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SOME INTEGRAL INEQUALITIES VIA (p,q) —-CALCULUS ON
FINITE INTERVALS

MEVLUT TUNC® AND ESRA GOV?A

ABSTRACT. The aim of this paper is to construct (p, ¢)-calculus on finite in-
tervals. The (pg,qy) —derivative and (pg, qr) —integral are defined and some
basic properties are given. Also, (pg, qx) —analogue of Holder, Minkowski and
Hermite-Hadamard inequality are proved.

1. INTRODUCTION

All of the scientific works deal with the ambition for giving the meaning of the
universe in which we live. Every new discovery we made come up looking, feeling,
living and transmitting in a different perspective. For understanding and transmit-
ting these happenings, we all need different type of methods. As mathematicians,
the main purpose of our studies is to analyze the nature and express in mathemat-
ical ways. In this sense, calculus which is the main well-known way become our
alphabet while we are translating the universe into some notions.

Quantum calculus is a field that searches mathematical formulas which turn the
original version when ¢ tends to 1. The history of quantum analysis goes back
to eighteenth century to when Euler introduced ¢ in ’Introductio’ in the tracks of
Newton’s infinite series. In nineteenth century, Jackson defined an integral which
is called g-Jackson integral in 1910 and g-analysis has gone through a period of
rapidly development. For more details, see [4, 5, 7, 10] and the refrences therein.

In recent years, as being one of the most desirable area, many authors are inter-
ested in quantum calculus. One can easily see new contributions to the field almost
every day. This is due to the fact that quantum calculus has not also important ap-
plications in mathematics but also in particle physics, theoretical physics, analytic
number theory, and computer science. In mathematics, ¢g- analysis is closely linked
with theory of ordinary fractional calculus, optimal control problems, g-difference
and g-integral equations. In [17] and [18] Tariboon et al. define quantum calculus
on finite intervals namely gi-calculus, prove some of its properties and extend some
of the important integral inequalities to quantum calculus.

In this paper, we give a generalization for the (p, ¢)-calculus which was first taken
in [1] as (p, q)-integers for generalizing g-oscillator algebras which is well known
in the earlier pyhsics. Until then today, (p,q)-calculus become an appropriate
workspace for both mathematicians and pyhsicist, see [1, 2, 3, 6, 8, 9] and [11]-[15].
Our main goal is to open a new door for enlarging the field in which the studies
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gain importance. The (p, q) —integers [n], , are defined by

p"—q"
1.1 n =
(L.1) Mg ="

where 0 < ¢ < p < 1. For each k,n € N, n > k > 0, the (p,q) —factorial and
(p, q) —binomial are defined by

[n]p7q! = klill [k}p,q7 n Z ]‘3 [O]p7q! = 1

[ n :| _ [ ]p,q!
& P.q [~ k]p,q! [k]p,q!
Let f: R — R. The (p,q) —derivative of the function f is defined as

f (pz) — f (q2)

(12) Dpaf (a) = s

,x#0

provided that D, ,f (0) = f' (0).
Let f: C[0,a] — R (a > 0) then the (p, ¢)-integration of f defined by

(1.3) /Of(t)dpyqt - (q—p)azqf+1f(q£+la> if‘z‘<1

n=0

¢ — q" q" L |p
/of(t)dp’qt = (p—q)azpnﬂf(pnﬂa) if ’q’>1.

n=0

The formula of (p, q) —integration by parts is given by

b b
(1.4) / f (p) Dy 49 (z) dp gt = f(f)g(ff)\z _/ g (qx) Dp,qf () dp,qt-

All notions written above reduce to the g—analogs when p = 1. For more details,see
the refrences mentioned in above.

2. (p,q)-CALCULUS ON FINITE INTERVALS

In this section, we define (pg, gi)-derivative and (py, ¢x)-integral on finite inter-
vals. Let Iy := [ug, ur+1] be an interval and 0 < ¢ < pr, < 1 be constants.

Definition 1. Let f : I — R be a continuous function and assume that u € Ij.
Then the following equality
S (pwu+ (1 — pi) u) — f (qew + (1 — qr) ur)
2.1) D, . fu) = LU F U
(1) Dpgef (w) (o —a1) (a— un) 7 uk
Dpk,Lka(uk) = ulirgk DPk;Qkf(u)

is called the (py, qx)-derivative of a function f at u.

Obviously, f is (pg,qx)-differentiable on I, provided D,, . f (u) exists for all
u € Iy. In (2.1), if p, = 1, then D,, 4, f = Dy, f which is the g-derivative of the
function f and also if g — 1,ux = 0, (2.1) reduces to g-derivative of the function
f, see [10, 18].
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Example 1. Foru € I, if f (u) = (u —ug)", then

n

 (ru At (L= pr) ur —ug)"” — (geu + (1 — ) ur — ug)
Dpk#]kf (U’) - (Pk _ qk) (U _ uk)
P (u—up)" — qf (u—uy)"
(Pk — ar) (v — ug)
(2:2) = [nlp (u—up)" "

where [n] = Bz If pr =1 in (2.2), then (2.2) reduces

Pk,qk Pk —4k

Dy, f (u) = [n],, (u—u)"™

which is given in [18]. Also if g — 1,ur = 0, it reduces q-derivative of the given
function, see [10].

Theorem 1. Suppose that f,q: I — R is (pg, qx)-differentiable on Ij,. Then:
(a) If f 4+ g : I — R is (pk, qr)-differentiable on Iy, then

(2.3) Dy g, (f () + g (w) = Dy g, f (1) + Dypy g9 (1) -
(b) If \f : I, — R is (pg, qr)-differentiable on Iy, for any constant X, then
(2.4) Dpy g f (W) = ADp, g, f (u).

(c) If fg: I — R is (pg, qr)-differentiable on I, then

(2.5) Dy, qi (fg) (u)
9 (pru+ (1 = pr) uk) Dpy g, f () + f (qreu + (1 — qr) uk) Dy q,.9 ()
= f(pru+ (1= pr)uk) Dpy g9 (v) + g (qru + (1 = qr) ug) Dpy g, f (u)

(d) If g (pxu) g (qku + (1 — g—’;) uk) £ 0, then 5 is (pk, qx ) -differentiable on Iy
with
(2.6)
(f) (u) = 9 (Pru+ (1 — pr) ur) Dy, f () — f (pru+ (1 — pi) ug) Dy, g9 (1)
Pet\ g g (pru+ (L —pr) ur) g (qeu + (1 — qr) ug) '

Proof. The proofs of (a) and (b) are obvious.
(¢) From Definition 1, we have

Dyyqr (f9) (u)
f (pwu+ (1= pr) ug) g (pwu+ (1 — pr) ur) — f (geu + (1 — qr) ug) g (pru + (1 — pr) ug)
(Pk — ar) (u — ug)
+f (qeu + (1 —qr) ur) g (pru+ (1 — pr) ug) — f (qeu + (1 = q) ur) g (qru + (1 — qr) ug)
(Pr — qr) (u — ug)
= g (pku + (1 - pk) uk) Dpk,qkf (U) +f (Qku + (1 - Qk) Uk) Dpkvqu (u)

The second equation can be proved in similar way by interchanging the functions
f and g.
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(d) From Definition 1, we have

o (£)0

(£) eru+ @ =pi)w) = (£) (@eu+ (1= @) )
(Pr — ar) (u — uy)
[ (pru+ (1 —pi) ug) g (gru+ (1 — qi) ug) — g (pru + (1 — pr) ug) f (gru + (1 — gx) ug)
g (pru+ (1 —pr) ur) g (qru + (1 — qr) ur) (Pr — qr) (v — ug)
g (pru+ (1 —pr) ur) Dy, g f (v) = f (pru+ (1 — pr) ug) Dy, g9 (1)
g (pru+ (1 —pr) ug) g (qru + (1 — q) uk)

O

Definition 2. Let f : I, — R be a continuous function. If Dy, 4. f 5 (Pk,qr)-

differentiable on Iy, the second-order deriative is defines as D7 f with Dy, 4, (Dp, g, f) :

I, — R. By this way, we obtain n-th order (pg, qr)-derivative Dy Ik — R

For instance, if f : I, — R, then we have

Dik;Qkf(u) = Dy, ,q (Dpk,qkf) (u)
Dy f (pru+ (1 — p) ur) — Dy, g0 f (qru + (1 — qi) ug)

(P — qr) (u — ug)

S (e (prut(I—pr)ur)+(1—=pr)uk) = f(gr (Prut(I—pr)ur)+(1—gr)uk)
(Pr—ai) (Prut+(1—pr)ur —uk)

(Pr — ar) (u — uyg)

f (o (qrputQ—gr)ur) +(1—pr)ur) = f(qr(grut(1—gr)ur) +(1—gr)ur)
(Pr—aqr) (qrut+(1—qr)ur —ug)

(P — qr) (u — ug)
[ (pe (pru+ (1 — pr) ug) + (1 — pr) ur) — f (g (pru+ (1 — pi) ug) + (1 — g) ug)
e (P — ar)? (u — ug)?
[ (pe (gru + (1 — gi) ug) + (1 — pr) u) — f (g (gu+ (1 — qr) up) + (1 — qi) uk)
ax (px — %)2 (u— uk)2
[ (PRu+ (1= p3) u) — f (qepru + (1 — qrpr) ur)
Pk (P — %)2 (u— uk)2
[ (pearu + (1 — pege) ue) — f (qiu+ (1 — qf) uk)
ax (px — %)2 (u— uk-)2

awf (PRu+ (1= p2) ui) — (pk + @) f (Peqeu + (1 — pegr) ue) + prf (Gu+ (1 — ¢) ug)

2 2
Peae (Pk — qr)” (w0 — ug)

and D2 f (ug) = limy .y, ng’qkf (u).

Pk,dk
We define the (pg, gx)-integration as the inverse (py, qx)-differention. Assume

that T}, ¢, is a shifting operator defined by

(2.7) TyoaF(u)=F <qku + (1 - q’"> uk)

Pk Pk
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where F (u) is the (pg, g )-antiderivative of f. Applying mathematical induction to
(2.7), we see

(2.8) Tpea B () = F (Zlgu+ (1 Zk>uk>

k k

. O _ oy
where n = 1,2,... and T)) . F (u) = F (u). From Definition 1, we have

F (pru + (1 — pr) ur) — F (gru+ (1 — g) ur)

flw) = (P — qr) (u — ug)

Making a change of variable, (pru + (1 — pr) ug) = ¢, we have

1w F(t)fF(g—’;tJr(l—]‘i—Z)uk)
f<t pkpk k) - <%> (t — us)

Thus, we obtain

F(t):léw(l_gﬁ <t_uk)f(t—<1;km>w>,

Therefore, applying the formula of expansion of geometric series to (2.8), we have
the following formula

P = (1) S n o g ()

) (q’“H( i) ) G G () ) = (50 w)

e n
q q
(pr — i) (t — us) Z pa (pni1t+ <1 pni1> uk) .

k k

Thus, we get

F(U):(pk_Qk)(u_Uk)Zpkq§1f< Z’jrl -‘r(l—pg::l)'uk)

n=0 k

Now, we define the (pg, ¢x)-integral of f on a finite interval as follows:

Definition 3. Let f : I — R is a continuous function. Then for 0 < qp < px < 1,
(2.9)

u oo qn
/ f (5) dpmtIkS = (pk - Qk) (u - U'k) Z nt1 ( ntl U+ <1 - pnlj_1> uk)
U

n= Opk

is called (pr, qr)-integral of f for u € Ij.
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Moreover, if a € (ug,w), then (pg, qx)-integral is defined by

(2.10) /u f(8) dpy.q

5@ [ 56y

(Pr — qk) (u—ug) Y p”+1f ( Tt <1 - pﬁl) Uk)

n=0 4tk k
o0 qn
*(Pk*%)(a*uk)z an( 1@ +<1 n’i1>uk>
n=0 Pk Py Py

Note that if uy, = 0 and p = 1, then (2.10) reduces to g;—integral of the function.
See, [18].

Remark 1. We assume 0 < qi < pr < 1 for all of the above results. We shall
mention that 0 < qx < 1, 0 < pr < 1 for interchanging px and qi in the formulas.
So, we have

(2.11)
/ukf<s)dm,qks = <pk—qk><u—uk>;)pzﬂf( +< pZ’i>uk)'§
[ 1@ s = @-p)u-uw)y an( +( - fji)uk), P
up o 9 q q

where 0 < qx < 1, 0 < pr < 1.

Remark 2. Note that, if we take up, = 0 in (2.11), then (2.11) reduces to (1.3),
[14, Definition 5.] . Also, if pr = 1 in (2.9), then (2.9) reduces to qr—integral of a
function f defined by

/f )dgys = (1— ) (u— ) S g F (gt (1 ) ).

n=0

For more details, see [18].

Theorem 2. The following formulas hold for u € Iy :
(a) Dy, a1 f;k f(s) dp.ans = [ (u)
(b) fsk DPkanf (5) dpqucs =f (u)
(c) fau Dpk'anf(S) dpy,qS = | (u) — f(a), for a € (u,u).
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Proof. (a) From Definition 1 and Definition 3, we obtain

Dpk,mc/ f(8)dpy.q8
Uk

= Dp,a [(pk — qr) (u — ug) Z n+1f (pn+1 + (1 - pZ?H) uk)]

n=0 Pk k k

(Peu + (1 — pr) up — ur) Dopry pq% (pgigrl (pru+ (1 — pr) ug) + (1 -
k k

-
PZk“) u’“)

(gru+ (1 = q) up —ur) Y02y ﬁ (pfi% (qru+ (1 — qr) ug) + (1 - Z*';) Uk)
k k .
(Pr — qr) (u — ug)

ee} n+1 n+1 n+1
- |2 G (=3 ) (s (1= ) )
= — = Jug | — vt |1 — == | uk
Lz% Py y: v pk“ R ppt!

(pk — k) (8 - Uk)

= f(u).
(b)From Definition 1 and Definition 3, we get
/ Dpyqi f (8) dpyqis
Uk
wfors+ (= pou) = f (s + (1- £) w)
= / dpyqi s
U

o g [ (G et (0= pwd) + (- ) w)
= (pr —qr) (v — ug) Z’il = .
ol 8 (Pk — qr) (u — ug)

f (pgﬁ (qru+ (1 — qi) ug) + (1 - pg%) Uk)
(Pr — qr) (u — uy)

ar _ 9%
- qZ f(pgu—’—( pk>uk)

n=0 ZJrl (u o uk)

qn+1 q7L+l
k k
f (pk+l pk+1 k

(u— ug)

n+1 n+1
I O On
n=0 pk pk
fu).
(¢) The proof is carried on from the part of (b). O

= (u—ug)

Theorem 3. Let f,g: I, — R are continuous functions. The following formulas
hold:

(a) f;k [f(s)+9(5)] dpp,ans fuk f(s)dpy g + f;k 9(8) dpyqu
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(b) ffk Af(8) dpyq.5 = /\f;: f(8) dpy g,

(¢) [, fars+ (1= qr) ur) Dy, g9 (085) dpy g8 = (F9) (8)1r, = [ 9 (prs + (1= pr) ur) Dy g, f (8) dpy g8
or

f:k [ (prs + (1 —pr) uk) Dpyqi 9 (qkS) dpy g5 = (f9) () Zk_fjk 9 (qrs + (1 — qr) ur) Dy, g, f(8) dpy i
Theorem 4. where u € I, A € R.

Proof. The proofs of (a)-(b) are derived from Definition 3.
(c) From (2.5), we write

faru + (1 = qr) uk) Dpy g9 (@) = Dy, g, (f9) (u) =g (Pru+ (1 — pr) ur) Dy g0 f () -

By integrating over [u, u] and using Theorem 3 part (b), we get

u
/ £ (@t + (1= 1) ) Dy gu g (015) g g 5
Uk

- U9 - | g (o (1= p) ) Dy £ (5) dpy 5.

k

3. INTEGRAL INEQUALITIES ON FINITE INTERVALS
Lets start with (p, ¢)-Holder integral ineqality on I = [a,b] :
Theorem 5. Let f and g be two functions defined on I, 0 < ¢ < p < 1 and

1 1
81,82 > 1 with — + — = 1. Then
S1 S92

b b A W
(3.1) /If(t)g(t)ladp,qt§</ If @)™ adp,qt> (/ lg ()] adp,qt> :

Proof. From Definition 3 and discrete Holder inequality, we get

q" q" q" q"
f <pn+1b+ (1 - pn+1> a) gpn+1b+ (1 - pn+1> a'

= a2l (G (1) o) ()

qn qn qn é
9 (pn+1b+ (1 - pn+1 a pn+1

o0

b n
[0t = o-0 -0

n=0

X

0 qn qn S1 qn 51
< ((pq) (b—a);) f(pn+1b+ <1pn+1>a> (pn+1)>
oo qn qn S2 qn EP)
X <(p_q)(b_a)7§ g(pn+1b+<1_pn+1)a> <pn+1>>
b A =
- ( [ 1o adp,qt> ( [ lar adp,qt> -
Thus, the proof is complete. O

It easy to show that we obtain the same result in the statement p < g.
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Corollary 1. Under the assumptions of Theorem 5, if we take s1 = so = 2, then
we have the following formula,

b b %
(3.2) /|f<t>g<t>|adp,qt§(/ FOF oy, ) (/ 9 (t )

which we call (p, q)-Cauchy-Schwarz integral inequality.

Remark 3. Ifp =1, (8.1) and (3.2) reduces to q-Holder integral inequality and
q-Cauchy-Schwarz integral inequality respectively.

Theorem 6. Let f and g real-valued functions on [a,b] such that |f|°*, |g|** and
\f —&—g|$1 are (p, q)-integrable functions on [a,b], 0 < q¢<p <1 and sy > 1. Then

(/f o ) = (1 ) (b )

FEquality holds if and only if f(t) = 0 almost everwhere or g (t) = pf (t) almost
everywhere with a constant p > 0.

Proof. Since |f|™, |g|°* and |f + g|** are (p,q)-integrable on [a,b], by using the
triangle inequality, we can write

b b
/ F )+ g O adpt = / F @)+ g (17 (1) +9 (1)) ady gt

IN

b b
/ FOIF @ + 90 adpat + / 9 OIF () + g O adpt -

1 1
Taking s1, s > 1 with — + — =1 and using (p, ¢) —Holder integral inequality, we

S1 S92
have
(3.4)
/|f IF @)+ 90" adpg _</ For ) (/ 1 () + g (1)) dp,qt>
and

/1.9“) £+ 90" syt < [lo01" adp,qt>511 ([ir@+awie=, dt) |

Since (s1 — 1) s2 = s1, from (3.4) and (3.5), it easy to see that

b -5 b Oy b g
(/ |f () +g @)™ adp,qt> < (/ |f (@) adp,qt> +</ lg ()™ adp,qt>

from which we obtain the required inequality. ([l

Remark 4. Ifp=1, (5.3) reduces to

b o b by b By
(/ If(t)+g(t)|51dqt> g(/ f(t)|51dqt> +</ |g(t)|51dqt>

which can be called q-Minkowski integral inequality.
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Next, we present the (p, q) —Hermite-Hadamard integral inequality on [a, b].

Theorem 7. Let f : [a,b] — R be a convex function. Then

(p+q—1)f(a)+ f(b)
p+q

(3.6) f(”b)_b_ /f ap gt <

Proof. Since f is convex on [a, b], we know that

(3.7) f((L=t)a+tb) < (1—1)f(a)+tf ()
for all ¢ € [0,1]. By taking (p, ¢) —integration for (3.7) over ¢ on [0,1] for p/q > 1,

we get

1 1 1
[ ra-nermyodat < [ 0-07@ ot + [ 50 odyat
0 0 0

o

= f(a)(p—q)szgz1 —f(a)(p—1q)

n

+f () (p—q)

n+1 n+1
2 p

=0

qn

o @ 0
= J@ ptq pg
_ (tq-1)f(a)+f(®)

p+q '

For p/q < 1; we get

q

n

oo

n=0

1 1 1
/ FL=t)a+th) oyt < / (1=1) f (a) ody.ot + / LF () ody ot
0 0 0
= J@@-9 Y - f @)
n=0 n=0
RIOCE)S e
_ _fla), S0
= /) prq pg
_ (pt+a=1f(a)+F(b)
p+q
which gives the right hand side of (3.6). Also
1 oo n n n
/0 f((I=t)a+1tb) dpqt = (r—2q) Z pZ+1f <<1 - ng) a+ pZJrl

=0

n

@ 4. (1

_ (pfq)(b*a)i q
P

b—a

-

n=

n—+1 f
0

alpq .

G

n+1

(1-

qn
pn+1

pn
qn+1

)
q
pn+ 1

n

n

q
anrl

n

p
anrl

))
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To prove the left hand side, we write

a+b (1—t)a+tb ta+(1—1t)b
<
1(57) = (e
1
< i[f((lft)a+tb)+f(ta+(1 —1)b)]
and by integrating both side over [0, 1] and making the change of variable, we get

f(“;b> < ;[/Olf((lt)a+tb)0dp7qt+/01f(ta+(1t)b)odp,qt}

1 b
= bfa/a f (@) adpq .

Remark 5. If p=1, (3.6) reduces to

[¢ b a
9) H(*57) =52 [ 1@ e < LEEI0

which is given in [17, Theorem 3.2]. One can easliy see that when ¢ — 1 in (3.8),
the inequality turns classical Hermite-Hadamard integral inequality.
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