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A GENERALIZED AND REFINED PERTERBED VERSION OF
OSTROWSKI TYPE INEQUALITIES

IM. Z. SARIKAYA, 1H. BUDAK, 2S. ERDEN, AND 3A. QAYYUM

ABSTRACT. In this paper, we first obtain a new identity for twice differentiable
mappings. Then, we establish generalized and improved perturbed version of
Ostrowski type inequalities for functions whose derivatives are of bounded
variation or second derivatives are either bounded or Lipschitzian.

1. INTRODUCTION

In 1938, Ostrowski first declared his inequality for different differentiable map-
pings. Ostrowski inequalities appear in most of the domains of Mathematics. Its im-
portance has increased remarkable during the past few years and it is now cosidered
as an independent branch of Mathematics. The development of the theory of Os-
trowski inequality was initiated by Dragomir. In [6], Dragomir et. al obtained
Ostrowski type inequalities for functions whose second derivatives are bounded.
During the time, the growing interest for the ostrowski inequalities led to the ap-
parition of several research papers in the area. In this sense, we mention ([6], [8],
[16], [17], [19]-[21]). In recent years, modern theory of inequalities is used at large
and many efforts devoted to establish several generalizations of the Ostrowski’s
inequalities for mappings of bounded variation ([1]-[5], [7], [9]-[13], [15], [18]). In
this study, we establish some perturbed version of Ostrowski type inequalities for
twice differentiable functions whose derivatives are of bounded variation or second
derivatives are either bounded or Lipschitzian.

Theorem 1. [14] Let f : [a,b] — R be a differentiable mapping on (a,b) whose

derivative f' : (a,b) — R is bounded on (a,b), i.e. |f'|l = sup |f'(t)] < oo.
t€(a,b)

Then, we have the inequality

SR I s — / F(tydt] <

] b—a)lf'll

for all x € [a,b)].

The constant % is the best possible.
In [9], Dragomir proved the following Ostrowski type inequalitiesfor functions of
bounded variation:
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Theorem 2. Let f : [a,b] — R be a mapping of bounded variation on [a,b]. Then

b
a2 | [ 1000 @) < [1 (b—a)+

2

-5 \:/(f)

holds for all « € [a,b]. The constant % is the best possible.
The following lemma is required to prove the main theorem.

Lemma 1. Let f :[a,b] — C be a twice differantiable function on (a,b). Then for
any \i(z), 1 =1,2,..5 complex number the following identity holds

(1.3)
ue . :

s [ G- 0= s [ (t—?’“:b) 7 (1) = hala)] dt
a+b—zx b 2 i

w [ (-550) - n@ld
u+22b7:1_' , b

s [ (SR vro-veias [ a-ntr o - sl
at+b—z at2b—z

2

3

3
—(z —a)’ Mi() + As(z)] — 8 (x - 3“: b) No(z) + M@;)}} ,

for all x € [a, %H’] , where A is defined by

(14) A

- bla/bf(t)dt—j1 [f(:c)+f(a+b—l‘)+f(a+x>+f<a+2b_x)

2 2

+<x5a§3b> {f'"(a+b—w)— f'(2)}

1 3a+b ,(a+2b—z o+
A= (1) ()
Proof. Integrating the by parts for each integral, we can easily obtain the required
result (1.3). O

Now with the help of above Lemma, we will prove the following inequalities.
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2. INEQUALITIES FOR FUNCTIONS WHOSE SECOND DERIVATIVES ARE BOUNDED
Recall the sets of complex-valued functions:
Uga (1.1
= {f : [a,b] — C|Re [(1" — f(t) (m) —ﬂ > 0 for almost every t € [mb]}

and

By (1) = { 7l = €l [0 - T 5| < b

< 3 [T —~| for a.e. t € [a,b]

Proposition 1. For any v, I’ € C, v # I, we have that U[a’b] (v,T) and Z[a’b] (v,T)
are nonempty and closed sets and

U[a,b] (77 F) = Z[a,b] (77 F) .
Let I = [a, %%, I = [*52,a] I = [v,a+b—2] Iy = [a+b— =, “2=2] and
Iy = [et2=2 ]
Theorem 3. Let f : [a,b] — e a twice differantiable function on (a,b) and

b
€ (a,b). Suppose that v,(x),T;(x) € C, v,(x) #Ti(x), i =1,2,3,4,5 and

3

5

e\ Ur (v;, 1)

i=1

then we have the inequality

i (-5

X [y2(2) + Ta(2) + 16 (v3(2) + T'3(2)) + 74(2) + Ta(2)]

—(z = a)’ [y1(@) + T1(2) + 75(2) + Ts(2)]

3
—swa“jb)[%@»+rxm+vam+ramﬂ‘

IN

50— (@9’ IN@) =)
)3

8<$_3a+b)3_ (x_a+b
4 2
+16 (“‘2”’ —x>3|F3(x)—73($)|
8<x_3a+b)3_ <x_a+b>3
4 2
+ (@ = )* [Ts() = 75(2)1}

where A is defined as in (1.4).

+ T2 (2) = 7o()]

+ Ta(2) = 74(2)]
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Proof. Taking the modulus identity (1.3) for X\;(z) = W, i =

5
since f" € ﬂ Ur, (7;, 1), we have

=1
1 a+b 3
At 60-a) [(“"”_ 2 )

X [12(2) + To(@) + 16 (v3(2) + T'3(2)) +74(2) + Ta(2)]

—(z = a)* [r1 () + T'1(2) + 75(2) + Ts(2)]

-8 <x - 3a4+b> [Yo(x) + Ta(x) +v4(z) + F4($)]] ‘

- M{/Mh“@wdt
’ 2
+/ <t_3az—b) f//(t)_w W
(j-‘rb—r )
+ <t_a‘2|’b> f//(t)_')/g(l’);rs(x) 5
. a+3b\° " v4(2) 4+ Ty(z)
: . O dt
0«+/m ( 4 ) 2
b
+ / (- 02| f 7 (1) - @) T () dt}
< 1 ) {(m—a)3 01 (z) — v, (2)]

+16 (a _2|_ b x>2 IT3(z) — v3(z)]

8 73a+b 37 7a+b 3
Ty T

+ (@~ 0)* [T5 (@) = 73(a)] }

Ta(z) = ya(2)]

This completes the proof.
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Remark 1. If we choose x = a in Theorem 3, we obtain the inequality

/f A BRAGELL]

b—a

oW @ (g (73(w)+F3(9:))|

8 48
< LoD ry ) ()

which was given by Sarikaya et al. in [15].

Corollary 1. Under assumption of Theorem 8 with x = ‘ITH’, we have

i fromn=d[r () ver(5) s (=52)
oo (52 (=)

— e (@) + T (@) + 72(2) + Ta(2)

+74(2) + Ta(@) +v5(2) + Ts(2)]]

(b—a)?
768

+ [Fa(@) = v4(@)[ + [Ts(z) = v5(2)]] -

Corollary 2. Under assumption of Theorem 8 with x =

e from- 3 () o (52)
() s ()
_8(b—a){f/<ang>_fl<3a:b>ﬂ

(b a)’
+ 2 [y(2) + Ta(@) + 75(w) + Ta(2)

IN

[IT1(2) = 71(2)] + [Ta(z) = 72(2)]

3“T+b, we have

+16 (v3(2) + T'3(2)) +74(2) + Ta(z) + 75(2) + Ts(2)]]

IN

LB (I0y () = 7 (@)] + 802 () — Y ()] + 16 [Pa(x) — 74(x)]

+8[La(z) = v4(@) + [Ts(z) — v5(2)]]-
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3. INEQUALITIES FOR MAPPINGS OF BOUNDED VARIATION

In this section, we establish some inequalities for function whose second deriva-

tives are of bounded variation.
Let f :la,b] — C be a twice differentiable function on I°(I° is the interior of

I) and [a,b] C I°.Then, from (1.3), we have for
Mi(z)=f"(a),
£ () 57 @)

/\2(1‘) =

2 )
RS
" _ 1 (a+2b—x
/\4(m):f (a+b x);—f (o2 ),

>\5($) = f " (b)a

B gl [0t o- @l [ (-2
. [f vy 4 (“f);—f”(ﬂc)ldt
atbe b 2 " " b
+ (t_a;'_ ) [f//(t)_f ($)+f2(a+ _x)]dt
a+22b*’f a 2 "(a —r 1 (a+2b—=zx
a+b—x

><{f”<a+2w>+17(f”(:r)+f”(a+bw))Jrf" <“+22b$)}

: " " 3a+0 ’
- U@+ )4 (o )

><{f”<a42r$>+f’/(x)+f”(a+bac)Jrf” (”2;_”5)”

for any = € [a, aT'H’] , where A is defined as in (1.4).

Theorem 4. Let f : [a,b] — C be a twice differentiable function on I°(I° is the
interior of I) and [a,b] C I°. If the second derivative f " is of bounded variation
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on [a,b], then we have

a[(—“;”’)

(
e e s (229

, , 3a+b)°
-’ @)+ f <b>14(x =)

x{f” <m>+f”(a;)+f”(a+b—x)+f”<a+22b_x>}”

IN
o~
(0]
—
S
I
)
~—
——
—
8
w
8 <m‘+

for all x € [a, “T‘H’] , where A is defined as in (1.4).

Proof. From (3.1), we find that

A (50

(
{f”(“”>+17 )+f”(a+b—a:))+f”<a+22bx)}

3
- U@+ )4 (- 2

x{f” <a+2$>+f”(a:)+f”(a+bx)+f"<a+22bx)}”

[\
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1 % " "
< om0 @l

a

+ ] (t— 3ajb>2 lf ()1 (%);fﬁ (x)] dt

ata
2

a+b—x 9 , .,
+ (t_(l;-b> Hf//(t)_f ($)+f2(a+b—$):|dt
N a-+3b\?2 . f”(a+b—x)+f“(M)
+/<t_4)f(t)_ 5 2| gt
a+b—x
b
/ (=07 1F 7 0) — £ 0
Since f " is of bounded variation on [a, b] , we get
t
|f//(t)*f”(a)|§\/(f”
for ¢ € [a, 4]
/" (atx ' 1 z
‘f”u)—f B) 277 3\ v
atx
for t € [242, 2]
/" " h— a+b—x
e e EE A
fort € [z,a+b— x]
o fatb—a) o f (s | TET o EEE
|f ©- <5 V U< V u
a+b—x at+b—z

for t € [a—l—b—z,%]

b
T OEN MR OIEAVATED!

for t € [%, b] .
Thus, using the elementary analysis operations, we deduce desired inequality
(3.2) which completes the proof. O

Remark 2. If we choose x = a in (3.2), then we get the result proved by Sarikaya
et al. [15].
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Corollary 3. Under assumption of Theorem 4 with x = ‘%rb, we have the inequality

o () (45 (5
ofp (52) (1))

S @ o (452)

AlrC2)er(=2)

b

1 4
RARE

a

| =

+

S

IA
o

4. INEQUALITIES FOR LIPSCHITZIAN MAPPINGS

In this section we obtain some inequalities for function whose second derivatives
are Lipschitzian.
We say that the function g : [a,b] — C is Lipschitzian with the constant L > 0 if

9(t) —g(s)| < Lt —s
for any ¢, s € [a,}].

Theorem 5. Let f : [a,b] — C be a twice differantiable function on (a,b). If the
second derivative f" is a Lipschitzian mapping with the constant L > 0,then we
have the inequality

1 |5
() e (7)o (55

—(@=a)*[f " (a) + | " (b))

Sl ) [ () o ()]
()

b\ * 3a+b\*
+31(x—“;'> +16(x— “: )

for all z € |a, i] , where A is defined as in (1.4).

(4.1)

IN
h
—
[N}
0
|
&
'S
+
V)
Q
3

)
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Proof. If we take the A\y = f"(a), Ao = f"”(3%2), A3 = f"(%2), Ay =
[ (9E32) and A5 = f " (b) in equality (1.3), we have
ata
2

(42) Q(bl){ [ =7 @ - £ @

a

[ =2 o ()]

atx
2

a+b—x

[ ) o ()
" /(t “231’)2 g ()] a
a+b—zx

N /b <tb>2[f”<t)f”<b)]dt}

= bla/bf@)clt—j1 [f(x)+f(a+b—x)+f(a;x>+f<a+22b_x)

+<x5a;3b>{f’(a+bw)f/($)}

sl ) ()]
1 a+b\®

TB-a) ( 2 >

" {f/’<3a:b>+16f"<a;b>+f"<a—z3b>}

—@=a’lf"(@+ 1" )
4 (z 3a:b>3 {f,, <3a:b> +f,,<a23b>H

for all z € [a, ‘IT“’] .
Since f is Lipschitzian, taking the madulus in (4.2), we have

A |

o [f,,(?)ajb)+16f,,(a—2&—b)+f,,<a23b)}

—(z—a)’[f " (a) + £ (b)]
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_8<x_3a2—b>3 [f,,<3a:b)+f,,<az3b>ﬂ‘
L {2(za)4+59n <3a4+bx>

128 (b —a)
3a+b 4 a+b 4
x[lﬁ(a:— 1 ) —(ac— 5 )

a+b\* 3a+b\*
+31<m—2> +16<m— 1 )

ata

L i 3 r 3a+b
atx

a

IN

3

a+b it

-1

3 a+b—x
dt + /

x

IN

2

at2b—=
Fofa+3 ) /

+ / <az —t> dt + / (b—t)®dt
at+b—zx at2b—z

2

If we calculate the above five integrals, then we obtain the inequality (4.1). Thus
proof is completed. U

Corollary 4. Under assumption of Theorem 5 with x = a, we get the inequality

b
L[ ra- {00

f (b)_f/(a) (b_a)2 " a+b
—(b-a) 8 o < 2 >’

Corollary 5. Under assumption of Theorem 5 with x = ‘LTH', we get the inequality

biaa/bf(t)dt_zll [f<3a:b>+2f(a;b)+f(az3b)
ol () (2]

+(b3_8§)2 [f @)+ f ) S (3“:b> ey (“Z?’b)]
1

512

(b—a)’L

IN
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Corollary 6. Under assumption of Theorem 5 with x =

M. Z. SARIKAYA, 'H. BUDAK, 2S. ERDEN, AND %A. QAYYUM

#, we get the inequality

o ) () e () (5
_;(b_a){f,(atl%) _f,<3a2—b>H

0 [ (B e (422)

+f ”(a23b> +f”(b)”

17 5
REFERENCES
[1] H. Budak and M. Z. Sarikaya, A4 new Ostrowski type inequality for functions whose first

2]

(3]

(4]

(5]

(6]
[7]
(8]
[9]

[10]

[11]

[12]
[13]
[14]

[15]

[16]

derivatives are of bounded variation, Moroccan J. Pure Appl. Anal., 2(1)(2016), 1-11.

H. Budak and M.Z. Sarikaya, A companion of Ostrowski type inequalities for mappings of
bounded wvariation and some applications, RGMIA Research Report Collection, 19(2016),
Article 24, 10 pp.

H. Budak, M.Z. Sarikaya and A. Qayyum, Improvement in companion of Ostrowski type
inequalities for mappings whose first derivatives are of bounded variation and application,
RGMIA Research Report Collection, 19(2016), Article 25, 11 pp.

H. Budak, M.Z. Sarikaya and S.S. Dragomir, Some perturbed Ostrowski type inequality for
twice differentiable functions, RGMIA Research Report Collection, 19(2016), Article 47, 14
pp.

H. Budak and M. Z. Sarikaya, Some perturbed Ostrowski type inequality for functions whose
first derivatives are of bounded variation, RGMIA Research Report Collection, 19 (2016),
Article 54, 13 pp.

S. S. Dragomir and N.S. Barnett, An Ostrowski type inequality for mappings whose second
derivatives are bounded and applications, RGMIA Research Report Collection, 1(2)(1998).
S. S. Dragomir, The Ostrowski integral inequality for mappings of bounded variation, Bulletin
of the Australian Mathematical Society, 60(1) (1999), 495-508.

S. S. Dragomir and A. Sofo, An integral inequality for twice differentiable mappings and
application, Tamkang J. Math., 31(4) 2000.

S. S. Dragomir, On the Ostrowski’s integral inequality for mappings with bounded variation
and applications, Mathematical Inequalities & Applications, 4 (2001), no. 1, 59-66.

S. S. Dragomir, A companion of Ostrowski’s inequality for functions of bounded variation
and applications, International Journal of Nonlinear Analysis and Applications, 5 (2014) No.
1, 89-97 pp.

S. S. Dragomir, Some perturbed Ostrowski type inequalities for functions of
bounded wariation, Asian-European Journal of Mathematics, 8(4)(2015,),14 pages.
DOI:10.1142/S1793557115500692

S. S. Dragomir, Perturbed Companions of Ostrowski’s Inequality for Functions of Bounded
Variation, RGMIA Research Report Collection, 17(2014), Article 1, 16 pp.

W. Liu and Y. Sun, A Refinement of the Companion of Ostrowski inequality for functions
of bounded variation and Applications, arXiv:1207.3861v1, (2012).

A. M. Ostrowski, Uber die absolutabweichung einer differentiebaren funktion von ihrem in-
tegralmitelwert, Comment. Math. Helv. 10(1938), 226-227.

M. Z. Sarikaya, H. Budak, T. Tunc, S. Erden and H. Yaldiz, Perturbed companion of Ostrowski
type inequality for twice differentiable functions, RGMIA Research Report Collection, 19
(2016), Article 59, 13 pp.

E. Set and M. Z. Sarikaya, On a new Ostrowski-type inequality and related results, Kyungpook
Mathematical Journal, 54(2014), 545-554.



A GENERALIZED AND REFINED PERTERBED VERSION OF OSTROWSKI TYPE INEQUALITIHES

[17] J. Park, Some Companions of an Ostrowski-like Type Inequality for Twice Differentiable
Functions, Applied Mathematical Sciences, Vol. 8, 2014, no. 47, 2339 - 2351.

[18] M. Liu, Y. Zhu and J. Park, Some companions of perturbed Ostrowski-type inequalities based
on the quadratic kernel function with three sections and applications, J. of Ineq. and Appli-
cations, 2013 2013:226.

[19] A. Qayyum, M. Shoaib and I. Faye, Companion of Ostrowski-type inequality based on 5-step
quadratic kernel and applications, Journal of Nonlinear Science and Applications, 9 (2016),
537-552.

[20] A. Qayyum, I. Faye and M. Shoaib, A companion of Ostrowski Type Integral Inequality using
a b-step kernel With Some Applications, Filomat, (In Press).

[21] A. Qayyum, M. Shoaib and I. Faye, Derivation and applications of inequalities of Ostrowski
type for n-times differentiable mappings for cumulative distribution function and some quad-
rature rules, Journal of Nonlinear Sciences and Applications, 9 (2016), 1844-1857.

I'DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS,, DUZCE UNIVERSITY, DUZCE,

TURKEY.

E-mail address: sarikayamzOgmail.com

IDEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE AND ARTS,, DUZCE UNIVERSITY, DUZCE,
TURKEY.
E-mail address: hsyn.budak@gmail.com

2DEPARTMENT OF MATHEMATICS, FACULTY OF SCIENCE,, BARTIN UNIVERSITY, BARTIN, TURKEY.
E-mail address: erdensmt@gmail.com

SDEPARTMENT OF MATHEMATICS, UNIVERSITY OF HAIL, P. O. Box 2440, KINGDOM OF SAUDI
ARABIA.
E-mail address: atherqayyum@gmail.com





