and use the continuous functional calculus for A to get

27)  0<r (P& A) -2 (0g(0) F (A)g(A) + 6 (1) 1 (4)
< (1-0) P2 (06 (A) +vg? (1) (4)
PO (067 (1) 1 (4) 820 (4)
< R(f2 (067 (A) =2 (1) 9 (1) £ (A) g (A) + g2 (1) 12 (4)

If we take in the inequality (2.7) the map ®, then we get

(28)  0=7(f2()® (g7 (4) —2f (1) (<A>g< )+ 9% (1)@ (£2(4)))
<A-v) P (s*(A )+V9 @ (f2(4))
= 2O (1) g (1)@ (£ (4) g2 (A)
<R(f2 ()0 (g2 (4) =2 ()9 (1) @ (£ (4) g (4)) + ¢° (1) @ (£ (4)))

for any t € I.
If we take the inner product in (2.8), then we get

(2:9) 0<r(f2(t)<<1>(92( ) @) =2/ ()9 (1) (@ (f (4) g (4) 7, )
() (@ (f*(4) z,))
—V)f2(t)< (62 (A)) w,) + vg® (£) (@ (2 (4)) @, )
(1) g% () (@ (£ (4) 20 (4)) 2,)
(f2<t>< (92 (A) ,) = 2 (1) 9 (8) (@ (f (4) g (4)) ,2)
+97 (1) (® (2 (4)) .))

(1

forany t € I and z € K.
If we use the functional calculus for the operator B we have by (2.9) that

(210)  0<r (@ (* (A) w3) £2 (B) —2(@ (f (4) g (4) 2.2) f (B) g (B)
+<<I> (f* () =, > (B))
(1=)(® (¢ (A) @,2) 2 (B) + v (® (£2(4)) 2,) g* (B)
< (7> A>gz<l Y (4)) @, x>f2“ V) (B) g* (B)
<R((® (92 (4)) a, x>f2< )= 2(@(f(4)g(4))2,2) f (B) g (B)

+ (@ (/2 (4) z,2) g (B))

for any z € K.
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If we take in the inequality (2.10) the map ¥ and the inner product for y € K,
then we get

2.11) 0 (@
(Y (9> (B)) y,))

)

Yy —2
l‘l‘>
) Ysy

’US

Y

SIS

for any z, y € K.
If we take in (2.11) y = x, then we get the desired result (2.3). O

Remark 1. In particular, under the assumptions of Theorem 1 we have

(2.12) 0<r((®(g*(A) z,2) (2 (f*(B)) z,2) —2(®(f (A) g (A)) z,z)
< (@ (f (B)g (B)w.x) + (& (£ (4)) 2,2) (2 (¢ (B)) .))
<(1=v){(®(g*(A) z,z) (@ (f*(B)) z,z) + v(® (f*(A)) z,2) (@ (¢° (B)) z, z)
—(@ (1 WP @) w,a) (o (1207 (B) g™ (B)) w,2)
< R((® (9 (A) 2,2) (@ (£ (B)) v,2) = 2(@ (] (4) g (4)) .2)
X (@ (f (B)g (B)x.2) + (& (* (4)) 2,2) (2 (¢ (B)) .))
?56113) 0<r((®(g*(A) z,2) (¥ (f*(A) z,2) —2(®(f (A) g (A)) z,z)

X (f (A) g (A) z.2) + (@ (f (4)) 2. 2) (¥ (g (A) 2, ))
<(1=v){(®(g*(A) z,2) (¥ (f* (A)) z,2) + v (D (> (A)) z,2) (¥ (¢ (A)) z, z)
—(@ (7 (W) az) (v (2077 (A) g* (4)) v,
< R ((® (g (A) @, 2) (¥ (f2 (A) 2.2) = 2(2 ( (A) g (4)) 2, )

< (U (f (A) g (A) @,2) + (@ (2 (A)) 2, 2) (¥ (¢° (4)) 2, 2))

for any x € K.
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If we take in (2.12) B = A, then we get (2.2).

The inequality (2.2) has some particular inequalities of interest for power func-
tion.

Indeed if p, ¢ >0, Ae B (H)andp>0,g<0orp<0,¢g>0,orp<0,¢g<0
and A € BT, then by (2.11) we have

(2.14) 0< 2r ((@ (4%) 2,2) (@ (420) 2,) — (@ (A7) 2,2)?)
< <(I) (AZP) x, x> <<I> (AQq) x, x> — <<I> (A2”p+2(17”)q) T, x> <<I> (AQ(lf”)pH"q) T, x>

< R ((® (A7) 2,2) (& (42) 2,2) - (& (47*) 2.2)?).

forany x € K, where ® € B[B(H),B(K)],r =min{l —v,v} and R = max {1 —v,v}.
In particular, if we take p = s, ¢ = —s with s > 0, in (2.14), then we have

(2.15) 0<2r ((@ (4%) 2,2) (@ (A"%) z,2) — (@ (1y) 2, 2)?)
< (@ (4%) 2,2) (@ (A7) w,2) = (@ (422" ) o) (@ (A2 0% 4, 0)

<R (<<I> (Azs) x, :zc> <(I> (A*QS) x,m> —(®(1y) x,x)2> ,

which by s = % gives the inequality

(2.16) 0<2r ((CID (A)z,z) (@ (A ") z,2) — (@ (1p) x7m>2)
< (@ (A)z,2) (@ (A7) w,2) = (@ (4% ) (@ (4~ ) 2,2

<R((@A)z,2) (@ (A7) a,2) — (@ (ln)7,2)°),
for any z € K, where A € Bt (H), ® ¢ B[B(H),B(K)], r =min{l — v,v} and

R=max{l—v,v}.
If e Py [B(H),B(K)] and x € K with ||z|| = 1, then by (2.16) we have

(2.17) 0<2r ((®(A)z,z)(® (A ") z,z) — 1)

< (@(A)za) (@ (A7) w,2) = (@ (A% ) ) (@ (4~ D) 2,2)

<R((®(A)z,z) (P (Afl) z,z) —1).



8 S.S. DRAGOMIR 2
If we take p =X € [0,1] and ¢ =1 — A in (2.14), then we get

(2.18) 0<2r (<<I> (A2 2, ) <<I> (A2<H>) H> (B (A)x, z>2)
< <<I> (AQ,\) x7x> <<I> (A2(1—)\)) x7x> _ <<I) (A2(1—u—,\+2ux)) x,a:> <q) (AQ(V+)\—2U)\)) :c,x>

< R ((® (47) 2.2) (@ (209 22) — (@ (A) 2.2)?)

for any z € K, where A € BT (H), ® € B[B(H),B(K)], r = min{l — v,v} and
R =max{l —v,v}.

Remark 2. If in (2.2) we take the function g to be constant 1, then we have by
(2.2) that

(2.19) 0<or (<c1> (1) 2, 2) (D (£2 (A)) @, 2) — (@ (f (A)) amm)z)
<(® (1) @, z) (@ (f2(A)) z,2) — (D (f2 (A)) z, ) <<1> (fQ(l"’) (A)) mx>

< R((@(1n)2,2) (@ (/2 (4) 2,2) — (@ (f (4)) 7, 2)°)

for any x € K.
Let T;, j € {1,...,n} be bounded linear operators in H and put

®(A):=) TrAT;, AcB(H),

1=

then ® € P[B(H),B(H)] and by (2.19) we have

n n n 2
0<2r (<ZT;Azj,x> <Z T;f2 (A) zj,x> — <Z T; f (A) zj,x> )
< <zn:TfATj1:,:z:>< A) sz,x>

— <§:T;‘f2” )T x> <§:T;f2(1”) (A) zj7m>

R (<i T;‘Azj,w> <iTjﬁ*f2 (A) zj7x> — <ZT f(A) Tz SC> )

for any x € K.

NE
53
=

The following upper bound may be stated as well:
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Theorem 2. Let f, g: I — R be continuous functions on the interval I such that

(2.20) O<m§i§M<oo
g

for some constants m, M, and A, B be two selfadjoint operators with Sp (A),
Sp(B)CI. Ifvel0,1] and ®, ¥ € B[B(H),B(K)], then

(1-v) <<I> (92 (A)) x,x> <\I' (f2 (B)) x,a:) +v <<I> (f2 (A)) x,x> <\I' (92 (B)) x,x>
221) (@ (/WP () z2) (v (£ (B) g (B)) wx)

< R(M —m)® (®(f*(A4)) z,2) (¥ (¢*(B)) z,z)
for any x € K.
Proof. Let t, s € I such that g (t), g (s) # 0. If we use the inequalities (1.2) for

ORI ©
g2 ()’ g (s)’

then we get
P P (PN (e o
em  0-nGgend-(Fg) () <me-m
where v € [0,1], R = max {1 —v,v}.
If we multiply (2.22) by g% (¢) g% (s) , then we get
(223)  (L—v) f2(8) g% (s) +vg® (&) f* (s) = 27 (8) ¢ (1) 2 () 07 (s)
< R(M —m)’ ¢ (1) * ()

for any t, s € I.
Now, by employing a similar argument to the one outlined in the proof of The-
orem 1 we deduce the desired result (2.21). O

Remark 3. In particular, we have the inequalities

(1=v)(®(g* (A) z,z) (® (f*(B)) z,z) + v (P (f*(A)) z,2) (® (¢° (B)) z, )
(2.24) _ <<1> ( F2(A) g20-) (A)) mx> <<1> ( 7200 (B) g2 (B)) H>

< R(M —m)® (@ (f*(A)) z,2) (@ (¢° (B)) z, ),

(1=v){(®(¢*(A)) z,2) (¥ (f*(A) z,2) + v {® (f* (4)) z,2) (¥ (¢* (A)) z, )
(225) = (@ (/2 (A) g2 () w,w) (W (207 (4) g (4)) w,z)

< R(M —m)? (@ (f2 (A) z,z) (¥ (92 (A)) z,z)
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and

(2.26) < (2 (" (4) =z, >< (/*(4) )
G ) o )
< R(M - )2<<I>(f2(A))x,:v><<1>(g2<A))x,x>,

for any z € K.

The inequality (2.26) can be also written as

(@ (£ (A) g*" =) (A)) 2, 2) (@ (£ (A) g* (4)) 2, x)
(@ (g% (A) z, ) (P (f2(A)) z, )

(227) 0<1-
<R(M —m)?,
for any x € K, x # 0.

3. HOLDER'S TYPE INEQUALITIES

‘We have:

Theorem 3. Let f, g : I — (0,00) be continuous functions on the interval I,
and A, B be two selfadjoint operators with Sp (A), Sp(B) C I and p, ¢ > 1 with

L4l 1.If®, Ve R[B(H),B(K)|, then

<o (2P (B))z,z)  (¥(g?(B)) 2 z) 2(V (f*(B)g
T \(@(rA)zz)  (P(gr(A)z.x) (@ (fP(A))z, )

for any x € K, x # 0, where s-mln{% %} andS:max{%,%}.
In particular, we have

3.2 25 (1 —
. ( V(@ (f7 (4) z,2) (@ (97 (A)) 2, )

<1_ (@(f(A)g(4)z,x)
o 1/p 1/q
(@ (fr(A)z,z) " (P (97 (A)) z,2)

<28 (1 —
V(@ (7 (A) 2, 2) (@ (97 (A)) 2, z)
for any x € K, x # 0.
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Proof. From (1.2) we have
1 1 11
(3.3) s(a+b—2\/ab) < Za+ -b—abbi SS(a+b—2\/ab)
p q

where a, b > 0.
If we choose in (3.3)

fP () 97 (1)

SR @ @ A)n <!
then we get
. /7 () N g% (t) B 2% (t) g2 (t)
@A) aa) @A) ma) B (A) ) @ (g (D))

fP () 41 g7 (t) f(t)g(t)

1
p(@(fP(A)z,x)  q(@(g?(A)x,x) (@ (f(A))z,2)/P (® (g7 (A)) z,2)*

s e g 2f% ()9 (8
S\ @) " @A) @A) ) (@ (g (A) o0

foranyt€ [ and z € K, x # 0.
If we use the functional calculus for B we get

s f*(B) L 9B 2f% (B)g* (B)
(@(

fP(A)z,z)  (P(g?(A)z,z) (@ (fr(A))x,z) (@ (g9 (A))z,x)

f*(B) 1 9'(B) f(B)g(B)

1
p(@(fP(A)z,z)  q(@(g?(A)x,x) (@ (fr (A))z,2)P (® (g7 (A)) z,2)*

fP(A)z,z)  (P(g1(A)z,z) /(@ (fr(A)z,z) (P (99 (A))z,x)
and by taking the map ¥ and the inner product over y € K, y # 0 we get

/7 (B) 9?(B) 2f% (B) g% (B)
=9 <<<1>< * )

b

<<\If (" (B)yy) , (Yo" B)yy)  2(¥ (% (B)g* (B) y.y) )
7)

@ AD)az) " (@7 (A)z.a) /(@7 (A)z2) (@ (g4 (A) z,2)

o (B (Y By 2 (B (B)yy)
To\@Urd)rz)  (2(gr(A)zx) (@ (fr(A)z,2) '

Now, if in this inequality we put y = z, then we get (3). O
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Remark 4. If we take f (t) = t, g (t) = t°, then from (3) we have for p, ¢ > 1

ap 11
with > + 1= 1 that
<(I> (Aap;rﬁq>m,x> )

3.4 2s | 1 —
o ( T [ ()

(@ (AHP) 2, z)
(@ (AoP) 2, ) /7 (@ (AP9) 2, )/

o glel)e) )
V(@ (AoP) 2, z) (® (AP9) 2, z)

for any x € K, x # 0, where o, § € R\ {0} and A € B+.
If we take in (3.4) a = B =1, then we have

<<I> (A%) 33,3:>
(3.5) 2s (1 - NG

(Ar) z, x) (D (A9) x, x)

<1-

(@ (4%) z,x)
(® (AP) 2, 2)"/7 (® (A7) 2, 2)"/

. (1 ) (@ (4") 2,2) ) |
V(@ (AP) 2, ) (@ (A7) 2, 7)
for any x € K, x # 0.

<1-

We have the following reverse of Holder’s inequality:
Theorem 4. Let f, g: I — R be continuous functions on the interval I such that
(3.6) O0<m < f<M;<oo, 0<mg <g< M <o,

for some constants my, mo, My and Ms, A, B be two selfadjoint operators with
Sp(A), Sp(B) C I and p, ¢ > 1 with 1%—&—%: 1. If ® e Py [B(H),B(K)], then

(3.7 0<1- (@ (f(A)g(A)z,z)
- (@ (f7 (A) z,2)"P (® (g9 (A)) 2, 2) "/

e (ORCHRS(O)

foranyx € K, x #0, wheres:min{1 l} andS:max{%,%}.

p’q

)|

7 N

Sk

N
N———
(SIS
—
N——
[N}

Proof. It suffices to prove the inequality for x € K, ||z|| = 1.
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By (3.6) we have
(@(f7(A))z,2) < (M{® (1g)w,x) = MY (z,x) = MY
and
my =my (z,z) = (my® (1g) z, z) < (@ (f7 (A))z,z)
showing that
my < (@ (f7(A))z,z) < MY

forz € K, ||z|| = 1.
Similarly,

forz € K, ||z|| = 1.
These imply

and

therefore

for x € K, ||z|| = 1.
Let t € I. By (

m = mln{(—),
X —

L _ (1)
3) we have for v = 4, a = Gritaea b = @EiA)e)
mo

EM) }and M= max{(M;)p, (%)q} that
)

P (1) 1 g
(A))z,z)  q(® (g7 (A))z,x)
J()g(t)

(@ (f7 (A)) 2, 2)]"/" [(@ (g7 (A)) @, )]/

< (e ()" G} mn{ ) 2)')

forz € K, ||z|| = 1.
Using the functional calculus for A we have

I A
B9 @ e @)
f(A)g(A)

[<<I)(fp(z4))x7x>}1/p[< ® (g7 (A))z, >}1/q

s (o)) p oo { ) (2

forz € K, ||z|| = 1.

[V
/N
|3
[ V) [
N———
(S5
—
N———
o
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Taking the normalized map ® in (3.9) and then the inner product for y € K,
[yl =1 we get

L(®(fP(A))y,y)
p(@(fF(A)z.a)  q(®(g7(A))z,x)
(@ (f(A)g(A)y,y)
(@ (f7 (A)) 2, 2)]' /P [(@ (g7 (A)) @, )]/

(@97 (A) y,y)

1
+ =
q
)

D a D q 2
Mz (M)* . my\? (mg)?
<S8 — — — — —
= | e (ml) ’(mz) i <M1) ’<M2) 7
which for y = 2 produces the desired result (3.7). O

Remark 5. Assume that the operator A satisfy the inequality
klg <A< Kly

for some numbers k, K with 0 < k < K. If a, 8 > 0 and we take f (t) = t* and
g (t) =% in Theorem 4, then my = k*, My = K®, my = k® and My = K” and by
the inequality (3.7) we have

(@ (A*YF) a,x)
(@ (Aop) 2, 2) /7 (@ (AP9) 2, )"/

g ENT (ENF| ([ k
< max A \ % man

forany z € K, x # 0.
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