Received 03/01/17

TWO PARAMETERS AND TWO POINTS REPRESENTATIONS
FOR FUNCTIONS OF BOUNDED VARIATION WITH
APPLICATIONS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we establish some two parameters two points repre-
sentations with integral remainders for functions of locally bounded variation
and apply them for the logarithmic and exponential functions. Some inequal-
ities for weighted arithmetic and geometric means are provided as well.

1. INTRODUCTION

Let f : I — C be a locally absolutely continuous function on I , the interior of
the interval I. In the recent paper [12] we considered the problem of approximating
an absolutely continuous function by using an affine combination of the values in
two points f (a), f (b) where a, b € I and two free parameters &, ~ € C as follows

(1.1) f@=A=-XNf@+AXfO)+A=-XN(x—a)d—X(b—2x)y

for A € C\{0,1} and = € 1.
The following representation result has been obtained in [12]:

Theorem 1. Let f : I — C be a locally absolutely continuous function on ID, the
interior of the interval I. Then for any x, a, b € I and A € C\{0,1}, §, v € C we
have

(1.2) f(z) = (1 =X) f(a)+Af (0)+(1 = A) (z = a) 6= (b — ) y+5x (2,0,b;6,7),

where the remainder Sy (x,a,b;d,v) is given by

1
(1.3) Sy (x,a,b;0,7) =1 - (z— a)/o [f (1 —s)a+sz)—0]ds

—i—)\(b—x)/o by — F (1 — )z + sb)] ds.

Now, for ¢, ® € C and I an interval of real numbers, define the sets of complex-
valued functions (see for instance [13])

U (¢, @)
= {g : I — C|Re [(q) —g(t) (m—%)] > 0 for almost every t € I}

and

o+ P
2

AI(¢,@)1:{9¢I—>C| ’9(75)— ‘<;|<I>—¢| fora.e.te[}.

1991 Mathematics Subject Classification. 26D15; 26D10.
Key words and phrases. Functions of locally bounded variation, Convex functions, Logarithmic
and exponential functions, Weighted arithmetic and geometric means, Inequalities.

1

RGMIA Res. Rep. Coll. 20 (2017), Art. 1, 15 pp.


e5011831
Typewritten Text
Received 03/01/17

e5011831
Typewritten Text
RGMIA Res. Rep. Coll. 20 (2017), Art. 1, 15 pp.


2 S.S. DRAGOMIRY2

The following representation result may be stated.

Proposition 1. For any ¢, ® € C, ¢ # ®, we have that U; (¢, ®) and Ay (¢, )
are nonempty, convex and closed sets and

(1.4) Ur (¢,®) = Ar (6,9).
On making use of the complex numbers field properties we can also state that:
Corollary 1. For any ¢, ® € C, ¢ # ®,we have that
(15)  Ur(9,®)={9:1—C| (Re®—~Reg(t)) (Reg(t) — Reo)
+(Im® —Img(¢)) (Img (t) —Ime¢p) >0 for a.e. t € 1}.

Now, if we assume that Re (®) > Re (¢) and Im (®) > Im (¢) , then we can define
the following set of functions as well:

(1.6) $1(6,®) = {g: 1 — C | Re(®) > Reg (t) = Re ()
and Im (®) > Img (¢t) > Im (¢) for ae. t € T}.
One can easily observe that S; (¢, ®) is closed, convex and
(1.7) 0# S1(¢,2) CUr(¢,9®).
The following result holds:
Theorem 2. Let f : I — C be a locally absolutely continuous function on I and

with the property that there exists complex numbers ¢, ® € C such that the derivative
f eUr(¢,®). Then for any z, a, b€ I and X\ € C\{0,1} we have

18 @) -0 @ A7) - 25T

[ — (1 —X)a— Ab]

1
< 1@ = 6111 = Mz — al + Al b — al]
mas {|1 = A, A} (f = | + b - 21),

<Lle (L= AP + AP (Jz = al* + b — 29",
<52 -4l 11
2 pa>1, 5 +5=1
(It = Al + [A]) max {|z — al, [b — [} .
Remark 1. For p = q =2 we have for A € [0,1] and x € [a,b] with a < b that

(1.9) ‘f@%%l—Mf@ﬂ—Afwr—¢+@

5 [x—(l—)\)a—)\b]’

< 518 = 9l[(1=X) (2~ a) + A (b — )]

1 N2\ (1 at\2\"

Corollary 2. With the assumptions of Theorem 2 for the function f, we have for
any x, a, b € I that

110 |r@

IN

1
b—a

[(bx)f(a)Jr(!Ea)f(b)}‘ §|¢¢|W
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(@ =a)f (@) +b=2)f ) = (6+) (x_a;bﬂ

2
1 xr — atb
<o) 4+< b_;) b—al.

r—a

Proof. Follows by Theorem 2 on taking A = 7= and A = g:—z, respectively. ([l

Corollary 3. With the assumptions of Theorem 2 for the function f, we have for
any a, b € I and X\ € [0,1] that

(1.12)  [f (A=A a+Ab) = (1 =A) f(a) =Af (D) < | = [ (1= A)A[b—al

and

(L13) 70200~ (=0 @ =27 0)~ (64 9)0-a) (5 -2)

2
1 1\?
4+<A—2”b—a.

Remark 2. If we take A\ = % in either of the inequalities from Corollary 3 we get

(1.14) ’f(c”rb)—f(a)+f(b)‘<ild>—¢llb—a|

<|® - ¢

2 2
for any a, b € I. The constant i is best possible in (1.14).

For related trapezoid type inequalities, see [1]-[8], [14]-[24] and the references
therein.

Motivated by the above results, we establish in this paper some error estimates
for approximating a function of locally bounded variation by the use of formula
(1.1). Applications for logarithmic and exponential functions and reverse inequal-
ities for the celebrated arithmetic mean-geometric mean inequality are given as
well.

2. SOME IDENTITIES

We use the following convention for the integral in the case when b < a,

/abu(s)d(v) :/bau(s)d(v)

provided the second Riemann-Stieltjes integral exists in the classical sense.
We start with the following representation result:

Theorem 3. Let f : I — C be a function of locally bounded variation on Io7 the
interior of the interval I. Then for any x, a, b € I and A € C\{0,1}, §, v € C we
have

(2.1) fa) =0 =N f(a)+Af(O)+ (A =N (z—-a)d—A(b-=)y

+ R)\ (x’ a? b; 6? ﬂ)/) ?
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where the remainder Ry (z,a,b;d,7) is given by

x b
(22) Ry (z,a,b:6,7) = (1) / a(f (3) — 50(s)) + A / d(vE(s) — £ (5)).

while £ is the identity function on I, namely £ (s) = s, s € 1.

Proof. Since f : I — C is a function of locally bounded variation on I , then for any
x, a, b € I the Riemann-Stieltjes integrals

x b
| at =) and [ atee) - r )
exist and we have
[ o) -t = £ (2) ~ 5@ - [f @) - ¢ )
and ab
[ a6 - 1) =200 - 10~ bt 2) — @]

Therefore

(23) R)\ (LE, a, bv 53 ’7)

x b
<17A>/ d(f(s)%e(snm/ (vt (s) — f (5))

(1 =) (f (z) = ot (x) = [f (a) — 6 (a)])

Al (D) = £ () = (v (z) = f (2)])

(1= (f (@)= fla)=d(z—a)) +A(v(b—2z) = f(b) + [ (z))
=1=-Nf(@)-A=-AN)f(a)-1=-XN)(zr—-a)d
—AfO) +Af (@) +A(b—z)y
=f@)= A=) (@) =Af(0) = (1 =N (z—-a)d+A(b-x)7,

which is clearly equivalent to (2.1). O

o+

Corollary 4. Let f: 1 — C be a function of locally bounded variation on I. Then
for any x, a, b € I and d, v € C we have

1 (b—1)(x —a)

@) @)= lb-Df @+ f O+ D (-

+ Ry (z,a,b;0,7),
where the remainder Ry (x,a,b;d,7) is given by

-z [7 z—a [°
Ra(@.0,5:0,7) = §— [ d(F(9) =00+ 52 [ d0re(s) -~ £ (5).

Alternatively, we have

(2.5) flz) = [(z —a) f(a)+ (b—x) f (b)]
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where the remainder Ry (x,a,b;8,7) is given by

T b—x

—a [* b
= [ -t = [ atee ).

(2.6) R (x,a,b56,7) :=

r—a

Proof. Follows by Theorem 3 on taking A = 7= and A = (g:—ﬁ, respectively. (]

The following particular case is of interest as well:

Corollary 5. Let f: I — C be a function of locally bounded variation on I. Then
for any a, be I, A €[0,1] and §, v € C we have

(2.7) F((A=XNa+X)=0=X)f(a)+AXf)+ (1 =X)A(b—a)(d—7)

+ Rl,)\ (a7 b; 67 7) 3
where the remainder Ri x (a,b;6,7) is given by

(28) R1,/\ (a, b7 53 ’Y)
b

(1—X)a+Ab
= <1—A>/ d(f(s)—f%(s))JrA/( d(4(s) — £ (5)).

1—A)a+Ab

Alternatively, we have

(29)  FOa+(1—Nb)=(1-X\f(a)+Af(b)+b—a) [(1—A)25—A27}

+ RQ,)\ (a7 ba 67 ’Y) 5
where the remainder Ra x (a,b;0,7) is given by

(2.10)  Rax (a,b;6,7)
b

Aa+(1—X\)b
= <1—A>/ A(f (3) — 6(s)) + A d(vE(s) — (5)).

Aa+(1—N\)b

Remark 3. Let f be as in Theorem 3, then for any a, b€ I and X € C\ {0,1}, 6,
~v € C we have

@) 1(5) =AM S @A B+ 50125 ]
+ Ry (a,b;6,7),
where the remainder Ry (a,b;d,) is given by
atb b
212) Ri(abisy)i= (-3 [ T aGE =) ea [ a0t - 1),

2

The case 6 = v = 0 in (2.1) produces the following simple identities for each
distinct x, a, b € I and X € C\ {0, 1}

(2.13) fx) =1 =X f(a) + Af(b) + Rx(2,0a,b),

where the remainder Ry (z,a,b) is given by

T b
(2.14) Ry (z,a,b) :=(1— )\)/ df (s) — )\/ df (s).

a
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We then have for each distinct z, a, b € I that

(2.15) F@) = (b =) fa) + (2~ a) f (O] + U (w,,D),
where

(2.16) (z,a,b) — / df (s

and

(2.17) F@) = 5 (e = a) F (o) + (b~ ) f ()] +V (w,D),
where

(2.18) (z,a,b) df (s).

We also have
(2.19) FA=XNa+Xb)=(1=X)f(a)+Af () +Un(a,b),

where the remainder Uy (a,b) is given by

(1=X)a+Ab b
(2.20) Us (a,b) == (1— ) / df (s) — A / df (s)

(1=X\)atAb
and
(2.21) F(T=X)b+Xa)=(1=X)f(a)+Af(b)+Vi(a,b),
where the remainder V) (a,b) is given by
(1=A)b+Aa b
(222)  Va(ab):=(1—A) / df (s) — A df (s).
a (1=X)b+Xa

Moreover, if we take in (2.13) z = 2£ for each distinct a, b € Iand A € R\ {0,1},
then we have

(2.23) f (“ ; b

)_(1)\)f(a)+)\f(b)+SA(ayb)7

where the remainder S) (a,b) is given by

a+b b

(2.24) Sy (a,b) := (14)/ Cdf (s) f)\[&b df (s).

2

In particular, for A = % we have

(2.25) f(a;b>=f(a);rf(b)+5(a,b),

where

a+b

(2.26) S (a,b) = % </ i
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3. INEQUALITIES FOR FUNCTIONS OF LOCALLY BOUNDED VARIATION

We use the following convention for the total variation of a function in the case
when b < a,

b a
(3.1) V==V
a b

provided the function f is of bounded variation in the classical sense.

Theorem 4. Let f : I — C be a function of locglly bounded variation on IQ7 the
interior of the interval I. Then for any x, a, b € I and A € C\{0,1}, §, v € C we
have

(3-2) (L=X)F(a)+Af () + (A=A (z—a)d = A(b—z)y— f(z)|

x b
<=M\ (f =30+ N [V (3¢ = £)
’ x ’ b
masc (1= 7 W ([V 7 = 58] + [y e - ).
. q a\ 1/
- (IlAI”HA”)”p(\G/(f 50) \T/(vff >> :
paq>]—7 %+%:1,
T b
(1= 2+ Wmax |V £ = 30| [V (e - )| |

Proof. We use the fact that for p : [o, 8] — R continuous and v : [, 8] — R of
bounded variation the Riemann-Stieltjes integral f p(t) dv (t) exists and

(3.3) /B (Hdo(®)| < sup | <t>|\ﬂ/<>
. @ b _tE[aI,)B] b a .

Using the identity (2.1) the convention (3.1) and the property (3.3) we have

(I=N) fla)+Af(O)+ (1 =X (z—a)d—A(b—z)y— f(z)|
T b
N d(f(s)fc%(s))+>\/

xT

A
=|(1-

d(vl(s) = f (5))|
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<i-x| [ au +|/\|/dvf

<A (7 -0 +|A\\7w f‘
w1 AL (V7 = a0+ [V 6= )] )

i enn ([ -sof e o)
pa>1, p 4o =1,
(1= a1+ Wymax{[V (7 = 36| [V e - ) |

The last part is obvious by Holder’s inequality

max {c,u} (d+ v)
cd + uv <

(@ +un) P (dr+ o) p g1, L+l =1,

1
q

Foranya:,a,befandAe(C\{O,l},JE(Cwehave

(3.4) (L=XN) fla)+Af(b)+[z— (1 =N a—A]é— f(2)]

T b

\ (f = 60) \ (f = 40)

mase (1= AL Y (V7 - 6| + |y ).
q)l/q

<=2l )|+ (Al

V (0t 1)

q

(1= AP+ (A7 (
1 1 _
p7q>17 5""6_17

V(f-o0| +

V-5

IN

(11— A+ )\|)max{

V (f - o0,

ve-o|}
If we assume in (3.4) that a < b and z € [a, b], then
(3.5) [(L=X) F(a) +Af(0) +[z— (1= A)a—Ab]6 - f(z)]
< |1—A|\7<f—5e>+|x|\b/<f—64>
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max {|1 — A|, [A[} (\b/ (f - 56)) :

a

1/q

IN

(112 + A7) ((v r-0) + (V- 5£)>q>

1 1 _
p7q>17 ;—1_6_1’

BN+ ) [V (7 =00+

x b
V(=00 -V (-0
Taking into (3.5) A € [0,1] then we get

(36) 1= N (@A) +e— (=N a—\]s— f(a)
T b
<=MV (=80 +A1\(f-d0)

a

(=3 (Vi -m).

IN

(1= A+ A7) 7 ((v (- 5e>)q (V- a@)q)w,

paq>17 %4’%:1’
1
2{

Moreover, if we take in (3.6) ¢ = 0, then we get

R

(f=460)+

Vi -0 -V a0

(3.7) (1= ) f () + Af(b) = f (x)]
x b
<@=-MVH+rAV
G+h=30 (Vo).
1/ x b q 1/q
< F AN ,,(v \/ )) !
pa>1, 5+
b x b
;Nm+ymwM]
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If x € [a,b] with a < b and if we take A = =% in (3.7), then we get

a9 |(1=2)s@+ (=0) 10 - f@)

(f))q> "

IN

—
/N
77

B
~—
kS

+
—

o8

212
I~
=
~—
—
~

=
7N
7 N
a <&

—~

&ﬁ

S—
~__
=}

+
N
8 <o

which was obtained in [10, Theorem 3.2].
For other related results, see [10] and [11].
We have:

Corollary 6. With the assumptions of Theorem 4 for the function f, we have for
any a, b € I and X € [0,1] that

(39) 1L =N @+ (B) +(L=NAb—a)(F—7) — f(1—Na+)

(I=X)a+Xb b
<=V -|+r V (Wf)‘
a (1=X)a+Xb
(I=X)a+Xb b
(§+|A—$|)< Vo (f-0l+| V (w—f>D,
a (1=N)a+Xb

(L= )7 20
(1=X)a+Ab

Vo (f-d0)

a

1 1 _
p7q>17 5"’_6_17

max {

for any §, v € C.

IN

X

q b q\ 1/q
+ VvV (%—f)) ,

(1=X)a+Ab

Vo (f-d0)

b
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In particular,

(3.10) [(1=2) f (@) +Af () = f((1 =N a+ )|
(I=X)a+Xb b
<a=n| \ =l+r| \/ (F-60
a (1=XN)a+Xb

(+h-3) V-

(1= )"+

(1=X\)a+Ab q b a\ 1/a
< x V. (=) +| V (f-480 :
a (1—A)a+Ab

p,q > 15 ]% + é = 13
(1=\)atAb b
max V (f=460)], V (f=460)| 7,
a (1—A)a+Ab

for any 6 € C.

We observe that, with the assumptions of Corollary 6 we have from (3.11) that
B11) A=A fa) +Af () = F((L=X)a+ Ab)|

(1=X)a+Xb b
<a-n| V »+r V U%
a (1=XN)a+Xb
(3 +A=3) y<>
a q a\ 1/q
(- +Ap“p((1”'ﬂb v ) ,
< (1=N)a+Xb
1,

pg>1, 5+, =

(1=X\)a-+Ab

Vo)

a

i

nmx{ v <fﬂ}.
(1=A)a+Ab

If f is convex on I, then from (3.11) we get

(3.12) 0< (A =XN)fla)+Af(b)—f({(1=XNa+ )
(1=X)a+Xb b
a=-xn 'V »+r VvV &
a (1-XN)a+Xb

foranya,beloand/\e[o,l].
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Remark 4. If a < b and there exists the constants ¢, ® € C such that

b

(3.13) \!(f—‘ng(I))g;@—céI(b—a),

then by (3.4) for « € [a, ]

(3.14) ’(1—)\)f(a)+>\f(b)+[x—(1—)\)a—)\b]¢+2(I)—f(x)
< Il—AI\:/<f—¢+2¢€> +A|\:/(f—¢+2q)€)
< 5 1%~ glmax {[1 - AL A} (b~ a).

In particular, if X € [0,1], then
(3.15) [(L=X) f(a) + Af(b) = f((1 = A)a+ Ab)|
1 1 1
<5 e-9l (24")\—2’) (b—a),
giving that

(3.16) ‘W—f(a;b)‘<i|®—¢|(b—a).

We observe that if f : I — C is a locally absolutely continuous function on I
and with the property that there exists complex numbers ¢, ® € C such that the
derivative f' € Ur (¢, ®), then for a < b we have

b

Vi)

and the condition (3.13) is satisfied. This provides many examples, since for real
valued function satisfying the condition k < f' (s) < K, for a.e. t € I and for some
real constants k, K, then we have that

f-222

1
<D — -
Slas< e —dl-a)

b
\/(f—k;K£> S%(K—k)(b—a).

4. SOME EXAMPLES

For a, b € (0,00) and X € [0,1], consider Ay (a,b) := (1 — A) a + Ab the weighted
arithmetic mean and G (a,b) := a'~*b* the weighted geometric mean. The fol-
lowing inequality is well known in the literature as the arithmetic mean-geometric
mean inequality:

G)\ (a,b) S A)\ (a,b) .
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If we write, for instance, the inequality (3.11) for the function f (¢) := Int, then
we get for any a, b € (0,00) and A € [0, 1]

[(1=XNIna+AIndb—1In((1 — X)a+ Ab)]|

(1=X)a+Ab b
<a-n| V @+rl \/
a (I=X)a+Xb
b
(3 A= 4|V n
1 ([ Na43 q b a\ 1/
(1 =N)P+ )77 V ()| +| V (o) ;
< (1=X)a+Xb
p,q > 1, 7+%:1
(1=X)a+Xb b
max Vo ), V  (n)f,,
a (I=X)a+Xb
namely
A)\(a’ab)
. <In|=—"2%
wn osm(ZEg)
A)\(G,,b) b
<(1- In | —+ n | ——
<@ (BED) o (575)
(%+|)\—%|)|lnb—lna|,
) )\p Ax(a,b) h b a\ 1/q
L= (i (B2 (b))
- p,q > 1, 7+7:1
Ax(a,b) b
max{‘ln( Aa ),)AA(a’b)‘}a

for any a, b € (0,00) and A € [0,1]. This is equivalent to

A,\ (a, b)
(42) 1< Gr(ah)

< o1 (200 1
exp [(3 4+ |A—3]) Inb—Inal],

e {((1-

p,q > 1,

IN

NP+
1 1
Pt =

exp (max { ‘ln (Ak(aa’b))

for any a, b € (0,00) and X € [0,1].
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Let z,y € R and X € [0,1], then by writing the inequality (3.11) for the function
f () :==exp (t) we get
[(1—XNexpz+ Aexpy —exp ((1 — Nz + \y)|

(1=XN)z+Ay y
<@-n| \V (exp)|+Ar| \/ (exp)
T (I=N)z+Ay
1 iy 1Y
(3+x=3l) V(expﬂv
L ([0 d y a\ /4
(L =N)P+ A7) F (exp)l +| V  (exp) :
< b (1=N)z+Ay
pg>1, S+ =1,
(1=XN)z+Ay y
max Voo (exp)l,|  V  (exp)|,
x (1=XN)z+Ay
namely

0<(1—Aexpz+ Aexpy — (expz)' ™ (expy)’
<(1-=-2MX) ‘(expx)l_’\ (expy)* — expx‘ + A ‘expy — (expa)' ™ (exp y)/\‘
y
(3 =3 |V o)
(1 =27+ )

IN

A Q)l/q

- A
expy — (expz)' " (expy) ‘}

1—X A 4 1—-X
% ([(expa)' = (expy) — expa|’ + [expy — (expa) ™ (expy)

pa>1, 4L =1,
Y A
max{‘(exp x) (expy)” — expx‘,

If in this inequality we take a = expx and b = exp y, then we get
(4.3) 0< Ay (a,b)—Gx(a,b)

< (1 =X)|Gx(a,b) —a|+ X|b— G (a,b)]
(z+[r=zl)lb—al,
(L= A"+ A7 (|G (a,8) = a|” + b= G (,B)] )7,
p,q>1, %—&-%:1,
max {|Gy (a,b) — a|,|b — Gx (a,b)|} .

IN
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