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INEQUALITIES FOR POSITIVE LINEAR MAPS OF
SELFADJOINT OPERATORS VIA A KITTANEH-MANASRAH
RESULT

S. S. DRAGOMIR!:2

ABSTRACT. Some inequalities for positive linear maps of positive selfadjoint
linear operators in Hilbert spaces via a Kittaneh-Manasrah result, are given.
Operator and vector inequalities involving the weighted operator geometric
mean are also obtained. Reverses of the celebrated Ando’s inequality are
provided.

1. INTRODUCTION

As is well-known, the famous Young inequality for scalars says that if a, b > 0
and v € [0,1], then

(1.1) a7 < (1—v)a+vb

with equality if and only if a = b. The inequality (1.5) is also called as v-weighted
arithmetic-geometric mean inequality.

Kittaneh and Manasrah [9], [10] provided a refinement and a reverse for Young
inequality as follows:

(1.2) r(f—\/1;)2S(l—v)a—l—ub—al*”b”SR(\f—\/g)Q

where a, b > 0, v € [0,1], r = min{1 —v,v} and R = max {1 — v,v}. The case
v = % reduces (1.2) to an identity and is of no interest.

We observe that, if a, b € [m, M] C (0,00), then ’\/57 \/l;‘ < VM — \/m and

by (1.2) we obtain the following simple reverse of Young inequality
2
(1.3) (l—y)a—l—ub—al_”b”SR(vM—\/ﬁ) :

Let H be a complex Hilbert space and B (H), the Banach algebra of bounded
linear operators acting on H. We denote by BT (H) the convex cone of all positive
operators on H and by B*+ (H) the convex cone of all positive definite operators
on H.

Let H, K be complex Hilbert spaces. Following [2] (see also [16, p. 18]) we can
introduce:

Definition 1. A map ® : B(H) — B(K) is linear if it is additive and homogeneous,
namely
D (ANA+ puB) =20 (A) + u® (B)
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forany A, u € C and A, B € B(H). The linear map ® : B(H) — B(K) is positive
if it preserves the operator order, i.e. if A € BY (H) then ®(A) € BT (K). We
write ® € P [B(H),B(K)]. The linear map ® : B(H) — B (K) is normalised if it
preserves the identity operator, i.e. ® (1) = 1. We write ® € Py [B(H), B (K)].

We observe that a positive linear map ® preserves the order relation, namely

A < B implies ® (A) < ¢ (B)

and preserves the adjoint operation ® (A*) = ® (A)". If ® € Py [B(H),B(K)]
and OélH < A < ﬂlH, then Oth < (I)(A) < BlK

If the map ¥ : B(H) — B(K) is linear, positive and ¥ (1) € BT (K) then by
putting ® = U2 (1) WU ~1/2 (1) we get that & € Py [B(H),B(K)], namely
it is also normalised.

The following refinement of Cauchy-Bunyakowsky-Schwarz inequality for n-tuples

of nonnegative real numbers (aq,...,a,), (b1,...,b,) was established by Callebaut
in 1965 [1] and can be stated as follows:

n 2 n n n n
(1.4) (Z aibi> < Z a?(lﬂ)blz,\ Z alsz?(lfx\) < Z a? Z b2,
i=1 i=1 i=1 i=1 =1

for any X € [0,1].
In [8], by the use of (1.2), we obtained the following refinement and reverse of
the second part of Callebaut inequality (1.4) in the case of positive maps:

(15)  0<2r (<q> (g% (A)) z,z) (® (2 (A)) z,2) — (@ (f (A) g (A))ﬂc,x>2>
< (@ (9* (A) z,2) (2 (f* (4)) z,2)
= (o (1 (@) () v,z ) (@ (£2077) (4) g% (4)) .

<R ((@ (g (A) 7,2) (@ (£2(4) 2.2) = (@ (F (A) g (4) 7,2)°)

for any x € K, where f, g : I — R are continuous functions on the interval
I, A is a selfadjoint operator with Sp(A) C I, v € [0,1], r = min{l — v, v},
R=max{l —v,v} and ® € P[B(H),B(K)].

In [8] we have proved the following reverse of Holder’s inequality as well:

Let f, g : I — R be continuous functions on the interval I such that
(1.6) O<m < f<M <oo, 0<mg <g< M <,

for some constants mi, mo, My and Ms, A, B be two selfadjoint operators with
Sp(A), Sp(B) C I and p, ¢ > 1 with § + ;= 1. If ® € B [B(H), B (K)], then

(1.7) 0<1-— <<I) (f (A)9<A))SU,$>
T @A) )@ (g0 (A) 3, 2)

<o (o) G {5 G
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for any x € K, x # 0, where s = min{%, %} and S = rnaX{

For some recent inequalities for positive maps of Hilbert space operators see
[4]-[7], [11]-][15], [17]-[19] and the references therein.

In this paper, by the use of Kittaneh-Manasrah inequality (1.2) we establish some
other inequalities for positive linear maps of positive selfadjoint linear operators in
Hilbert spaces. Operator and vector inequalities involving the weighted operator
geometric mean are also provided. Reverses of the celebrated Ando’s inequality are
given.

11
p’q ]’

2. INEQUALITIES FOR OPERATOR GEOMETRIC MEAN

Throughout this section A, B are positive invertible operators on a complex
Hilbert space (H, (-,-)). We use the following notations for operators

AV, B :=(1-v)A+vB,
the weighted operator arithmetic mean and

Aty B = AV/? (A‘l/QBA‘W) AV2 y e 0,1]
the weighted operator geometric mean. When v = % we write AVB and AtB for
brevity, respectively.

Ando’s inequality says that if A, B are positive operators on a complex Hilbert
space (H, (-,-)) and ® € P [B(H),B(K)], then

(2.1) B (A8, B) < ® (A)£,® (B)

for any v € [0,1].
We have the following reverse of Ando’s inequality:

Theorem 1. Let A, B be positive invertible operators on a complex Hilbert space
(H,(-,)) and ® € P[B(H),B(K)], then we have the following reverse of (2.1)

(2.2) 0<®(A)8,®(B) - ¢ (AL, B)
<dlv-— ;‘ ®(A)V® (B) + 2rd (A) §d (B) — 2R (At B)

< 2R (® (4) VO (B) — & (425),
where v € [0,1], r =min {1 — v,v} and R = max {1 —v,v}.

Proof. From a =1 and b =z > 0 in (1.2) we have

rz+1
2

2r<x+1—\/5> g(1—y)+ua:—x”gR<

: —\/97)7

where v € [0,1], r = min {1 — v,v}, R = max{1 —v,v}.
If we use the functional calculus for the positive operator X, then we obtain

X +1 X +1
(2.3)  2r <2H X1/2> <(1-v)+vX -X"< R(J;H X1/2>,
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which by taking X = C~1/2DC~1/2 produces

(2.4) op (C—l/zD(J—l/z +1lg (C‘l/QDC—1/2)1/2>
2

< (1—v)+vC Y2DOV2 - (C7Y2po12)

<R <Cl/2DCI/2 + 1y . (071/2DC*1/2> 1/2> ’

2

provided C, D are positive invertible operators.

Now, if we multiply both sides of (2.4) by C''/2, then we get
(2.5) 2r (CVD — CiD) < CV,D - C4,D <2R(CVD — CtD),

where C, D are positive invertible operators and v € [0,1], » = min {1 — v, v},
R =max{l —v,v}.

Further, if we take in (2.5) C = A and D = B and then apply the positive map
®, then we get

(2.6) 2 (& (A) V® (B) — & (ALB)) +  (At, B)
®(A)V,o (B)
< 2R (P (A) VO (B) - & (A1B)) + @ (A4, B),

where A, B are positive invertible operators and v € [0, 1].
If we write the inequality (2.5) for C' = ® (A) and D = & (B), then we also have

(2.7) 2r (® (A) VO (B) — ® (A) i@ (B)) + @ (A) £, (B)
@ (A)V,®(B)
<2R(®(A) Ve (B) - @(A)12(B)) + @ (4) 1,2 (B),
where A, B are positive invertible operators and v € [0, 1].

Now, if we use the first inequality in (2.7) and the second inequality in (2.6),
then we conclude that

27’( (A) Ve (B) — @ (A) 1 (B)) + @ (A) 1, (B)
®(A4)V, 2 (B)
< 2R( (A)VP (B) — ® (AtB)) + @ (A4, B),
which implies that
2 (9 (A) V& (B) — ® (4) £ (B)) + & (A)2,® (B)
<2R(®(A)VP(B)— ®(AtB)) + ¢ (A4, B),

namely

(2.8)  @(A)5,2(B)— @ (AL DB)
< 2R (@ (A) VO (B) —  (ALB)) — 21 (& (4) VO (B) — & (4) 10 (B))
<2R(®(A)VP(B)— D (AtB))

B (A)VE (B) —  (A) 4 (B) > 0.

Observe that
1

2(R—r)=4 V=3l v e [0,1],
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then by (2.8) we get the desired inequality (2.2). O

Corollary 1. Let A, B be positive operators such that there exist the positive
numbers 0 < m < M with the property

mA < B < MA.
Then for any ® € P[B(H),B(K)], we have

(2.9) 0< ®(A)1,@ (B) — B (Ah,B) < RC (m, M) & (A)
where v € [0,1], R = max {1 — v, v} and
(1—ym)’ if M<1
C (m, M) = max{(1\/m)2,(m1)2} if m<1<M
(\/M—l)2 if 1<m.

Proof. 1t is clear that if x € [m, M] C (0,00), then
max (vaz — 1)2 =C(m,M).

z€[m,M]
This implies that

r+1

(2.10) —Vz < %c (m, M)

if z € [m, M].
Now, since mA < B < M A, then by multiplying both sides with A~'/2 we get
mly < A=Y2BA-Y/2 < M1y, which implies, by (2.10), that
A7Y2BAY? 1 2 1
5 tln (A2BAY2) 7 < S0 (m, M) 1

If we multiply this inequality both sides by A'/2 we get

AVB — AfB < %C(m,M)A
and by taking the positive map ®, we deduce
®(A) VP (B) — @ (A4B) < %C(m,M) D (A),
which, by (2.2), produces the desired result (2.9). O

3. VECTOR INEQUALITIES

In this section we establish some vector inequalities for positive invertible self-
adjoint operators as follows:

Theorem 2. Let A, B be positive invertible operators on a complex Hilbert space
(H,(-,*)). If &, U € Px [B(H),B(K)], then we have

3.1) 2 (<(<I> (A) VU (B)) z,z) — <<1> (A1/2) z, x> <x1/ (31/2) z, x>)
< (@ (A) VW (B) w7 — (@ (A') 2, 2) (¥ (BY) )
<9R (<(<1> (A) VU (B))z,z) — <<I> (A1/2) xm> <\If (31/2) xm>)

foranyx € K, ||z|| =1, wherev € [0,1], r = min {1 — v, v} and R = max {1 —v,v}.
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Proof. From (1.2) we have for any ¢, s € Ry that
(3.2) r(t+s—2x/t§)S(l—u)t—l—us—tl_”s”SR(t—i—s—Qx/t?),

where v € [0,1], r = min {1l — v,v} and R = max {1l —v,v}.
Fix s € Ry, then by the functional calculus for the operator A we have

r (A—|—31H - 2\/§A1/2> <(1—-v)A+vsly —s"A™"
<R (A+ sly — 2\&41/2)

and by taking the normalised positive map ® and the inner product for x € K,
lz]] = 1, we have

r (<<I> (A)z,z) + s — 2\/§<<I> (Al/Q) x, a:>)
<(1-v)(®(A)z,2)+vs—s" (P (A7) z,2)
R (<<I> (A)z,z) +s— 2\/§<<I> (A1/2> m,x>>

IN

for any s € R;..
Using the functional calculus for the operator B we have

r (@) (A)z,z) 1y + B -2 <‘I> <A1/2) :z:,x> B1/2)
<(1-v)(®(A)z,z) 1y +vB— (P (Al—”> x,z) BY
<R (<<I> (A)z,2) 1y + B -2 <<I> (AW) x:c> 31/2)

for any z € K, ||z|| = 1.
If we take the normalised positive map ¥ and the inner product for y € K,
lly|l = 1, then we have

r ((fl) (A)z,x) + (¥ (B)y,y) — 2 <<I> (Al/Q) x,x> <\I/ (Bl/Q) Y, y>)
<A—=v)(@(A)z,z) + v (¥ (B)y,y) — (¥ (B)y,y) (® (A"") z, )
<R (<<I> (A)z,x) + (¥ (B)y,y) — 2 <<I> (A1/2> x, x> <\If (31/2> y,y>)

for any =, y € K, ||lz| = [ly| = 1.
Finally, if we put y = = above, then we get the desired result (3.1). O

Remark 1. If we take in (8.1) ® = U, then we get
3.3) or (<(<1> (A)V® (B))z,z) — <<1> (A1/2) x, x> <<1> (31/2) xa:>)
< ((®(A)V,®(B))z,z) — (®(A""")z,2) (®(B") z,z)
<9R (<(<I> (A)V® (B))z,z) — <<I> (A1/2) xm> <<I> (31/2) z, x>)

forany z € K, ||z|| = L.
If we choose in (3.1) B = A, then we get

(3.4)  2r (<(<1> (A) VU (A)) 2, z) — <q> (A1/2) z, 1:> <qf (A1/2> H>)
< (@ (A) VT (A)z,z) — (D (A7) 2,2) (¥ (AY) z,z)
<9R (((q» (A) VU (A)) z,2) — <<1> (A1/2) :vx> <\11 (A1/2) 9::0>)
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for any z € K, ||z|| = 1.
Moreover, if we put in (3.4) ® = U, then we have the interesting result

(3.5) Pl (<q> (A)a,z) — <¢> <A1/2) mx>2>
<|{(P(A)z,x) — <<I> (Alﬂ’) T, x> (P (AY) z,x)

2R (<<I> (A)z,z) — <‘I’ (A1/2) “>2)

for any z € K, ||z|| = 1.
If we take in (3.5) A =|T|*> where T € B(H), then we have

(3.6) Pl <<q> (|T|2) :cx> —(® (|T|)m,z>2)

<(o(1P)z,2) - (@ (111" ) 2,2} (@ (IT1) @,)

< 2R (<<1> (\T|2) xx> (@ (|T|)x,x>2)

IN

foranyz € K, ||z|| = 1, wherev € [0,1], r = min {1 — v,v} and R = max {1l — v,v}.
We also have the complementary result:

Theorem 3. Let A, B be positive invertible operators on a complex Hilbert space
(H,(-,)). If ®, ¥ € Py [B(H),B(K)], then we have

(3.7) 2 (<(<1> (A) VU (B)) z,z) — (U (B)a,z)"/? <q> (A1/2) xz>)
< (@ (A) V¥ (g (A) z,2) — (¥ (B)z,2)" (& (A') 2, )
<2R (@ (A) VY (B))z,2) — (¥ (B)a,2)'/* (@ (412) w,2)),
foranyzx € K, ||z|| = 1, wherev € [0,1], r = min {1 — v, v} and R = max {1l — v,v}.
Proof. From (1.2) we have for any ¢t € R
(38) P (L (B) .y — 2VE (¥ (B)y.9)'?)
<A =v)t+v{(¥(B)y,y) — (¥ (B)y,y)"
<R (t + (U (B)y,y) — 2Vt (¥ (B)y,y>1/2)

where y € K, |ly|| =1, v €[0,1], r =min {1l — v,v} and R = max{l —v,v}.
If we use the functional calculus for the operator A then we have by (3.8) that

(3.9) r(A+ (¥ (B)y.) 1 —2(W (B)y,p)'/> 42
<S(L-v) A+ v (U (B)y,y) 1y — (¥ (B)y,y)" A
< R(A+ (W (B)y,) 1y —2(¥ (B)y,y)"/> A1?)

where y € K, |ly|| = 1.
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If we apply to the inequality (3.9) the normalised positive map @, then we get
r (@A) + (W (B)y,y) 1~ 2(¥ (B)y,0) @ (412))
< (1—0) @ (A) +v (¥ (B)y,y) 1x — (¥ (B)y.y)" & (A)
< R(®(A)+ (U (B)yy) 1k —2(¥ (B)y,y) " @ (41/2))

where y € K, ||y|| = 1.
If in this inequality we take the inner product for x € K, ||z|| = 1, we get

r((@ Az, 2) + (¥ (B)y.) — 208 (B)y.p)* (@ (47 2,2))
<A =) (@(A)z,z) +v (¥ (B)y,y) — (¥ (B)y,y)" (¢ (A7) z,z)
< R ((®(A)2,2) + (¥ (B)y,y) — 2(¥ (B)y,p)'* (@ (412) 2,3} ),
which, for y = z, generates the desired inequality (3.7). O
Remark 2. If we take in (3.7) ® = U, then we get
(3.10)  2r (<(<1> (A)V® (B))z,2) — (® (B)z,2)"/? <<1> (AW) xx>)
< (B (A)V,®(A) z,2) — (B (B)z,2)" (B (A) 2,2)
<2R (<(c1> (A)V® (B))z,2) — (& (B)x, )"/ <<1> (AW) xaz>> ,

for any z € K, ||z|| = 1.
If we put in (3.7) B = A, then we get

(3.11)  2r (<(<1> (A) VT (A)) 2, 2) — (U (A) z,2)"/? <<1> (A1/2) xa:>)
< (@A) VLV (A)z,z) — (¥ (A) x,2)" <‘I> (Alfl’) x, 3:>
<9R (((cp (A) VU (A)) z,2) — (U (A) z,2) "/ <<1> (A1/2) m>) ,

for any z € K, ||z|| = 1.
Moreover, if we choose in (3.11) ® =V and assume that A € BY+ (H), then by
replacing v with 1 — v we get the interesting result

(3.12) 2 (® (A) z, )" /2 (<<1> (A)z, )2 - <<1> (AW) xm>>
<(®(A)z,7)" — (2 (A) z,2)
<2R(@ (W) w,2) (@ (A)22)'” — (@ (42) ),

foranyz € K, ||z|| =1, wherev € [0,1], r = min {1 — v, v} and R = max {1 —v,v}.

)
)
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