
TWO PARAMETERS AND TWO POINTS REPRESENTATIONS
FOR FUNCTIONS OF BOUNDED VARIATION WITH

APPLICATIONS

S. S. DRAGOMIR1;2

Abstract. In this paper we establish some two parameters two points repre-
sentations with integral remainders for functions of locally bounded variation
and apply them for the logarithmic and exponential functions. Some inequal-
ities for weighted arithmetic and geometric means are provided as well.

1. Introduction

Let f : I ! C be a locally absolutely continuous function on �I; the interior of
the interval I: In the recent paper [12] we considered the problem of approximating
an absolutely continuous function by using an a¢ ne combination of the values in
two points f (a) ; f (b) where a; b 2 �I and two free parameters �; 
 2 C as follows
(1.1) f (x) � (1� �) f (a) + �f (b) + (1� �) (x� a) � � � (b� x) 

for � 2 Cn f0; 1g and x 2 �I.
The following representation result has been obtained in [12]:

Theorem 1. Let f : I ! C be a locally absolutely continuous function on �I; the
interior of the interval I. Then for any x; a; b 2 �I and � 2 Cn f0; 1g ; �; 
 2 C we
have

(1.2) f (x) = (1� �) f (a)+�f (b)+(1� �) (x� a) ��� (b� x) 
+S� (x; a; b; �; 
) ;
where the remainder S� (x; a; b; �; 
) is given by

S� (x; a; b; �; 
) := (1� �) (x� a)
Z 1

0

[f 0 ((1� s) a+ sx)� �] ds(1.3)

+ � (b� x)
Z 1

0

[
 � f 0 ((1� s)x+ sb)] ds:

Now, for �; � 2 C and I an interval of real numbers, de�ne the sets of complex-
valued functions (see for instance [13])

�UI (�;�)

:=
n
g : I ! CjRe

h
(�� g (t))

�
g (t)� �

�i
� 0 for almost every t 2 I

o
and

��I (�;�) :=

�
g : I ! Cj

����g (t)� �+�2
���� � 1

2
j�� �j for a.e. t 2 I

�
:
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The following representation result may be stated.

Proposition 1. For any �; � 2 C, � 6= �; we have that �UI (�;�) and ��I (�;�)
are nonempty, convex and closed sets and

(1.4) �UI (�;�) = ��I (�;�) :

On making use of the complex numbers �eld properties we can also state that:

Corollary 1. For any �;� 2 C, � 6= �;we have that
�UI (�;�) = fg : I ! C j (Re�� Re g (t)) (Re g (t)� Re�)(1.5)

+(Im�� Im g (t)) (Im g (t)� Im�) � 0 for a.e. t 2 Ig :

Now, if we assume that Re (�) � Re (�) and Im (�) � Im (�) ; then we can de�ne
the following set of functions as well:

�SI (�;�) := fg : I ! C j Re (�) � Re g (t) � Re (�)(1.6)

and Im (�) � Im g (t) � Im (�) for a.e. t 2 Ig :

One can easily observe that �SI (�;�) is closed, convex and

(1.7) ; 6= �SI (�;�) � �UI (�;�) :

The following result holds:

Theorem 2. Let f : I ! C be a locally absolutely continuous function on �I and
with the property that there exists complex numbers �; � 2 C such that the derivative
f 0 2 �UI (�;�) : Then for any x; a; b 2 �I and � 2 Cn f0; 1g we have����f (x)� (1� �) f (a)� �f (b)� �+�2 [x� (1� �) a� �b]

����(1.8)

� 1

2
j�� �j [j1� �j jx� aj+ j�j jb� xj]

� 1

2
j�� �j

8>>>>>><>>>>>>:

max fj1� �j ; j�jg (jx� aj+ jb� xj) ;

(j1� �jp + j�jp)1=p (jx� ajq + jb� xjq)1=q ;
p; q > 1; 1

p +
1
q = 1;

(j1� �j+ j�j)max fjx� aj ; jb� xjg :

Remark 1. For p = q = 2 we have for � 2 [0; 1] and x 2 [a; b] with a < b that����f (x)� (1� �) f (a)� �f (b)� �+�2 [x� (1� �) a� �b]
����(1.9)

� 1

2
j�� �j [(1� �) (x� a) + � (b� x)]

� j�� �j
 
1

4
+

�
�� 1

2

�2!1=2 
1

4
+

�
x� a+ b

2

�2!1=2
:

Corollary 2. With the assumptions of Theorem 2 for the function f; we have for
any x; a; b 2 �I that

(1.10)

����f (x)� 1

b� a [(b� x) f (a) + (x� a) f (b)]
���� � j�� �j j(b� x) (x� a)jjb� aj
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and ����f (x)� 1

b� a [(x� a) f (a) + (b� x) f (b)]� (�+�)
�
x� a+ b

2

�����(1.11)

� j�� �j

241
4
+

 
x� a+b

2

b� a

!235 jb� aj :
Proof. Follows by Theorem 2 on taking � = x�a

b�a and � =
b�x
b�a ; respectively. �

Corollary 3. With the assumptions of Theorem 2 for the function f; we have for
any a; b 2 �I and � 2 [0; 1] that
(1.12) jf ((1� �) a+ �b)� (1� �) f (a)� �f (b)j � j�� �j (1� �)� jb� aj
and ����f ((1� �) b+ �a)� (1� �) f (a)� �f (b)� (�+�) (b� a)�12 � �

�����(1.13)

� j�� �j
"
1

4
+

�
�� 1

2

�2#
jb� aj :

Remark 2. If we take � = 1
2 in either of the inequalities from Corollary 3 we get

(1.14)

����f �a+ b2
�
� f (a) + f (b)

2

���� � 1

4
j�� �j jb� aj

for any a; b 2 �I. The constant 14 is best possible in (1.14).

For related trapezoid type inequalities, see [1]-[8], [14]-[24] and the references
therein.
Motivated by the above results, we establish in this paper some error estimates

for approximating a function of locally bounded variation by the use of formula
(1.1). Applications for logarithmic and exponential functions and reverse inequal-
ities for the celebrated arithmetic mean-geometric mean inequality are given as
well.

2. Some Identities

We use the following convention for the integral in the case when b < a;Z b

a

u (s) d (v) := �
Z a

b

u (s) d (v)

provided the second Riemann-Stieltjes integral exists in the classical sense.
We start with the following representation result:

Theorem 3. Let f : I ! C be a function of locally bounded variation on �I; the
interior of the interval I. Then for any x; a; b 2 �I and � 2 Cn f0; 1g ; �; 
 2 C we
have

f (x) = (1� �) f (a) + �f (b) + (1� �) (x� a) � � � (b� x) 
(2.1)

+R� (x; a; b; �; 
) ;
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where the remainder R� (x; a; b; �; 
) is given by

(2.2) R� (x; a; b; �; 
) := (1� �)
Z x

a

d (f (s)� �` (s)) + �
Z b

x

d (
` (s)� f (s)) ;

while ` is the identity function on I; namely ` (s) = s; s 2 I:

Proof. Since f : I ! C is a function of locally bounded variation on �I; then for any
x; a; b 2 �I the Riemann-Stieltjes integralsZ x

a

d (f (s)� �` (s)) and
Z b

x

d (
` (s)� f (s))

exist and we haveZ x

a

d (f (s)� �` (s)) = f (x)� �` (x)� [f (a)� �` (a)]

and Z b

x

d (
` (s)� f (s)) = 
` (b)� f (b)� [
` (x)� f (x)] :

Therefore

R� (x; a; b; �; 
)(2.3)

= (1� �)
Z x

a

d (f (s)� �` (s)) + �
Z b

x

d (
` (s)� f (s))

= (1� �) (f (x)� �` (x)� [f (a)� �` (a)])
+ � (
` (b)� f (b)� [
` (x)� f (x)])
= (1� �) (f (x)� f (a)� � (x� a)) + � (
 (b� x)� f (b) + f (x))
= (1� �) f (x)� (1� �) f (a)� (1� �) (x� a) �
� �f (b) + �f (x) + � (b� x) 

= f (x)� (1� �) f (a)� �f (b)� (1� �) (x� a) � + � (b� x) 
;

which is clearly equivalent to (2.1). �

Corollary 4. Let f : I ! C be a function of locally bounded variation on �I: Then
for any x; a; b 2 �I and �; 
 2 C we have

f (x) =
1

b� a [(b� x) f (a) + (x� a) f (b)] +
(b� x) (x� a)

b� a (� � 
)(2.4)

+R1 (x; a; b; �; 
) ;

where the remainder R1 (x; a; b; �; 
) is given by

R1 (x; a; b; �; 
) :=
b� x
b� a

Z x

a

d (f (s)� �` (s)) + x� a
b� a

Z b

x

d (
` (s)� f (s)) :

Alternatively, we have

f (x) =
1

b� a [(x� a) f (a) + (b� x) f (b)](2.5)

+
1

b� a

h
(x� a)2 � � (b� x)2 


i
+R2 (x; a; b; �; 
) ;
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where the remainder R2 (x; a; b; �; 
) is given by

(2.6) R2 (x; a; b; �; 
) :=
x� a
b� a

Z x

a

d (f (s)� �` (s)) + b� x
b� a

Z b

x

d (
` (s)� f (s)) :

Proof. Follows by Theorem 3 on taking � = x�a
b�a and � =

b�x
b�a ; respectively. �

The following particular case is of interest as well:

Corollary 5. Let f : I ! C be a function of locally bounded variation on �I: Then
for any a; b 2 �I; � 2 [0; 1] and �; 
 2 C we have

f ((1� �) a+ �b) = (1� �) f (a) + �f (b) + (1� �)� (b� a) (� � 
)(2.7)

+R1;� (a; b; �; 
) ;

where the remainder R1;� (a; b; �; 
) is given by

R1;� (a; b; �; 
)(2.8)

:= (1� �)
Z (1��)a+�b

a

d (f (s)� �` (s)) + �
Z b

(1��)a+�b
d (
` (s)� f (s)) :

Alternatively, we have

f (�a+ (1� �) b) = (1� �) f (a) + �f (b) + (b� a)
h
(1� �)2 � � �2


i
(2.9)

+R2;� (a; b; �; 
) ;

where the remainder R2;� (a; b; �; 
) is given by

R2;� (a; b; �; 
)(2.10)

:= (1� �)
Z �a+(1��)b

a

d (f (s)� �` (s)) + �
Z b

�a+(1��)b
d (
` (s)� f (s)) :

Remark 3. Let f be as in Theorem 3, then for any a; b 2 �I and � 2 Cn f0; 1g ; �;

 2 C we have

f

�
a+ b

2

�
= (1� �) f (a) + �f (b) + 1

2
(b� a) [(1� �) � � �
](2.11)

+R� (a; b; �; 
) ;

where the remainder R� (a; b; �; 
) is given by

(2.12) R� (a; b; �; 
) := (1� �)
Z a+b

2

a

d (f (s)� �` (s)) + �
Z b

a+b
2

d (
` (s)� f (s)) :

The case � = 
 = 0 in (2.1) produces the following simple identities for each
distinct x; a; b 2 �I and � 2 Cn f0; 1g
(2.13) f (x) = (1� �) f (a) + �f (b) +R� (x; a; b) ;
where the remainder R� (x; a; b) is given by

(2.14) R� (x; a; b) := (1� �)
Z x

a

df (s)� �
Z b

x

df (s) :
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We then have for each distinct x; a; b 2 �I that

(2.15) f (x) =
1

b� a [(b� x) f (a) + (x� a) f (b)] + U (x; a; b) ;

where

(2.16) U (x; a; b) :=
b� x
b� a

Z x

a

df (s)� x� a
b� a

Z b

x

df (s) :

and

(2.17) f (x) =
1

b� a [(x� a) f (a) + (b� x) f (b)] + V (x; a; b) ;

where

(2.18) V (x; a; b) :=
x� a
b� a

Z x

a

df (s)� b� x
b� a

Z b

x

df (s) :

We also have

(2.19) f ((1� �) a+ �b) = (1� �) f (a) + �f (b) + U� (a; b) ;

where the remainder U� (a; b) is given by

(2.20) U� (a; b) := (1� �)
Z (1��)a+�b

a

df (s)� �
Z b

(1��)a+�b
df (s)

and

(2.21) f ((1� �) b+ �a) = (1� �) f (a) + �f (b) + V� (a; b) ;

where the remainder V� (a; b) is given by

(2.22) V� (a; b) := (1� �)
Z (1��)b+�a

a

df (s)� �
Z b

(1��)b+�a
df (s) :

Moreover, if we take in (2.13) x = a+b
2 for each distinct a; b 2 �I and � 2 Rn f0; 1g ;

then we have

(2.23) f

�
a+ b

2

�
= (1� �) f (a) + �f (b) + S� (a; b) ;

where the remainder S� (a; b) is given by

(2.24) S� (a; b) := (1� �)
Z a+b

2

a

df (s)� �
Z b

a+b
2

df (s) :

In particular, for � = 1
2 we have

(2.25) f

�
a+ b

2

�
=
f (a) + f (b)

2
+ S (a; b) ;

where

(2.26) S (a; b) :=
1

2

 Z a+b
2

a

df (s)�
Z b

a+b
2

df (s)

!
:
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3. Inequalities for Functions of Locally Bounded Variation

We use the following convention for the total variation of a function in the case
when b < a;

(3.1)
b_
a

(f) := �
a_
b

(f)

provided the function f is of bounded variation in the classical sense.

Theorem 4. Let f : I ! C be a function of locally bounded variation on �I; the
interior of the interval I. Then for any x; a; b 2 �I and � 2 Cn f0; 1g ; �; 
 2 C we
have

j(1� �) f (a) + �f (b) + (1� �) (x� a) � � � (b� x) 
 � f (x)j(3.2)

� j1� �j
�����
x_
a

(f � �`)
�����+ j�j

�����
b_
x

(
`� f)
�����

�

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

max fj1� �j ; j�jg
����� xW

a
(f � �`)

����+ ���� bW
x
(
`� f)

����� ;
(j1� �jp + j�jp)1=p

 ���� xW
a
(f � �`)

����q + ���� bW
x
(
`� f)

����q
!1=q

;

p; q > 1; 1
p +

1
q = 1;

(j1� �j+ j�j)max
����� xW

a
(f � �`)

���� ; ���� bW
x
(
`� f)

����� :
Proof. We use the fact that for p : [�; �] ! R continuous and v : [�; �] ! R of
bounded variation the Riemann-Stieltjes integral

R �
�
p (t) dv (t) exists and

(3.3)

�����
Z �

�

p (t) dv (t)

����� � sup
t2[�;�]

jp (t)j
�_
�

(v) :

Using the identity (2.1) the convention (3.1) and the property (3.3) we have

j(1� �) f (a) + �f (b) + (1� �) (x� a) � � � (b� x) 
 � f (x)j

=

�����(1� �)
Z x

a

d (f (s)� �` (s)) + �
Z b

x

d (
` (s)� f (s))
�����
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� j1� �j
����Z x

a

d (f (s)� �` (s))
����+ j�j

�����
Z b

x

d (
` (s)� f (s))
�����

� j1� �j
�����
x_
a

(f � �`)
�����+ j�j

�����
x_
a

(
`� f)
�����

�

8>>>>>>>>>>>><>>>>>>>>>>>>:

max fj1� �j ; j�jg
����� xW

a
(f � �`)

����+ ���� xW
a
(
`� f)

����� ;
(j1� �jp + j�jp)1=p

����� xW
a
(f � �`)

����q + ���� xW
a
(
`� f)

����q�1=q ;
p; q > 1; 1

p +
1
q = 1;

(j1� �j+ j�j)max
����� xW

a
(f � �`)

���� ; ���� xW
a
(
`� f)

����� :
The last part is obvious by Hölder�s inequality

cd+ uv �

8<:
max fc; ug (d+ v)

(cp + up)
1=p
(dq + vq)

1=q
; p; q > 1; 1

p +
1
q = 1:

�

For any x; a; b 2 �I and � 2 Cn f0; 1g ; � 2 C we have

j(1� �) f (a) + �f (b) + [x� (1� �) a� �b] � � f (x)j(3.4)

� j1� �j
�����
x_
a

(f � �`)
�����+ j�j

�����
b_
x

(f � �`)
�����

�

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

max fj1� �j ; j�jg
����� xW

a
(f � �`)

����+ ���� bW
x
(�`� f)

����� ;
(j1� �jp + j�jp)1=p

 ���� xW
a
(f � �`)

����q + ���� bW
x
(�`� f)

����q
!1=q

;

p; q > 1; 1
p +

1
q = 1;

(j1� �j+ j�j)max
����� xW

a
(f � �`)

���� ; ���� bW
x
(�`� f)

����� :
If we assume in (3.4) that a < b and x 2 [a; b], then

j(1� �) f (a) + �f (b) + [x� (1� �) a� �b] � � f (x)j(3.5)

� j1� �j
x_
a

(f � �`) + j�j
b_
x

(f � �`)
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�

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

max fj1� �j ; j�jg
�
bW
a
(f � �`)

�
;

(j1� �jp + j�jp)1=p
 �

xW
a
(f � �`)

�q
+

�
bW
x
(f � �`)

�q!1=q
;

p; q > 1; 1
p +

1
q = 1;

1
2 (j1� �j+ j�j)

�
bW
a
(f � �`) +

���� xW
a
(f � �`)�

bW
x
(f � �`)

����� :
Taking into (3.5) � 2 [0; 1] then we get

j(1� �) f (a) + �f (b) + [x� (1� �) a� �b] � � f (x)j(3.6)

� (1� �)
x_
a

(f � �`) + �
b_
x

(f � �`)

�

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�
1
2 +

���� 1
2

���� bW
a
(f � �`)

�
;

((1� �)p + �p)1=p
 �

xW
a
(f � �`)

�q
+

�
bW
x
(f � �`)

�q!1=q
;

p; q > 1; 1
p +

1
q = 1;

1
2

�
bW
a
(f � �`) +

���� xW
a
(f � �`)�

bW
x
(f � �`)

����� :
Moreover, if we take in (3.6) � = 0; then we get

j(1� �) f (a) + �f (b)� f (x)j(3.7)

� (1� �)
x_
a

(f) + �

b_
x

(f)

�

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�
1
2 +

���� 1
2

���� bW
a
(f)

�
;

((1� �)p + �p)1=p
 �

xW
a
(f)

�q
+

�
bW
x
(f)

�q!1=q
;

p; q > 1; 1
p +

1
q = 1;

1
2

�
bW
a
(f) +

���� xW
a
(f)�

bW
x
(f)

����� :
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If x 2 [a; b] with a < b and if we take � = x�a
b�a in (3.7), then we get

�����b� xb� a

�
f (a) +

�
x� a
b� a

�
f (b)� f (x)

����(3.8)

�
�
b� x
b� a

� x_
a

(f) +

�
x� a
b� a

� b_
x

(f)

�

8>>>>>>>>>>>>>><>>>>>>>>>>>>>>:

�
1
2 +

���x� a+b
2

b�a

����� bW
a
(f)

�
;

��
b�x
b�a

�p
+
�
x�a
b�a

�p�1=p � xW
a
(f)

�q
+

�
bW
x
(f)

�q!1=q
;

p; q > 1; 1
p +

1
q = 1;

1
2

�
bW
a
(f) +

���� xW
a
(f)�

bW
x
(f)

����� ;
which was obtained in [10, Theorem 3.2].
For other related results, see [10] and [11].
We have:

Corollary 6. With the assumptions of Theorem 4 for the function f; we have for
any a; b 2 �I and � 2 [0; 1] that

j(1� �) f (a) + �f (b) + (1� �)� (b� a) (� � 
)� f ((1� �) a+ �b)j(3.9)

� (1� �)

������
(1��)a+�b_

a

(f � �`)

������+ �
������

b_
(1��)a+�b

(
`� f)

������

�

8>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>:

�
1
2 +

���� 1
2

��� �����(1��)a+�bW
a

(f � �`)
�����+
����� bW
(1��)a+�b

(
`� f)
�����
!
;

((1� �)p + �p)1=p

�
 �����(1��)a+�bW

a
(f � �`)

�����
q

+

����� bW
(1��)a+�b

(
`� f)
�����
q!1=q

;

p; q > 1; 1
p +

1
q = 1;

max

(�����(1��)a+�bW
a

(f � �`)
����� ;
����� bW
(1��)a+�b

(
`� f)
�����
)
:

for any �; 
 2 C.
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In particular,

j(1� �) f (a) + �f (b)� f ((1� �) a+ �b)j(3.10)

� (1� �)

������
(1��)a+�b_

a

(f � �`)

������+ �
������

b_
(1��)a+�b

(f � �`)

������

�

8>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>:

�
1
2 +

���� 1
2

��� ���� bW
a
(f � �`)

���� ;
((1� �)p + �p)1=p

�
 �����(1��)a+�bW

a
(f � �`)

�����
q

+

����� bW
(1��)a+�b

(f � �`)
�����
q!1=q

;

p; q > 1; 1
p +

1
q = 1;

max

(�����(1��)a+�bW
a

(f � �`)
����� ;
����� bW
(1��)a+�b

(f � �`)
�����
)
;

for any � 2 C.

We observe that, with the assumptions of Corollary 6 we have from (3.11) that

j(1� �) f (a) + �f (b)� f ((1� �) a+ �b)j(3.11)

� (1� �)

������
(1��)a+�b_

a

(f)

������+ �
������

b_
(1��)a+�b

(f)

������

�

8>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>:

�
1
2 +

���� 1
2

��� ���� bW
a
(f)

���� ;
((1� �)p + �p)1=p

 �����(1��)a+�bW
a

(f)

�����
q

+

����� bW
(1��)a+�b

(f)

�����
q!1=q

;

p; q > 1; 1
p +

1
q = 1;

max

(�����(1��)a+�bW
a

(f)

����� ;
����� bW
(1��)a+�b

(f)

�����
)
:

If f is convex on I, then from (3.11) we get

0 � (1� �) f (a) + �f (b)� f ((1� �) a+ �b)(3.12)

� (1� �)

������
(1��)a+�b_

a

(f)

������+ �
������

b_
(1��)a+�b

(f)

������
�
�
1

2
+

������ 12
�����
�����
b_
a

(f)

�����
for any a; b 2 �I and � 2 [0; 1] :
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Remark 4. If a < b and there exists the constants �; � 2 C such that

(3.13)
b_
a

�
f � �+�

2
`

�
� 1

2
j�� �j (b� a) ;

then by (3.4) for x 2 [a; b]����(1� �) f (a) + �f (b) + [x� (1� �) a� �b] �+�2 � f (x)
����(3.14)

� j1� �j
x_
a

�
f � �+�

2
`

�
+ j�j

b_
x

�
f � �+�

2
`

�
� 1

2
j�� �jmax fj1� �j ; j�jg (b� a) :

In particular, if � 2 [0; 1] ; then

j(1� �) f (a) + �f (b)� f ((1� �) a+ �b)j(3.15)

� 1

2
j�� �j

�
1

2
+

������ 12
����� (b� a) ;

giving that

(3.16)

����f (a) + f (b)2
� f

�
a+ b

2

����� � 1

4
j�� �j (b� a) :

We observe that if f : I ! C is a locally absolutely continuous function on �I
and with the property that there exists complex numbers �; � 2 C such that the
derivative f 0 2 �UI (�;�) ; then for a < b we have

b_
a

�
f � �+�

2
`

�
�
Z b

a

����f 0 (s)� �+�2
���� ds � 1

2
j�� �j (b� a)

and the condition (3.13) is satis�ed. This provides many examples, since for real
valued function satisfying the condition k � f 0 (s) � K; for a.e. t 2 I and for some
real constants k; K; then we have that

b_
a

�
f � k +K

2
`

�
� 1

2
(K � k) (b� a) :

4. Some Examples

For a; b 2 (0;1) and � 2 [0; 1] ; consider A� (a; b) := (1� �) a+ �b the weighted
arithmetic mean and G� (a; b) := a1��b� the weighted geometric mean. The fol-
lowing inequality is well known in the literature as the arithmetic mean-geometric
mean inequality :

G� (a; b) � A� (a; b) :
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If we write, for instance, the inequality (3.11) for the function f (t) := ln t; then
we get for any a; b 2 (0;1) and � 2 [0; 1]

j(1� �) ln a+ � ln b� ln ((1� �) a+ �b)j

� (1� �)

������
(1��)a+�b_

a

(ln)

������+ �
������

b_
(1��)a+�b

(ln)

������

�

8>>>>>>>>>>><>>>>>>>>>>>:

�
1
2 +

���� 1
2

��� ���� bW
a
(ln)

���� ;
((1� �)p + �p)1=p

 �����(1��)a+�bW
a

(ln)

�����
q

+

����� bW
(1��)a+�b

(ln)

�����
q!1=q

;

p; q > 1; 1
p +

1
q = 1;

max

(�����(1��)a+�bW
a

(ln)

����� ;
����� bW
(1��)a+�b

(ln)

�����
)
;

namely

0 � ln
�
A� (a; b)

G� (a; b)

�
(4.1)

� (1� �)
����ln�A� (a; b)a

�����+ � ����ln� b

A� (a; b)

�����

�

8>>>>>>>><>>>>>>>>:

�
1
2 +

���� 1
2

��� jln b� ln aj ;
((1� �)p + �p)1=p

����ln�A�(a;b)
a

����q + ���ln� b
A�(a;b)

����q�1=q ;
p; q > 1; 1

p +
1
q = 1;

max
n���ln�A�(a;b)

a

���� ; ��� b
A�(a;b)

���o ;
for any a; b 2 (0;1) and � 2 [0; 1] : This is equivalent to

1 � A� (a; b)

G� (a; b)
(4.2)

� exp
�
(1� �)

����ln�A� (a; b)a

�����+ � ����ln� b

A� (a; b)

������

�

8>>>>>>>>><>>>>>>>>>:

exp
��
1
2 +

���� 1
2

��� jln b� ln aj� ;
exp

�
((1� �)p + �p)1=p

����ln�A�(a;b)
a

����q + ���ln� b
A�(a;b)

����q�1=q� ;
p; q > 1; 1

p +
1
q = 1;

exp
�
max

n���ln�A�(a;b)
a

���� ; ��� b
A�(a;b)

���o� ;
for any a; b 2 (0;1) and � 2 [0; 1] :
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Let x; y 2 R and � 2 [0; 1] ; then by writing the inequality (3.11) for the function
f (t) := exp (t) we get

j(1� �) expx+ � exp y � exp ((1� �)x+ �y)j

� (1� �)

������
(1��)x+�y_

x

(exp)

������+ �
������

y_
(1��)x+�y

(exp)

������

�

8>>>>>>>>>><>>>>>>>>>>:

�
1
2 +

���� 1
2

��� ���� yW
x
(exp)

���� ;
((1� �)p + �p)1=p

 �����(1��)x+�yW
x

(exp)

�����
q

+

����� yW
(1��)x+�y

(exp)

�����
q!1=q

;

p; q > 1; 1
p +

1
q = 1;

max

(�����(1��)x+�yW
x

(exp)

����� ;
����� yW
(1��)x+�y

(exp)

�����
)
;

namely

0 � (1� �) expx+ � exp y � (expx)1�� (exp y)�

� (1� �)
���(expx)1�� (exp y)� � expx���+ � ���exp y � (expx)1�� (exp y)����

�

8>>>>>>>>><>>>>>>>>>:

�
1
2 +

���� 1
2

��� ���� yW
x
(exp)

���� ;
((1� �)p + �p)1=p

�
����(expx)1�� (exp y)� � expx���q + ���exp y � (expx)1�� (exp y)����q�1=q ;
p; q > 1; 1

p +
1
q = 1;

max
n���(expx)1�� (exp y)� � expx��� ; ���exp y � (expx)1�� (exp y)����o :

If in this inequality we take a = expx and b = exp y; then we get

0 � A� (a; b)�G� (a; b)(4.3)

� (1� �) jG� (a; b)� aj+ � jb�G� (a; b)j

�

8>><>>:
�
1
2 +

���� 1
2

��� jb� aj ;
((1� �)p + �p)1=p (jG� (a; b)� ajq + jb�G� (a; b)jq)

1=q
;

p; q > 1; 1
p +

1
q = 1;

max fjG� (a; b)� aj ; jb�G� (a; b)jg :
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