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SOME INEQUALITIES FOR ISOTONIC LINEAR FUNCTIONALS

LOREDANA CIURDARIU

ABSTRACT. In this paper is given a new variant of Minkowski-type inequality
for isotonic linear functionals and then some variants of Qi’s inequality for
isotonic linear functionals using a new Young-type inequality. Also several
applications are presented.

1. INTRODUCTION

In [1] are given new results which extend many generalizations of Young’s in-
equality given before. We recall these results below in order to use them in the
next sections.

Theorem 1. Let A\, v and 7 be real numbers with A>1 and 0 < v <7 < 1. Then
(5>>\< A, (a,b)* — G, (a,b) _(l-v A
T A (a,b)* — G (a,b)* 1—-7) "

for all positive and distinct real numbers a and b. Moreover, both bounds are sharp.

The following important definition is given in [3], [5] and we will recall it here.

Let E be a nonempty set and L be a class of real-valued functions f : E — R
having the following properties:

(L1) If f,g € L and a,b € R, then (af +bg) € L.

(L2) If f(t) =1forallt € E, then f € L.

An isotonic linear functional is a functional A : L — R having the following
properties:

(A1) If f,g € L and a,b € R, then A(af + bg) = aA(f) + bA(g).

(A2) If f € L and f(t) >0 for all t € E, then A(f) > 0.

The mapping A is said to be normalised if

(A3) A(1) =1.

The following Holder-type inequalities are obtained from Theorem 1.1 which
is given in [1] and will be used in the next sections as an important tool in our
demonstrations.

Theorem 2. If L satisfy conditions L1, L2 and A satisfy A1, A2 on the set E. If
17y 9% fg, 77, " € Ly A(fP) > 0, A(g?) >0, pr > 1,7 <1, J+1=1and
f and g are positive functions then:
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2. A REFINEMENT OF MINKOWSKI'S INEQUALITY FOR ISOTONIC LINEAR
FUNCTIONAL

Using inequalities from Theorem 2 we can obtain some extensions of the classical
Minkowski’s inequality for isotonic linear functionals.

Theorem 3. Let 1 < p; <p < o0, % +% =1, % + qil =1, L satisfying conditions
L1, L2 and A satisfying A1, A2 on the set E. Considering the nonnegative functions
£, howith fP, kP, (f + h)a for, (f+h)a hor, (f +h)P=Lf, (f + h)P~h e L and
A(f?P) >0, A(hP) >0, A((f + h)P) > 0 we will have,

A Rh)ar for
Av ((f + h)P) < A% (f7) [1_1’1(1_ <(f+ )u f ) )>]+

P\ AT((f + b)) AT (fr

A h)at b
(2.1) + A7 (hP) [1 D (1 — <(f+ ) ) ] :

p W ((f + h)p) AP (he)

A%(fp) [1(11 (1 Afl((f'f‘h)‘nffl) )_ N

a a((f +h)P) AP (fP)

and

A h)a1 hot
22) +Ar) [1-L 1 — (<f+ ) 1 ) < Av((f+h)7).
q Aw((f + h)p) A (h?)

Proof. We will check only inequality (2.1). Applying inequality from Theorem 2

first time for fand ﬁh—yﬂ and then for h and L(H'h—)pil we will have:
Ad((f+h)atr—1) Ad((f+h)atr—1)

3 Py — (f +h)P! _
Ar((f+h)P)=A (A;((erh)q(pl))(f‘f'h))

A( i f>+A< MO0 h>§
Aa((f+h) q(p 1)) AE((f+h)Q(P—1))

p-1) n ((f+h)ﬁf?)
< Q4f+hﬂ@1»>b"p(l_Au«f+mmA&gm)]+

pemien N[ A((f+h)%h%) )
(A (f + h)atr= 1>)) o\ An((fhmAr () ) |




Q"i

A h q1 P1
=ar(fry [1-2 1 - CALKER) 4
P C((f + hyp) AT (f7)

et |1om (1o 114 f+hq1hp1> |
p AT ((f + h)r) A (hr)

This result allow us to give a refinement of Minkowski’s inequality for the cases
of the time scales Cauchy delta, Cauchy nabla and a-diamond integrals.

oy

Corollary 1. (i) Let 1 < p; < p < o0, %—i— % =1, 171 + 4 = 1, and the positive

functions f,h € Crq4([a,b),R). The following inequality takes place:

1

b P
(/ (f(a:)Jrh(:r))pA:z:) <

[ b S R ]
. ( A fp(@Ax) n [ RU@she)E @A )|
' T (6@ eas) T ()2 pr@as)™ ]|
dl b &k '
+<fwmmﬂ o, me+m>>h<>m: .
‘ 7 (fab(f(a:) +h( PAJ;) (J2m(w)az)™ )
(1) Let 1 < p1 < p < o0, %—&—% =1, p—l +o=1 and the positive functions
fyh € Cia((a,b],R). The following inequality takes place:
b 5
(/Uumm@wvﬁ <
o g n, Jof (@) + h(@) D 7 (2)Va _
< (/a f (x)Vx) 1 » 1 -+ - +

St
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b - p Pr P
+ </ hp(as)Vx> 1-2f1- a .
a p P1

Qﬁﬂ)+m ) Uhp ve)" )|

(i) Let 1 < p1 < p < o0, % + % =1, p1 +, =1 and the positive functions

fyh i [a,b] = R be o -integrable functions. The followmg inequality takes place:

1

b »
(/ (f(m)—i—h(:z:))poa:v) <

<</*ﬂ@g%z>; oL L@ s
' P\ (U@ + @) oas) ™ (f) f2(a) oan)”
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+</bhp(x)%x>; LN ff(f(x)+h(x))ih%(x)%x _
' ! (f;(f(x) + h(x))P 0 95) " (fab hP () 0q x) =

3. Some variants of Qi’s inequality for isotonic linear functionals

In this section we give several variants of some inequalities from [9] in the case
of isotonic linear functionals for p > 1 using the corresponding Holder’s inequalities
from Theorem 2.

Lemma 1. Let E, L and A be such that L1, L2, A1, A2 are satisfied.
If f, g, gf:—fl, fﬁglfﬁ € L are positive functions with A(g) >0, A (QZ—:) >0
then

oo, A(f%gl’ﬁ> pA 1P AP(f)
o 4744$f<g£i1>14%(g) (gp—l) A1)

ith 2 1 _ 1,1
wh€T6p>p1>1wzthp—l+q—lf1anderqil'

Proof. We apply Holder’ s inequality from Theorem 2 when p > 1 and f, g, g{:—:, f »r g

L are positive functions, obtaining:

f f7 A(ﬂ?gi>
Aurn4<1ﬁ><A%(p)AHm R
g z P\ an(4)ate

g’]

Then we take the p-th power on both sides of the inequalities and have:

fr1r
D

P 1 p
A ar
P P ) D1 <gp1qg )
A(f)<A(F)Aig) [1- [ 1- —F— :
g* P AM<¢)A“@

Theorem 4. Let E, L and A be such that L1, L2, Al, A2 are satisfied. If
f, frt2, f% € L, f is positive function and A(f) > A%(1) then

p+2 p+2
p—1 p+2 o P1 o A(f?) p+1
e )P p+2<l A%QM%A%u)] S

takes place for p+2 > p; > 1.

Proof. By Lemma 1 and hypothesis we have,

p+2 p+2
P42 _ D1 _ A(fﬁ) _
Al )P p+2<l A%UM%A%aJ]

P

1

S



p+2 p+2
:A<fp+2) 1o (o AU >
1p+l p+2 AT (fr+2) A (1)

AR ATTUDAG) AT,
ApTI(1) T AP-1(1)A2(1) © Ar-1(1)"

Consequence 1. Let E, L and A be such that L1, L2, A1, A2 are satisfied. If
+2
f, frt2, prT € L, [ is positive and in addition A is normalised and A(f) > 1

then
vy m AU
" )[1 P+2<l A;l(fw))

takes place for p+2 > p; > 1.

p+2

> APF(f),

As applications, we will give some refinements of several inequalities given by Qi
and Yin, [9], in the cases of delta time-scale integral, the Cauchy nabla time-scales
integrals and the Cauchy a-diamond time scale integrals.

Remark 1. Let a,b e R, a <b. If f € C([a,b]) is strictly positive and

b
[ o= - ap

/bfp+2(as)dx [1— P (1_ f;’f%(x)dx >r+2>
a P2 (b—a)u (f frH2(a)da)

1 b p+1
TTart l/ g @)d"”] |
where p+ 2 > p; > 1.

Moreover, when we have delta time-scale integral, the Cauchy nabla time-scales
integrals and the Cauchy a-diamond time scale integrals similary inequalities can
be stated like above.

then

Lemma 2. Let E, L and A be such that L1, L2, A1, A2 are satisfied on the set

E. ]f1<pl<p<oo,%—|—$:1,p—l—&———lcmdf,g,f%glfﬁ,gf:f1 € L are

") >0, A(g) > 0 then

positive functions and A(g[

» P

A(f) (f) Lo AU
Ar=1(g) ! q A (g;ﬁl)Aﬁ(g)
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Proof. We apply Holder’s inequality from Theorem 2 when g, f 7 917%7 g{:—: eL

are positive functions, obtaining:
P
P
A ((’1) 1 gqll>
g q

A(f) = A (lgé> s ab (B a1 1
. 7 ! A7x <f> A (g)
g‘l

Then we take the p-th power on both sides of the inequalities and we obtain by
calculus the desired inequality. I

The inequality from Lemma 2 can be written again for particular isotonic linear
functionals, see for example [3] like below:

Consequence 2. Let a,b e T, and 1 < p; < p < 00, %—i—%:l, pil—i—qil_l If
f, g € Cra(T,R) are positive then
b b P _p
UL s@aey e | e[ R A @A
b 1 E T
Ax)p-1 a 97 (JZ) q b fr(x P b a
(J7 g(x)Ac) (J2 A2 80) ™ (2 () )™

A new inequality for isotonic linear functional is the following:

Theorem 5. Let E, L and A be such that L1, L2, Al, A2 are satisfied. If
s 1P, f%1 € L, f is positive, A(f) >0 and A(f) > AP=(1) then

(
A(f !
AN <A [1=B - U )
P\ AT (AT ()

1,1 _1 1,1 _
when1<p1<p<oo,5+§—1, p1+q1—1.

Proof. By Lemma 1 and hypothesis we have,

a2 -4(5)

and
wiy (o] ow (o AGE) T
iy <A (1”1) A AFE (f) AT (1)
p—1 A fﬁ !
AT A(Qi(l)(f) <Al = Azi(J(‘)Aqﬁ)(l) |
N

If, in addition, the functional is normalised then previous inequality becomes:
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Consequence 3. Let E, L and A be such that L1, L2, A1, A2 are satisfied. If
5 fr, le € L, f is positive, A(f) > 0, A(f) > 1 and in addition, A is normalised,

then
p

Al fer

APTL(F) < A(fP) |1 - B2 1—€f )

p Ar(fp)

when 1 < py < p < oo, ++

As an application of Consequence 3 for Riemann integrals we obtain:

Consequence 4. (i) Let a,b € R, a < b. If f € C([a,b]) is positive, and

b
J(@)dx > (b— )P

1_p1< Ju 17 (@)de )1
P\ (b= a)i (f, f(x)dw)?t

when1 <py <p<oo, ++i=1 L 4L

(i1) In the case of delta time scale integrals, Cauchy nabla time-scales integrals
and Cauchy a-diamond time scale integrals similary inequalities can be stated as
above.

a

then

Now we take into account a particular case when A is a normalised functional
and f, g are two applications such that f,g: E — R like below, and we will obtain
new variant of inequaliities from Lemma 2 and from [9] by using Theorem 2, see
[7].

Lemma 3. Let A: L — R be an normalised isotonic linear functional and p,q > 1
with%—i—%:l. If f,g: E— R are so thatf,g,g{—fleL and 0 <my < f < My <
00, 0 < mg < g < My < oo for some constants my, My, mo, My then we have:

e () () (5.

where U = max{%, %} and K is the Kantorovich’s ratio defined by K (h) = %, h >
0.

Proof. We use Theorem 2 from [7] where we replace f by - and g by g% obtaining:
g

st () () ) = (Lot o () (22)) =
> ab () abo)

Now we take the p-th power on both sides of the inequalities and we get the con-
clusion.
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