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INEQUALITIES FOR POSITIVE LINEAR MAPS OF
SELFADJOINT OPERATORS VIA SOME MULTIPLICATIVE
REFINEMENTS AND REVERSES OF YOUNG’S INEQUALITY

S. S. DRAGOMIR!:2

ABSTRACT. Inequalities for positive linear maps of positive selfadjoint opera-
tors in Hilbert spaces via some results of Tominaga, Zou et al. and Liao et
al. are given. Operator and vector inequalities involving the weighted op-
erator geometric mean are also obtained. Reverses of the celebrated Ando’s
inequality are provided.

1. INTRODUCTION

Throughout this paper A, B are positive invertible operators on a complex
Hilbert space (H, (-,-)) . We use the following notations for operators and v € [0, 1]
AV, B :=(1-v)A+vB,

the weighted operator arithmetic mean, and

A, B = A/? (A*1/2BA*1/2)V A2,

the weighted operator geometric mean, [12]. When v = % we write AVB and A{B
for brevity, respectively.
The famous Young inequality for scalars says that if a, b > 0 and v € [0, 1], then

(1.1) a7y < (1—v)a+uvb
with equality if and only if @ = b. The inequality (1.1) is also called v-weighted

arithmetic-geometric mean inequality.
We recall that Specht’s ratio is defined by [20]

— b _ifh e (0,1) U (1,00),
eln( hh-1
(1.2) S (h) == (»77)

lifh=1.

It is well known that lim,; S (h) =1, S(h) = S(3) > 1 for h > 0, h # 1. The
function is decreasing on (0,1) and increasing on (1, c0).

The following inequality provides a refinement and a multiplicative reverse for
Young’s inequality:

(1.3) S ((%)7) a7 < (1-v)a+vb< S (%) al=rp,
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where a, b >0, v € [0,1], r = min {1 — v, v}.

The second inequality in (1.3) is due to Tominaga [22] while the first one is due
to Furuichi [11].

We consider the Kantorovich’s constant defined by

(h+1)°
4h
The function K is decreasing on (0,1) and increasing on [1,00), K (h) > 1 for any

h>0and K (h) = K (+) for any h > 0.
The following multiplicative refinement and reverse of Young inequality in terms
of Kantorovich’s constant holds:

(1.5) K" (%) AW < (1-v)a+vb< KR (%) al=p?,

(1.4) K (h) =  h>0.

where a,b >0, v € [0,1], r =min {1 — v,v} and R = max {1 —v,v}.

The first inequality in (1.5) was obtained by Zou et al. in [25] while the second
by Liao et al. [13].

In [25] the authors also showed that

2

implying that the lower bound in (1.5) is better than the lower bound from (1.3).
Let H be a complex Hilbert space and B (H), the Banach algebra of bounded
linear operators acting on H. We denote by BT (H) the convex cone of all positive
operators on H and by B¥+ (H) the convex cone of all positive definite operators
on H.
Let H, K be complex Hilbert spaces. Following [2] (see also [18, p. 18]) we can
introduce:

(1.6) K" (h) > S(h") for h >0 and r € [0, 1}

Definition 1. A map ® : B(H) — B(K) is linear if it is additive and homogeneous,
namely
O (AA+ uB) =20 (A) + n® (B)

forany A\, p € C and A, B € B(H). The linear map ® : B(H) — B (K) is positive
if it preserves the operator order, i.e. if A € BY (H) then ®(A) € BT (K). We
write ® € P [B(H),B(K)]. The linear map ® : B(H) — B(K) is normalised if it
preserves the identity operator, i.e. ® (1y) = 1. We write ® € Py [B(H), B (K)].

We observe that a positive linear map ® preserves the order relation, namely

A < B implies @ (4) < & (B)

and preserves the adjoint operation ® (A*) = ®(A)". If ® € Py [B(H),B(K)]
and aly < A< fBly, then alg < q)(A) < fBlg.

If the map ¥ : B(H) — B(K) is linear, positive and ¥ (1) € Bt (K) then by
putting ® = U2 (1) WU~1/2 (1) we get that & € Py [B(H),B(K)], namely
it is also normalised.

The celebrated Ando’s inequality [1] (see also [19]) says that if A, B are positive
operators on a complex Hilbert space (H, (-,-)) and ® € P [B(H),B(K)], then

(1.7) ® (Af,B) < @ (A) 1,2 (B)

for any v € [0,1].
For some recent inequalities for positive maps of Hilbert space operators see
[5]-[8], [9]-[17], [21]-[24] and the references therein.
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Motivated by the above results, several inequalities for positive linear maps of
positive selfadjoint linear operators in Hilbert spaces via some results of Tominaga,
Zou et al. and Liao et al. are given. Operator and vector inequalities involving the
weighted operator geometric mean are also obtained. Multiplicative reverses of the
celebrated Ando’s inequality are provided.

2. MULTIPLICATIVE REVERSES OF ANDO’S INEQUALITY
The following lemma is of interest in itself:

Lemma 1. Assume that C, D are positive invertible operators and the constants
M > m > 0 are such that

(2.1) mC <D< MC

in the operator order. Let v € [0,1], r = min{l —v,v} and R = max {1 —v,v}.
Then we have the inequalities

(2.2) o, (m,M)Ct,D <CV,D <T (m,M)C4,D,
where
S(m) if M <1,
(2.3) L'(m,M):=< max{S(m),S(M)} ifm<1<M, ,
S(M) if 1 <m,

S (M7 if M <1,

o, (m,M):=< 1ifm<1<M,

S(m") if 1 <m,

and
(2.4) ¥, (m, M) Ct,D < CV,D < Ug (m, M) C4,D,
where
K& (m) if M < 1,
(2.5) Vg (m,M):=¢ max{K"(m),KE(M)} ifm<1<M, ,

KR (M) if 1 <m,

K" (M) if M <1,

wr(m?M): 1me§1SM7

K" (m) if 1 <m.
Proof. From the inequality (1.3) we have

(2.6) ¥ min S(z") < S (M) " <(1-v)+ve<S(zr)z" <z" max S(x)
z€[m,M] xz€[m,M]



4 S.S. DRAGOMIRY2

where z € [m, M], v € [0,1], = min {1 — v, v}.
Since, by the properties of Specht’s ratio .S, we have

S(m) if M <1,
n[la)](w]S(:c): max {S(m),S(M)} fm<1<M, =T (m,M)
re|m,
S (M) if 1 <m,
and
S(M7) if M <1,
min S(z")=< 1ifm<1<M, =¢p. (mM),
z€[m,M]

S(m") if 1 <m,
then by (2.6) we have
(2.7) o, (m, M) <(1—-v)+ve <z'T'(m,M)

for any « € [m, M| and v € [0, 1].

Using the functional calculus for the operator X with ml < X < M1 we have
from (2.7) that
(2.8) XY, (m,M)<(1—-v)I+vX <X"T'(m,M)

for any v € [0, 1].

If the condition (2.1) holds true, then by multiplying in both sides with C'~1/2
we get mI < C~Y2DC~'/? < MT and by taking X = C~'/2DC~1/2 in (2.8) we
get

(2.9) (0—1/2130—1/2)” o, (m, M) < (1 —v)I +vC~Y2DC-1/2
< (C”l/zDC’l/Q)VI‘(m, M).

Now, if we multiply (2.9) in both sides with C''/? we get the desired result (2.2).
The second part follows in a similar way by utilizing the inequality

2 min K" (z) < K" (z)z" < (1—v)+ve < KP(z)z" <2 max K®(z),
z€[m,M] z€[m,M]

where x € [m, M], which follows from (1.5). The details are omitted. O
Remark 1. By the inequality (1.6) we observe that the lower bound in (2.4) is better
than the lower bound in (2.2). It has been shown in [4] that in general neither of

the upper bounds in (1.8) and (1.5) is always best, then it makes sense to state the
results in Lemma 1 as a single inequality, namely

(2.10) ¥, (m,M)C4,D < CV,D <min{l'(m,M), Vg (m, M)} C4,D,

provided that C, D are positive invertible operators and the constants M > m > 0
are such that the condition (2.1) is valid. Here v € [0,1], r = min {1 — v,v} and
R=max{l—v,v}.

We have the following multiplicative reverse of Ando’s inequality (1.7):
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Theorem 1. Let A, B be positive invertible operators on a complex Hilbert space
(H,(-,-)) and the constants M > m >0 are such that
(2.11) mA < B < MA.
If® e BB(H),B(K)], then we have

min {T" (m, M), Vg (m, M)}
(2.12) (@ (A4,B) <)@ (A)4,®(B) < b, (m, M)

where ¥, (m, M), ®(m, M) and ¥ (m, M) are defined in Lemma 1 and v € [0,1],
r=min{l —v,v} and R = max{l —v,v}.

® (A1, B),

Proof. If we write the inequality (2.10) for C = A and D = B, then we get
(2.13) ¥, (m, M) A4, B < AV, B <min{T (m, M), Vg (m, M)} A4, B,
for v € [0,1].
By taking the positive map ® in (2.13) we get
(2.14) b, (m, M) ®(A%,B) < & (4) Y, (B)
< min{T' (m, M), U (m, M)} @ (A4, B)
for v € [0,1].

From (2.11) we have that m® (A) < ®(B) < M® (A) and by the inequality
(2.10) for C = ® (A) and D = @ (B) we have
(215) 4, (m, M) @ (A) 1, (B) < ® (4) 7, (B)

< min{F(va)a\IlR (va)}q)(A)ﬁuq)(B)»

for v € [0,1].
If we use the first inequality in (2.15) and the second inequality in (2.14), then
we get the desired result (2.12). O

Remark 2. Forv = %, denote

%z’fM<1,

(216) W (m, M) := W, 15 (m, M) = max{%,%} ifm<1<M,

M+1
ivi if 1 <m,

and

M+1
Wevi if M <1,

(2.17) Y (m, M) =5 (m,M)=< 1ifm<1<M,
% if 1 <m.
By taking v = § in (2.12) we then get the simple inequality

min {T" (m, M), ¥ (m, M)}
W (m, M)

where A, B are positive invertible operators that satisfy condition (2.11).

(218) (B (ALB) ) B (A)t®(B) <

o (AfB),
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3. VECTOR INEQUALITIES

We have the following vector inequality:

Theorem 2. Let A, B be positive invertible operators on a complex Hilbert space
(H,({-,-)) and the constants My > m1 > 0 and My > msy > 0 satisfying the condi-
tions

MllH Z A 2 mllH and MQ].H Z B 2 mng.
If o e Py [B(H),B(K)], then we have

31 o, (j{; ﬁf) (® (AT 2,2) (¥ (B) y,)
< (1— ) (@(A)z.2) + v (T (B)y,)

fO’I‘ any T,y € K, ||‘TH = Hy” =1, where d)r ('7 ')7 i ('7 ) and ¥ ('a ) are deﬁned in
Lemma 1 and v € [0,1], r =min {1l — v,v} and R = max {1 —v,v}.
In particular, we have

mo % ((®(A)V, ¥ (B)) z,x)
32 ( ) S @ (A7) z,2) (¥ (BY) z.2)

M’ml
. my Mo my Mo
< I'f-—,—),¥ _—
_mln{ <M17m1>7 R(M17m1>}7

Proof. From the proof of Lemma 1 we have the scalar inequality

(3.3) Y, (m, M) t" < (1—v)+vt <min{T'(m, M), Vg (m,M)}t"

forany z € K, ||z|| = 1.

for any t € [m, M] and v € [0,1], r = min {1 — v,v} and R = max {1l — v,v}.
If we take in (3.3) t = 2 € [m, M], then we get

(3.4) ¥, (m,M)a* """ < (1 —-v)a+vb<min{T (m, M), Vg (m,M)}a'"b"

for v € [0,1].
If a € [my, My] and b € [my, My then 2 € [%, %} and by (3.4) we have
M.
(3.5) o, (]\”Z mf) al =" < (1-v)a+vb
. my Mo ma Mo 1—
< p(oe 22 g, (M2 2 vy
_mm{ (Ml’ ml)’ f <M1’ m1>}a
for v € [0,1].
Fix b € [ma, Ms], then by the functional calculus for the operator A we have
ma Mo -
. — — ATV < (1-v)A b1
36 v, (F2 2 )0 A < (1) At vl

. mo Mo mg My 1—
< f—=,— |, Up|—=,—2 ) 0"A"
_mm{ <M17m1)7 R<M1’m1>}

for v € [0,1].
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Now, if we apply to (3.6) the normalised positive map ® and then take the inner
product for z € K, ||z| =1 we get

B0 e (FR AR @) )

<A =-v){®(A)z,z)+vd

. m M. m M. v —v
<m1n{1" (]\4?7171?) ,UpR (1\4?7”;)}1) <<I> (A1 )x,x>

If we use the functional calculus for the operator B then we have by (3.7) that

(3.8) b, <m2 M2> (@ (A'¥) z,2) BY

My my
<(1-v)(®(A)z,z) 1y +vB

. my Mo ma Mo 1—v v
gmln{F <M,ml>,\I!R (M,ml>}<@ (A )x,x>B

forx € K, ||z|| = 1.
If we apply to (3.8) the normalised positive map ¥ and then take the inner
product for y € K, ||y|| =1 we get

mo M2

39 b (G222 (0 () 2) (9 (B) )
< (-0 (@ (A)0,2) 4 (¥ (B) )

- mo My mo My .
= T — ) Ve {0 — ) (®(AT U (B”
mln{ <M17m1>7 R<M17m1>}< ( )CE,QL'>< ( )y’y>’
for any z, y € K, ||z|| = |ly]| = 1 and the inequality (3.1) is proved. O

Corollary 1. With the assumptions of Theorem 2 we have the norm inequalities

a0 (G ) e () e )

<@ =v)fle )] +v[v (B

. m M. m M- —v v
gmm{rw,ﬂ;),% (ﬁmf)}”‘“f“ 1w (3],

where v € [0,1], r = min{l — v,v} and R = max {1l —v,v}.

Proof. Indeed, if we fix in (3.1) y € K, ||y|| = 1 and take the supremum over z € K,
lz]] = 1 we have

ma

By o () e (4 () e)
< (-0 @ ()] + v (¥ (B)y.0)

oo (52 25) o (5220 v

By taking the supremum over y € K, ||y|]| = 1 in (3.11) we get the desired result
(3.10). O
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Remark 3. If we take in (3.1) ® = U, then we have

mao % <((I>(A)VV¢)(B))Z‘,$>
(8.12) w,.( )S @ (A7) z,2) (@ (B”) 1, )

M’ml
. my Mo my Mo
< rf—,— |, g —,—
mln{ <M17m1>7 R<M17m1>}7
forany z € K, ||z|| = 1.

If B= A, My = My, ma =my and since 1, (m M) =1

My’ mq
my M M, my M R M,
Pf— —)=5(— dUp(—, — ) =K (=
<M1’m1> S<m1> an R(Ml’ml) my )’

then we get by (3.12) that

<¢ (A) .’E,:I:> . Ml R Ml
1 1< < =) K -
G G e @@ =™ ) ) 1
for any z € K, ||z|| = 1.
From (3.10) we also have the norm inequality

o () <nin s (30) &7 (20) L (a0 o (a)

1

)

where v € [0,1], r = min{l — v,v} and R = max {1l —v,v}.
Now, if we take in (3.13) v = %, then we get

(3.14) 1<m<min{s (ﬁ)%}

for any z € K, ||z|| = 1.
Alternatively, we have:

Theorem 3. With the assumptions of Theorem 2 we have

(3.15) o, (A"Z ]T\gf) (®(A"") z,2) (¥ (B)y,y)"

<A =v)(®(A)z,z) + v (¥ (B)y,y)
< min {F (;\’Z ﬁf) g (XZ ﬁf) } (@ (A7) 2, 2) (W (B)y, )",

for any z, y € K, ||z| = [ly| = 1.
In particular, we have

(3.16) v, (XZ %f) (® (A") z,2) (¥ (B) z, 2)"

<{(®(A) V¥ (B))z,x)
< min {r (XZ i‘f) g (J\WZ ﬁf) } (@ (A¥) 2,2) (U (B) z,2)"

forany z € K, ||z|| = 1.
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Proof. By taking b = (¥ (B)y,y) € [ma, Ma] for y € K, ||y|| =1 in (3.6) we get

(3.17) ¥, (;’Z Jn‘ff) (W (B)y,y)” A"

< (- 0) A+ 0¥ (B ) 1
<oin {1 (32,22 ) wn (2228 ) b gw () ) 2

for v € [0,1].
Now, by making use of a similar argument to the one outlined in the proof of
Theorem 2 we obtain the desired result (3.15) and the details are omitted. g
We have:

Corollary 2. With the assumptions of Theorem 2 we have the norm inequalities
mo Mo 1—
3.18 — (AT ||P (B
@1 (52 e () B
<A=-v)eA)]+v¥ (B

. m M. m M. v
<n{r (5 ) o (5t ) e o

where v € [0,1], r = min{1 — v,v} and R = max{l —v,v}.
Remark 4. If we take in (3.16) ® = ¥, then we have

my My (2(A)V,®(B))x, )
(319) wr<M1’m1>S< (Al V)a;‘$>< ( ) >

. mo Mo mo Mo
< 'i—,— |,V
_mm{ (Ml’m1> <M1 >}’

for any x € K, ||z|| = 1, and, for B = A, we get for replacing v with 1 — v
< (P (A)x,x) <minls My KR My
(@ (AY) z, x) mi my

for any z € K, ||z|| = 1.
The corresponding norm inequality is:

(3.21) ot < min{s (2 e (20) Loy,

my my

(3.20) 1
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