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(p,q) - INTEGRAL INEQUALITIES FOR CONVEX FUNCTIONS

MEVLUT TUNC® AND ESRA GOV#A

ABSTRACT. In this paper, we establish (p, g)-analogue of an integral equality
and also we derive some integral inequalities for convex functions.

1. INTRODUCTION

A function f:J C R — R is said to be convex on J if the inequality

(1.1) flut+ (1 =t)v) <tf(u)+(1-1)f(v)
holds for all u,v € J and ¢ € [0,1]. We say that f is concave if (—f) is convex. We

say that f:J C R — R is a quasi-convex function, or that f belongs to the class
QC(J), if, for all u,v € J and ¢ € [0,1], we have

ftu+ (1 =t)v) <maz{f(z), f(y)}.

Convex functions play an important role in mathematical inequalities. The most
famous inequality have been used with convex functions is Hermite-Hadamard,
which is stated as follows:

Let f: J C R — R be a convex function and u,v € J with v < v. The following
double inequality:

(1) / (“‘5)

Mathematical inequalities play an 1mp0rtant role on many branches of mathe-
matics as analysis, differential equations, geometry etc. In recent years g—integral
inequalities and some of generalization forms of quantum type inequalities have
been studied by many authors, see [3, 4, 5, 8, 14, 15, 16]. One of the generalization
of g—calculus is (p, q) —calculus, see [6, 7, 13]. The aim of this paper is to establish
Hermite-Hadamard type integral inequalities for convex and quasi-convex functions
via (p, ¢) —calculus. One can see that the results reduces to their g—analogues when
p =1, see [14].

Now, we give some definitions and results via (p, g) —calculus which will be used
in the sequel, [6, 7, 13]. Let 0 < g < p < 1. The (p, q) —integers [n}p,q are defined
by

()+f()

x)dx <

_pn_qn
[n]p,q_ p—q :
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2 MEVLUT TUNG® AND ESRA GOV?

For each k,n € N, n > k > 0, the (p, ¢) —factorial and (p, ¢) —binomial are defined
by

[n]p,q! - 1}:[1 [k]lhq’ nzl, [O]WI! =1
|: n :| o [n]p,q!
& P.q [ — k]pyq! [k]p,q'
Definition 1. Let f : R — R. The (p,q) —derivative of the function f is defined
as
px) — f (qz
(13) Dyof () = LB =IT)

(P—q)=
provided that Dy, ,f (0) = f'(0).

Definition 2. Let f : C'[0,a] — R (a > 0) then the (p,q) —integration of f defined

by
@ e " p" .| P
(1.4) /0 f(t)dp gt = (q_p)“;}qwlf(q"“a) v ’q’<1
o o) C]n qn L lp
/Of(t)dp,qt = (p—q)a;pnﬂf(pma) i q‘>1'

The formula of (p, q¢) —integration by parts is given by

b b
(15) [ £00) Dy @t = £ @ g @)~ [ 9008) Dy ()t

All notions written above reduce to the g—analogs when p = 1. For more details,
see [6, 13].

2. PRELIMINARIES

Let Iy := [uk,urs+1] be an interval and 0 < gr < pr < 1 be constants. The
(pk, qr) —derivative of a function f is defined on I} as:

Definition 3. [17]Let f : I, — R be a continuous function and assume that u € Ij,.
Then the following equality
S (peu+ (1 —pr) ur) — f (gru+ (1 — qr) ur)
2.1) D u) = , U F U
( ) le‘Zkf( ) (pk _ qk) (u o uk) 7é k
Dka‘]kf(uk) = ulinl}k Dpk#]kf(u)

is called the (py, qr)-derivative of a function f at u.

Obviously, f is (pg,qx)-differentiable on I provided D,, ,, f (u) exists for all
u € Ii. In Definition 3, if p = 1, then D,, 4, f = Dg, f which is the gi-derivative
of the function f and also if g — 1,ur = 0, (2.1) reduces to g-derivative of the
function f, see [8, 16].

Example 1. [17]For u € I, if f (u) = (u —ug)", then

(22) Dpk,qkf (u) = [n]p,k (u - Uk)n71
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where [n], = %. Ifpr =1 in (2.2), then (2.2) reduces
Dy, f (u) = [n],, (u—u)" ™

which is given in [16]. Also if g — 1,ur = 0, it reduces q-derivative of the given
function, see [8].

(pk, qx )-integral of f on a finite interval is given as follows:

Definition 4. [17]Let f : I, — R is a continuous function. Then for 0 < qi <

Pr S 1,
(2.3)
/ f(8)dpyqus = (P& — qi) (u — ug) Z e} ( vt <1 - nil) uk)
ug, n=0 Pk Py Dy

is called (pg, qi)-integral of f for u € I.

Moreover, if a € (ug,w), then (pg, qx)-integral is defined by

(2.4) /au f(s)dp, g8

/u::f(S) dpk,qkS/uz F () dpgnes

- (pk—qk)<u—uk>zpn+1f( %, +(1—p§§1)uk)

n=0 4tk Dy k
oo qn
_(pk_qk)(a_uk?) § n+1f< n+1 +<1_ﬂ+1> Uk>
n=0 Pk Dy, Dy

Note that if up = 0 and p = 1, then (2.4) reduces to gp—integral of the function.
See, [16].

Remark 1. [17] We assume 0 < q < pr < 1 for all of the above results. We shall
mention that 0 < qx < 1, 0 < pr < 1 for interchanging px and qi in the formulas.
So, we have

(2.5)
[ 16 s = oe-a)@-w) Y an( +<1— ﬁl)uk),’p‘n
U n—0 Pk pk P q
[ 16 s = @-p) -y n+1f< +(1— ﬂ)uk) p]<1
U n=0 9k k Ay q

where 0 < qr <1, 0 <pr < 1.

Remark 2. [17]Note that, if we take up =0 in (2.5), then (2.5) reduces to (1.4),
[13, Definition 5]. Also, if pr, = 1 in (2.3), then (2.3) reduces to qi—integral of a
function f defined by

/f ) dg,s = (1 —qi) (u— uy) Zq (gru+ (1 —qg)uk)-

For more details, see [16].
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Theorem 1. [17]The following formulas hold for u € Iy, :
(a) D1 fik f(s) dpy.,qr5 = f (w)
(b) f;k Dpk,Qkf (S) dpk:7qk8 =f (U')
(C) fau Dpk,Qkf(S) dpr,ars = [ (u) —f (a) , for a € (ug,u).

Theorem 2. [17]Let f,g: I — R are continuous functions. The following formu-
las hold:

(a) f:k [f(8)+9(s)] dppqs = f;k f(8) dpy.qn5 + fsk 9(8) dpy g
(b) f,fk Af(8) dpy g8 = )‘f:k I (8) dpyqi 53

(C) f;k f (qks + (1 - Qk) uk) D;Dk,EIkg (pk8> dpk,,les = (fg) (8) Zk_f,?,c g (pks + (1 - pk) uk) Dplmtn:f (S) dpngkS
or

fzjlk f (pks + (1 - pk) uk) Dka‘Zkg (q}fs) dp;wq;gs = (fg) (5) Zk_f;k g (q’GS + (1 - Qk) uk) Dpk7q1cf (5) dpk,QkS
where u € I, A € R.

The (p, ¢) —Hermite-Hadamard integral inequality is defined on [a, b] as follows:

Theorem 3. [17]Let f : [a,b] — R be a convex function and 0 < ¢ < p < 1. Then
we have

a b _ a
(2.6) f( ;b)gbia/ £ () ady g < 2T ;)—{Ez)+f(b)'

3. AUXILIARY RESULTS
Lemma 1. [18]Let 0 < ¢ < 1 and 0 <t < p < 1. The following formula holds:

a 2
(3.1) / (m—nt)d,t = ma-— arn
0 pt+q
a 2
/ (nt —m)d,qt = LI,
0 pt+q

Lemma 2. [18]Let 0 < ¢ <1 and 0 <t < p < 1. The following formula holds:

TLCLB ma2

3.2 /tnt—md t= — .
(3:2) 0 ( ) dr.a P’+pi+q¢* p+q

Now, we give some auxiliary results which we use in the sequel:

Lemma 3. Let0 < g <1 and 0 <t <p<1. The following formula holds:

1
t
(3.3)M; = /(1-)’1-”:&
0 p p

2( p P’
P\(p+9° @+’ ®*+pg+q?)
P4 P 1

. 1( 1 1 p+gq >
0lp,qt = — - -
P p\pta pp?+pa+
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Proof. By computing the integral, we have
1
t
[0
0 p p
p

BT ¢ p+q>
- 1-5) (1= 2% od, .t
/0 < p)( p )T
1
t
+/ <1> <p+qt1> oyt -
_p_ p p

p+q

0dp7q

Dividing the integral into two parts and using Lemma 1, Lemma 2, we get

P ya
pta pta t
/ e (1 _ Wt) oyt — / et (1 - Wt) o ot
0 p 0 p p

_ p» __p 1 P P’
pta (p+q° P\p+9° ®+a9>®*+pg+qe?)

and similarly it is easy to see that,

5L

1
¢
I :/ (1-) <p+qt—l> oy gt
e p p
! t\ (p+q 7 t\ (p+aq
= /(1— )( t—l)od%qt—/ <1—>( t—1>0dp7qt
0 p p 0 p p
p+q ) t(p+q
= LI O Od,t—/ (t—l)od_t
/0 ( P P Jop\p e
ptaq > /P+qt<p+q )
- Er3 1) odyot + t—1) odyt
/ (p ey e\ 0T
- ()~ (2 ) St
(p+4q)° Dpta p\pp*+pe+q¢* ptgq
L, P’ p°
P\t rpat ) ity
Adding I, and I5, we get the required inequality. [

Remark 3. In Lemma 3, if we take p =1, (8.3) reduces to Lemma 3.3 in [14].

Lemma 4. Let 0 < g <1 and 0 <t <p<1. The following formula holds:

B4V — /Olt’1p;qt

p

2 p? p?
dp,qt = 2/ 9 2
p+9° P+ P> +pg+)

1 ( 1 1 p+gq )

p\p+taqa pp*+pi+q¢®)
Proof. Following from the proof of Lemma 3, it easy to obtain the desired equality
given as Mo. [

Remark 4. In Lemma 4, if we take p =1, (8.4) reduces to Lemma 3.2 in [14].
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4. MAIN RESULTS
We begin with the following lemma.

Lemma 5. Let f : [a,b] — R be a continuous function and 0 < ¢ < 1 and
0<t<p<1l. If (Dpqf is integrable on (a,b), then the following equality holds:

a _ 1\,
bia/abf(x)adpvqt_quc()+(pq (p—;j-))qf((l p) +p)

_ ab-a) 1(_ t) <<_f> f)
= p+q /0 1 (p+(I)p aDpqf 1 P a+pb 0dp,qt -

Proof. From Definition 3, we have

1
/ (1 —(p+9q) t) aDp.of ((1 - t) a -+ tb) odp gt
0 p p p

1
t\ f(p(1—%)a+Lpb+(1—p)a)—f(q(1—1)a+Lgb+(1—q)a
/O (1 _ (p+q) p) ( ( p) P %(bf)a)(p(fg) p) P ) Odp,qt

_ P /1 f(-Dath) (1= %)+ s) o
(b—a)(p—a) Jo ¢ 0%pa

(b_(pa;(]g)_q)/ol (f((lt)athb)f((l(g)aJr(Zb)) ody gt -
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By using Definition 4, we get

s = Gl |3 (1w ) - 3o (1 ) o )

(P+a) |~ 4" p gt o b
“(b-a) nz_%pnﬂf((l_ ) at "+1b>‘q;_%pn+2f((1_ ) at "+2b)]
- _P D DA B
- (b-a) [f<(1 p>a+p> f(a)]
T > n n n 0 n n n
_gjzg Z;)ngrlf ((l_pg+1>a+pg+lb) _g ﬂpgﬂf ((1_pg+1>a+pg+1b)]

-l ((5)w) el
1 b

_gjzi (1_z>§pgilf((I_p?‘il)wrpgilb)
-5) 1 (1o 3) -

b—a
et S et (1 ) o )
b paf (@) +@+qg—pa) f((1—3)a+ s
T R )

Multiplying both sides with (bp;aq)q,

Remark 5. Note that, when p =1, Lemma 5 reduces Lemma 3.1 in [14].

Theorem 4. Let f : [a,b] — R be a continuous function and 0 < ¢ < 1 and
0<t<p<1l. If|aDpyf| is convex and integrable on (a,b), then the following
inequality holds:

(4.1)

_a/bf 1) od tpq’c(“)”pq‘@:i))qf((l‘i)a+fé)

q(b—a)

Ptg (M ‘aDpvqf(a” + M> |aDp7qf 1)

where M1 and My are as given above.
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Proof. Using Lemma 5 and convexity of |,D, 4 f|, we have

a _ _ 1) g4 b
bla/abf(:c)adp,qt—qu()Jr(pq (p;:j)lf((l p) +p)

T 1( - t) (( _t> t)

‘p+q /0 1 (p—l—q)p aDpof 1 ’ a—i—pb odp gt
oAl (( _t> t>
p+q /0 «Doal (|1 p a+pb

ab—a) (], _ t’((._t> t )
o / 1=+ 5| (1= 5 ) 1eDnad @1+ 1Dt B)]) ot

From Lemma 3 and Lemma 4, we obtain

0= [t (1-£) kbpar @)

Q(ba)/lt‘
+2ZY i (ptg
pra Jo p| T @TY

q(b—a)
p+q

IN

IN

t
I—=(p+q)—
(pta)

Odp,qt

LHS

IN

t
]; |aDp,qf(b)‘ Odp,qt

q(b—a)

—a
pP+q

IN

‘aDp,qf (a)] My + ‘aDp,qf (b)] Mo

which completes the proof. ([l

Remark 6. If p =1, then the inequality (4.1) reduces to Theorem 4.1 in [14], see
also ¢ — 1.

Theorem 5. Let f : [a,b] — R be a continuous function and 0 < ¢ < 1 and
0 <t<p<1 If|aDpof|" is convexr and integrable on (a,b) and r,s > 1,
% + % =1, then the following inequality holds:

qu(a)+(pq—(p+q))f((1—%)“+§>
pP+q

b
(4.2) b i a/ f (@) adp,qt —

IN

+--1
p+yq (p+9q)° p

(4.3)  x (My|aDypof (@) + M | Dyof B))" .

4(b—a) <2p<p+q—1> | )i

where M1 and My are as given above.
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Proof. Using Lemma 5 and convexity of |,D, ,f|" and Holder integral inequality,
we have

qu(a)+(pq—(p+q))f((l—7)a+ )

b—a/f p7q h p+q
< qapﬁn/ql—(-%)tlrbf% +)f% D f((l—t)a+t0 4t
< Y% L pta), p+a) ol aDpg ; 5b) odig

qglb—a) ([ t ¢

el VAR EY)

1 . 1

><</O 1—(P+Q)é Dy,q ((1—;>a+;b> Odp,qt>
< (b—a)<p_ p2+}__ p2+p><

p+q \ptq (p+gq) p (p+q) p+q

<{luDyaf @F (/ 1=t L] (1-1) odyt

1 H
1aDyof O (/ ;|1—<p+q>; odp,qt)} |

From Lemma 3 and Lemma 4, we obtain

s < 40-9 <2p(p+q—1)+1_1>

- Py (p+a)* p

1
(M1 [aDp.qf ()] + Mz oDy f ()]
Thus, the proof completes. ([l

Corollary 1. Under the assumptions of Theorem &, if we take p = 1, then the
following inequality holds:

@+ )
ETRLE

144¢q
q(b—a) 2q :
I+q \(1+q)?

q(2¢° +3¢* +1) . q(q®>+4g+1) S\
GDP,Q CLDZMZ b .
X(w+1f@2+q+n' fgm‘+m+1f@2+q+n‘ ol

We shall note that, we obtain

(4.4)

1
t 2p(p+q—1 1
/ 1_(p+q)70dp,qt:(72)+f_
0 p (p+a) p
by using the lemmas given in axuiliary results in above theorem. If p = 1, we have
1
2q
(4.5) /|17O+QHMdt: .
0 ! (1+q)°
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3
% in [14, Theorem

4.2]. That is why we cannot reduce Theorem 5 into its ¢g—analogue which is obtained
in [14, Theorem 4.2], when p = 1. We should also note that, one can easily prove
(4.5) by using g—integral definition and some basic properties.

Note that, if ¢ — 1, (4.4) reduces Theorem 1 in [12].

However (4.5) is mentioned as fol 1 — (14 ¢q)t| odgt =

Theorem 6. Let f : [a,b] — R be a continuous function and 0 < q¢ < 1 and
0<t<p<Ll If|aDpyf|" is convex and integrable on (a,b) and r > 1, then the
following inequality holds:

1/bf(x)adpyqt_qu<a>+<pq—(p+q>>f((1_;)H;)
< 1b=9 <2P(P+q—1)

b—a p+q
1—
5 1
pt+q (r+q)

1
p
A7) % [Mi|uDyof (@) + Ma|aDpof ()]

(4.6)

1
=

where M1 and My are as given above.

Proof. Using Lemma 5 convexity of |,D, ,f|" and power mean inequality, we have

qu(a)+(pq—(p+Q))f((1—%)a+§)

1 b
m/ f (@) adp,qt —

ptyq
(b—a) [* | ¢ ¢ ¢
g(b—a ' *
S 1-(p+gq) - 1-(p+q) - aD,f<<1>a+b) dp.qt
i [i-wras o+ 05| wDpaf ((1-7) a+70) odpy
1—1
q(b—a)(/1 t ) "
< — 1—(p+q) —|odp,qt
p+a \Jo ( )popq
1
><</11(p+q)t D f(<1t>a+tb>r d t>r
0 D at’p,q p p 0%p,q
1—1
b— 1 "
gq(a)p—p2+f——p2+i
p+q \p+tqa (p+q° P (p+q° PpPta

Llbpat @ ([ 1= 040 L] (1-1) atat

1 H
aDyof O (/ ;|1—<p+q>; odp,qt)} |

From Lemma 3 and Lemma 4, we obtain
1—1
b— 2 -1 1 "
LHS < q(b—a) p(p+q2 )+771
p+q (p+q) p

(M |aDp,qf (a)|" + M, laDp.qf o)
Thus, the proof completes. O

Sl
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Theorem 7. Let f : [a,b] — R be a continuous function and 0 < q¢ < 1 and
0<t<p<Ll If|uDpqf|" is quasi-conver and integrable on (a,b) and r > 1, then
the following inequality holds:

1P sz@)+@w—(p+qnf((1—%)a+g)
(4.8) b_a/a F(2) adp gt — P
q(b—a) 219(p+q—1)+1_1
Pty (»+4q)° p

x (max {|aDp.gf (@)l laDp.qaf (0)})" -

Proof. Since |4D, 4 f|" is quasi-convex, using Lemma 5 and power mean inequality,
we have

1 1mf@)+@m—%p+qnf((l—%)a+§)
b—al‘ﬂma%ﬂgi p+q
g(b—a) [ ¢ ¢ ¢ ¢
W/O 1_(p+Q)]; 1_(p+Q)]; aDp,qf<<1—p>a+pb) odp)qt

1

1
b— ! t o
. q<a>(/ . Odpqt>
p+gq 0 p ’

—(p+q -
- </o1 aDp.qf ((1 - ;) a+ ;b>
q@—a)<%ﬂp+q—1) 1 >1i

+--1
ptyq (p+4q)° p

1
s r
0dp,qt>

¢
L—(p+q) -
(ptaq)

1
X A
” t t "
e (D @1 Dy O ([ 1= 0400 L] (1-1) it
From Lemma 3 and Lemma 4, we obtain

LHS < q(b_a') <2p(p+q_1)+1_1>

Pty (»+q)° p
x (max {|oDp o f (a)|; |aDpqf (b)‘})r .
Thus, the proof completes. O
REFERENCES

[1] Acar T, Aral A, Mohiuddine SA, On Kantorovich modification of (p, ¢)—Baskakov operators,
J. Inequal. Appl. 2016 (2016) 98.

[2] Cerone P, Dragomir SS, Mathematical Inequalities. CRC Press, New York (2011)

[3] Ernst T, A Comprehensive Treatment of g-Calculus, Springer Basel, 2012.

[4] Ernst T, A method for g-calculus, J. Nonlinear Math. Phys. 10 (4) (2003) 487525.

[5] Gauchman H, Integral inequalities in g-calculus, Comput. Math. Appl. 47 (2004) 281-300.

[6] Hounkonnou MN, Dé¢siré J, Kyemba B, R(p,q)—calculus: differentiation and integration,
SUT Journal of Mathematics, Vol. 49, No. 2 (2013), 145-167.

[7] Jagannathan R, Rao KS,Two-parameter quantum algebras, twin-basic numbers, and associ-
ated generalized hypergeometric series,arXivimath/0602613v1[math.NT], 27 Feb 2006

[8] Kac V, Cheung P, Quantum Calculus, Universitext, Springer-Verlag, New York, 2002.




12

9
10
11
12
13
14
15
16
(17

18

MEVLUT TUNGC® AND ESRA GOV?#

| Marinkovi¢ S, Rajkovi¢ P, Stankovié M, The inequalities for some types of g—integrals, Com-
puters and Mathematics with Applications, 56 (2008), 2490-2498.

| Mitrinovi¢ DS, Pecari¢ JE, Fink AM, Classical and new inequalties in analysis, Kluwer Aca-
demic Publisher, 1993.

| Pachpatte BG, Analytic Inequalities: Recent Advances, Atlantis Press, Amsterdam-Paris
(2012).

| Pearce CEM. and Peécari¢ J., Inequalities for differentiable mappings with application to
special means and quadrature formula, Appl. Math. Lett. 13 (2000) 51-55.

] Sadjang PN, On the fundamental theorem of (p, ¢)—calculus and some (p, ¢)—Taylor formulas,
arXiv:1309.3934v1 [math.QA], 2013.

] Sudsutad W, Ntouyas SK, Tariboon J, Quantum integral inequalities for convex functions,
J. Math. Inequal., 9 (2015), No. 3, 781-793.

| Tariboon J, Ntouyas SK, Quantum integral inequalities on finite intervals, J. Inequal. Appl.
2014 (2014) 121.

] Tariboon J, Ntouyas SK, Quantum calculus on finite intervals and applications to impulsive
difference equations, Adv. Differ. Equ. 2013 (2013) 282.

| Tung M., Gov E., Some Integral Inequalities via (p, ¢) —Calculus On Finite Intervals, Preprint,
2016.

| Tung M., Gov E., (p, q¢) —Integral Inequalities on Finite Intervals, Preprint, 2016.

E-mail address: “mevluttttunc@gmail.com
E-mail address: Pesordulu@gmail.com

@BMusTAFA KEMAL UNIVERSITY, FACULTY OF SCIENCE AND ARTS, DEPARTMENT OF MATHE-

MATICS, 31000, HATAY, TURKEY





