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TRAPEZOID TYPE INEQUALITIES FOR ISOTONIC
FUNCTIONALS WITH APPLICATIONS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some refinements and reverses of the gen-
eralized trapezoid inequality for normalized isotonic linear functionals and
various classes of functions such as: functions of bounded variation, (8§, A)-
Lipschitzian functions and lower and upper convex functions. Applications
for Jessen and Beesack-Pecari¢ inequalities for convex functions and isotonic
functionals are provided as well. The particular case of Hermite-Hadamard
inequality for functionals is also outlined.

1. INTRODUCTION

Let L be a linear class of real-valued functions g : £ — R having the properties

(L1) f, g € L imply (af + Bg) € L for all a, f € R;
(LQ) 1e L, ie., if f(] (t) =1,te FE then f() e L.

An isotonic linear functional A : L — R is a functional satisfying

(A1) A(af +Bg9) = aA(f) +BA(g) forall f, g€ L and , § € R.
(A2) If fe Land f >0, then A(f) > 0.
The mapping A is said to be normalised if

(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analy-
sis which enjoy a number of convenient properties. Thus, they provide, for example,
Jessen’s inequality, which is a functional form of Jensen’s inequality (see [2], [22]
and [23]). For other inequalities for isotonic functionals see [1], [3]-[17] and [24]-[27].

We note that common examples of such isotonic linear functionals A are given
by

A(g) = / gdpor A(g) = prgr,
E keE
where p is a positive measure on E in the first case and E is a subset of the natural

numbers N, in the second (px > 0,k € E).
We recall Jessen’s inequality (see also [14]).

Theorem 1. Let ¢ : I C R— R (I is an interval), be a convex function and
f:E — I suchthat ¢of, f € L. If A: L — R is an isotonic linear and normalised
functional, then

(1.1) P (A(f) <A(gof).
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2 S.S. DRAGOMIRY2

A counterpart of this result was proved by Beesack and Pecari¢ in [2] for compact
intervals I = [m, M]. This is the functional version of the Lah-Ribari¢ inequality
[18].

Theorem 2. Let ¢ : [m, M] C R — R be a convezx function and f : E — [m, M]
such that pof, f € L. If A: L — R is an isotonic linear and normalised functional,
then

_A A(F) —
(12 Ao < LA gy AD T )
Remark 1. Note that (1.2) is a generalization of the inequality
— AL A(0) —
(13 Ay < 2220y D=

due to Lupas [17] (see for example |2, Theorem A]), which assumed E = [m, M|, L
satisfies (L1), (L2), A : L — R satisfies (A1), (A2), A(1) =1, ¢ is convex on E
and ¢ € L, £ € L, where £ (z) =z, x € [m, M].

The following inequality is well known in the literature as the Hermite- Hadamard
inequality

(1.4) ¢<m+M>§M1_m/mM¢(t)dt§<p(m)+<p(1\4)

2 2 ’
provided that ¢ : [m, M] — R is a convex function. For a monograph on Hermite-
Hadamard inequality, see [13].
Using Theorem 1 and Theorem 2, we may state the following generalization of
the Hermite-Hadamard inequality for isotonic linear functionals ([23] and [24]).

Theorem 3. Let ¢ : [m, M] C R — R be a convex function and e : E — [m, M]
with e, poe € L. If A — R is an isotonic linear and normalised functional, with

Al(e) = =M | then

p (m) + ¢ (M)
5 :

(15) (m;M>§AW0@§

In this paper we obtain some refinements and reverses of the generalized trape-
zoid inequality for normalized isotonic linear functionals and various classes of func-
tions such as: functions of bounded variation, (d,A)-Lipschitzian functions and
lower and upper convex functions. Applications for Jessen and Beesack-Pecari¢
inequalities for convex functions and isotonic functionals are provided as well. The
particular case of Hermite-Hadamard inequality for functionals (1.5) is also out-
lined.

2. BOUNDS FOR BOUNDED FUNCTIONS AND FUNCTIONS OF BOUNDED
VARIATION

The following simple result [10], which provides a sharp upper bound for the
case of bounded functions, has been stated in [8] as an intermediate result needed
to obtain a Griiss type inequality.

Lemma 1. If ¢ : [m, M] — R is a bounded function with —oo <y < ¢ (t) <T < 00
for any t € [m, M], then

(2.1) @y (1) <T =7,
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where

(2.2) Dy (1) = 6 (m) +

e (M) = 6 ().

The multiplicative constant 1 in front of I' — ~ cannot be replaced by a smaller

quantity.

Proof. For the sake of completeness, we present a short proof.
Since ¢ is bounded, we have

YM—t) < (M —=t)¢(m) < (M—t)T,y({t—m) < (t—m)¢(M) < (t—m)T
and
~(M-mI<—(M—-m)¢(t)<—(M—-m)7,
which gives, by addition and division with M — m that
(M —t)¢(m) + (t—m) ¢ (M)
M —m

for each t € [m, M], i.e., the desired inequality (2.1) holds.
Now, assume that there exists a constant C' > 0 such that |®y (t)] < C(T' —7)
for any ¢ as in the statement of the theorem. Then, for t = M we should have

¢(m)+¢ (M) m+ M
2 ¢< 2

—T=7<

—¢(t)§r—%

(2.3) >'SC(F’Y)-

If ¢ : [m, M] = R, ¢ (t) = [t — EM |, then ¢ (m) = ¢ (M) = Mz, ¢ (=5
I' = Mom and 4 = 0 and the inequality (2.3) becomes YM5m < CMom - which

2 2
implies that C > 1. (]

2

Theorem 4. Let ¢ : [m,M] C R — R be a bounded function with —oo < v <
¢(t) <T < oo for any t € [m, M| and f : E — [m, M] such that ¢o f, f € L. If
A: L — R is an isotonic linear and normalised functional, then

M- A(f) A(f) =m

2.4
(2:4) M—-—m M—m

¢ (m) + ¢ (M) —A(po f)| < —r.

The inequality (2.4) is sharp.
Proof. From (2.1) we have in the order of L that

M- f f—m

—¢ (M) — <T'—~.
Tl m) + LG (M) — g0 f ST -y
By taking the functional A in this inequality and using its properties of linearity
and normality, we get

M- A(f) A(f) —m
(T~ < =2V el VA
( s M—-—m M—-m
which is equivalent to the desired result (2.4).

Now, assume that the inequality (2.4) is valid with a positive multiplicative
constant C in the right hand side, namely

M AD g my + 2D (0 ago | <00 7).

—(I=7)<

¢ (m) + ¢(M)—A(pof)<T—7,

(2.5) o (m) +
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Consider the bounded function ¢ : [m, M] C R — R given by

M—m ; —
5 if t =m,

pt)=< 0ifte (m,M),
M;m if t =m.

‘We have then

2

If we write the inequality (2.5) for the isotonic linear and normalised functional

= mand’yzO.

M
A= 5 | e

and for f = ¢ the identity function for the interval [m, M|, i.e. £(t) =t,t € [m, M],
then we get

s —m
2 <C

M —MEm pp oy -mM-—m
+ < 5

(2.6) M—-—m 2 M—-—m 2

since

1 M M 1 M
M_m/m 0 () dt = ;mandM_m/m (bo f)(t)dt = 0.

Therefore (2.6) is equivalent to @ <cM 5+, which implies that C' > 1 showing
that C' =1 is the best possible constant in (2.4). O

Corollary 1. Let ¢ : [m, M] C R — R be a convex function and e : E — [m, M]
with e, poe € L. If A — R is an isotonic linear and normalised functional with
A(e) = M then

olm)+o(M)

(2.7) 0< 5

(poe) <T —+.
The inequality (2.7) is sharp.
We have the following representation result [10]:

Lemma 2. If ¢ : [m,M] — R is bounded on [m,M] and Q : [m,M]*> — R is
defined by

t—M if m<s<t

(2.8) Q (t,s) :=
t—m if t<s< M,

then we have the representation

M
(29) By ()= 5 [ Qo). telm, ),

where the integral in (2.9) is taken in the sense of Riemann-Stieltjes.
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Proof. We have:

/:Q(t,s)dqs(ﬂ=/”f(t—M)dqs(s)+/tM(t—m)d¢<s)

<t—M>/d¢<s>+<t—m>/t dé (s)
= (t— M) [6 (1) — & (m)] + (t — m) [6 (M) — 6 ()]
— (M —m) By (1)

and the identity is proved. (I

The following estimation result holds [10].

Lemma 3. If ¢ : [m, M] — R is of bounded variation, then

=1 \7(@ () Ve

L+ |5 [ v @)

=) () (2

m
1;

(2.10)  [®4 (1)

IN

IN

()" (e

: 1
if p>1, » T

)

LV @)+ |Vi (0) = VI (0)].

The first inequality in (2.10) is sharp. The constant % s best possible in the first
and third branches.

Proof. We use the fact that for p : [o, 8] — R continuous and v : [, f] — R of
bounded variation the Riemann-Stieltjes integral f p(t)dv (t) exists and

B
[ pdvi)

Then, by the identity (2.9), we have

B

< suwp 1)\ (v).

telof] o

1
M—-—m

| ()] <

and the first inequality in (2.10) is proved.
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Now, by the Holder inequality, we have
M

M=)\ (@) + (t=m)\/ (9)

3]~

R (N )
if p>1, L+1=1;

(01—t 1= mymax {V (6),V (9)}.

which produces the last part of (2.10).
For t = % (m+ M), (2.10) becomes

P<m+M> ¢WU+MMWS;§w»

Assume that there exists a constant C' > 0 such that

3

M
m—+ M o(m)+o (M
2.11) o () - et e ﬂch@)
If in this inequality we choose ¢ : [m, M] — R, ¢ (t) = ’t mEM | then we deduce
Mom < C(M —m), which implies that C' > 1. O

Corollary 2. If ¢ : [m, M] — R is Ly-Lipschitzian on [m,t| and Lo-Lipschitzian
on [t,M], Ly, Ly > 0, then
(M —t) (t —m)

@12) o)<

1
for any t € [m, M].
In particular, if ¢ is L-Lipschitzian on [m, M|, then

2(M—t)(t—
M—-—m

(2.13) By (£)] < mp L 5 (M —m) L.

The constants i, 2 and % are best possible.

The proof is obvious by Lemma 3 on taking into account that any L-Lipschitzian
function is of bounded variation and \/ﬂ]\f (¢) < (M —m) L. The bharpnebb of the
constants follows by choosing the function ¢ : [m,M] — R, ¢(t) = [t — =M1
which is Lipschitzian with L = 1.

The following lemma may be stated (see also [9]).

Lemma 4. Letu: [m, M] — R and 6, A € R with A > §. The following statements
are equivalent:

(i) The function u— 520, where € (t) =t,t € [m, M] is 3 (® — &)-Lipschitzian;
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(ii) We have the inequality:

(2.14) § < M <A  foreach t, s€[m,M]| with t#s.

(iii) We have the inequality:
(2.15) d(t—s)<u(t)—u(s) <A(t—s) foreach t, s €[m,M] with t>s.
Following [19], we can introduce the concept:

Definition 1. The function u : [m, M] — R which satisfies one of the equivalent
conditions (i) — (iii) is said to be (§, A)-Lipschitzian on [m, M].

Notice that in [19], the definition was introduced on utilising the statement (iii)
and only the equivalence "(i) <= (iii)" was considered.

Utilising Lagrange’s mean value theorem, we can state the following result that
provides practical examples of (§, A)-Lipschitzian functions:

Proposition 1. Let u: [m, M] — R be continuous on [m, M| and differentiable on
[m, M]. If

—00o<d= inf W' (t), sup v (t)=A < oo,
te(m,M) Q te(m,M) Q

then w is (A, §)-Lipschitzian on [m, M].

Corollary 3. Assume that ¢ : [m,M] — R is (A,d)-Lipschitzian on [m, M| for
some 6, A € R with A > §. Then

(M —t) ([t —m)
216)  feo () < T @ gy < Lo —my @ - 5).
Proof. It follows by Corollary 2 for the function gbf%é that is 2 (® — §)-Lipschitzian
and taking into account that ®¢7#£ (t) = @y (t) for any t € [m, M]. O

Corollary 4. If ¢ : [m, M] — R is monotonic nondecreasing on [m, M|, then

211 18,01 < (37 ) 0 - 6]+ (5= ) 000 - 0(0)

5) (e
| +

A

1
i+

G

| [o(a1) 6 (m)];

=)

< %
REIEE Hz 2]
if p>1, 2+1=

L1o (M) — o (m)] + § | () — 2o,

The first inequality and the constant % in the first branch of the second inequality
are sharp.

The inequality is obvious from (2.10). For ¢t = ™% (2.17)
19 o (") - 22O < Lo n) - om)
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In (2.18), the constant % is sharp since for the monotonic nondecreasing function
¢:[m,M]—R
0 if te [m, 25M],
¢ (t) =

1 if te (25 M,

we obtain in both sides of (2.18) the same quantity 1.
For a ¢ : [m, M] C R — R of bounded variation and f : E — [m, M], we define

f f(s)
\/ () (s) := \/ (¢) for s€ E.

We have:

Theorem 5. Let ¢ : [m,M] C R — R be a function of bounded variation and
f f M
[+ E — [m,M] such that ¢ o f, f, \V(¢), (M = [f)V (), (f—m)\f/(qﬁ) €L If

m m

A: L — R is an isotonic linear and normalised functional, then

(2.19) ot my + AP0 (00 - Ao )|
7 [
< MZAU), (Y <¢>) p AU, (\f/ <¢>)

A f _m+M M
3+ |||V,
M—A(F)\P A(f)—m \P 1/p
(20) + ()]
s q o g 1/a
A<¥(¢)> A(\f/(¢))
X M—m + | 2r=
. . 1 1
ifp,g>1 wzth5+5f1,

o) (1)

Proof. Using Lemma 3 we have in the order of L that

(220) - {(ﬁ:i)\j{wn (M‘_”;)\%»]

IN

3 W (¢) +

m

v
< Loy e LT g~ go
(3L Ve (=2)Ve
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If we take in this inequality the functional A and use its properties, then we get

M —A(f) A(f)—m
M—-—m M—m

f M
< Ml_m [A ((M—f)\/<¢)> +A((f—m)\/(¢))] :
f

(2.21) o (m)+ o(M) — A(po f>\

We use the Cebysev’s inequality for positive functionals, namely

(2.22) A(hg) = (<) A(h) A(g)

where h, g are synchronous (asynchronous) on E, namely
(h(t)=h(s)(g(@)—g(s)) = ()0

for all s, t € FE, where A : L — R is an isotonic linear and normalised functional
and h, g, hg € L.

t
Since the function [m, M] 3 t — \/ (¢) is increasing on [m, M|, then M — f and

m

\J}(q’)) are asynchronous on E and by (2.22) we have
f !
(2:23) A ((M -nV <¢>> <SAM-f)A (\/ <¢>>
f
= (M- A(f)) A (\/(¢)> :

M M
Also, because [m, M| 5t — \/ (¢) is decreasing on [m, M], then f —m and \/ (¢)
t f

are asynchronous on E and by (2.22) we have

(2.24) Al(F-m)\ () | <A(F-m)A |\ (o)
f f

=(AH-mAV (9
f

Using (2.21), (2.23) and (2.24) we get the first inequality in (2.19).
The last part is obvious by Holder’s inequality

max {c,u} (d+v),
cd+uv <

(@ + )P (@ o) p g >0, L =1
{ [(c+d)+5lc—d] (d+v),
(@ +u) P (o), p g > 1, Lyl =1
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Corollary 5. Let ¢ : [m,M] C R — R be a function of bounded variation and
e e M
e: B — [m,M] such that goe, e, \(¢), (M —€)V(¢), (e—m)V(¢) € L. If

m e
A: L — R is an isotonic linear and normalised functional with A (e) = ™M | then
M
¢(m)+¢ (M) 1
(2.25) ‘2 A(goe) =5 \m/ ().

The constant & in the right hand side of (2.25) is best possible.

Proof. Now, assume that the inequality (2.25) is valid with a positive multiplicative
constant C in the right hand side, namely

o35 2000 0 <

c\/ (¢).

m

Consider the function of bounded variation ¢ : [m, M] C R — R given by
Mom jf ¢ =
pt)=4¢ 0ifte (m,M),

M;m ift=m

‘We have then

\ (¢) =M —m.

m

If we write the inequality (2.26) for the isotonic linear and normalised functional

M
:Mim/ ) dt

and for e = ¢, the identity function for the interval [m,M], ie. £(t) = ¢, ¢ €

[m, M] for which A (e) = m+M, then we get M2m C (M — m) implying that

C > 1,50 £ is best possible in (2.25). O

A(f)

Remark 2. We observe that, if f is monotonic nondecreasing, then it is of bounded
variation and by (2.19) we get

M — A(f) A(f) -
(2.27) ﬂ¢(m)+ M—m ¢(M)_A(¢°f)'
<M AD oo py—sm+ AL g (an) - A (oo )]
[+ [ 2B ] @ ) - s o)),

(s (s
X {(A(qbof) ¢(m)) (¢(M) A(¢of)) }1/(1

M—m M—m

IN

ifp,q>1wzthp+5:

¢(M) m)+’A $of)— m)+¢> M)’
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Theorem 6. If ¢ : [m, M] — R is L-Lipschitzian on [m, M| and f : E — [m, M]
is such that ¢ o f, f, (M — f)(f —m) € L then for A: L — R, an isotonic linear
and normalised functional,

M—-A A —
28) M Ay AD =T 0y a0 )
< T LAM = ) (f ~m)] € 1o LM~ A(f)) (A () —m)
< %L (M —m)
Proof. Using the inequality (2.13) we have in the order of L that
AUV My L g () g
_2M-p-m),
- M—-—m
By taking the functional A in this inequality we get
2
S LA[M ~ f)(f —m)]
_A A(F) —
< 7MM_?§%f)¢(m) + 75)_mm¢(M) — A(¢of)
2
< T LAM ~ ) (f —m)],

which is equivalent to the first inequality in (2.28).
The function g (t) := (M —t) (t —m) is concave on [m, M]. By using Jessen’s
inequality for the concave function g we get

A[M = f)(f —=m)] < (M = A(f)) (A(f) —m)
that proves the second inequality in (2.28). O
Corollary 6. If ¢ : [m, M] — R is L-Lipschitzian on [m, M| and e : E — [m, M]

is such that poe, e, (M —e)(f —e) € L then for A: L — R, an isotonic linear
and normalised functional with A (e) = ™M

(2.29) ‘WA(@SO@) < 2 LA[(M —e) (e —m)]

<-L(M-m).

Remark 3. Assume that ¢ : [m, M| — R is (A, d)-Lipschitzian on [m, M| for some
d, A € R with A > 6. Then by the inequality (2.28) we get

a0) | Ay AUy a0 )
d—§ d—§

S =AM = —m) < 70— (M = A(f)) (A(f) —m)
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while from (2.29) we get

eay  |2ECOD yoa) < 220 atar - o) fe—m)
g%(M—m)(CI)—é).

3. BOuNDS FOR LOWER AND UPPER CONVEX FUNCTIONS
We have the following result for convex functions [10]:

Lemma 5. If ¢ : [m, M] — R is a convex function on [m, M], then

(3.1) 0< dy(t) < W (¢ (M) — ¢/, (m)]
< OF —m) [¢ (M) = ¢, (m)]

for any t € [m, M].
If the lateral derivatives ¢ (M) and ¢, (m) are finite, then the second inequality
and the constant % are sharp.

Proof. For the sake of completeness, we present a complete proof of (3.1) below.
Since ¢ is convex, then

t—m M-t (M —t)ym+ (t—m)M
>
L )+ L m) 2 6 mil

for any t € [m, M], i.e., ®(t) > 0 for any ¢ € [m, M].

If either ¢ (M) or ¢/, (m) are infinite, then the last part of (3.1) is obvious.

Suppose that ¢"_ (M) and ¢, (m) are finite. Then, by the convexity of ¢ we have
() —¢(M)>¢_ (M) (t— M) for any t € (m, M) . If we multiply this inequality
with ¢ —m > 0, we deduce
32) (t-m)o(t)—(t—m)p(M)>¢_ (M)(t—M)({t—-m), te(mM).
Similarly, we get
(3:3) (M -1)¢(t)—(M—t)o(m) = ¢, (m)(t—m)(M—t), te(mM).
Adding (3.2) to (3.3) and dividing by M — m, we deduce
(t—m)p(M)+(M—t)¢p(m)  (M—t)({t—m),, ,
_ > _
6(0) e > WD) 1 () — gt ()]
for any ¢t € (m, M), which proves the second inequality for ¢ € (m, M).

If t = m or t = M, the inequality also holds.

Now, assume that (3.1) holds with D and E greater than zero, i.e.,
(M —1t)(t—m)
o 98 (M) = ¢y (m)]
< E(M —m)[¢_ (M) — ¢/ (m)]

=o(t)

Py (t)<D-

m+M
2

(3.4) M —¢ <m+QM) < iD (M —m) [¢" (M) — ¢/, (m)]

< E(M —m) [¢_ (M) — ¢ (m)].

for any ¢ € [m, M]. If we choose t = , then we get
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Consider ¢ : [ M] =R, ¢(t) = |t — 25| Then ¢ is convex, ¢ (m) = ¢ (M) =

Mom g (et ):0,¢’_( ) =1, ¢/, (m) = —1 and by (3.4) we deduce
M;WS%D(M—m)SQE(M—m),

which implies that D > 1 and F > %. O

Let (X, ||-]) be a real or complex normed linear space, C C X a convex subset
of X and ¢ : C — R. Asin [5] we can introduce the following concepts. Let 1,
¥ € R. The mapping ¢ will be called ¢-lower conver on C if ¢ — % [[-]|? is & convex
mapping on C. The mapping ¢ will be called Y-upper convezx on C if % H||2 —¢
is a convex mapping on C. The mapping ¢ will be called (1, ¥)- convex on C' if it
is both ¢-lower convex and ¥-upper convex on C. Note that if ¢ is (¢, ¥)-convex
on C, then v < WU. Further, assume that ¢ is a positive constant. A function
¢ : C' — R is called: strongly convex with modulus c if

(3.5) Stz + (1 —t)y) < té(x) + (1 = 1)(y) — ct(1 — 1)z — y|?

forall z, y € C and t € [0,1]. Also, it is called: strongly Jensen-convex with modulus
c if (3.5) is assumed only for ¢ = %, that is

(3.6) ¢ (m;y) < ¢(x);¢(y) - gllx—yIIQ, for all z, y € C.

The usual concepts of convexity and Jensen-convexity correspond to the case
¢ = 0, respectively. The notion of strongly convex functions have been introduced
by Polyak [26] and they play an important role in optimization theory and mathe-
matical economics. Many properties and applications of them can be found in the
literature. Let us only mention the paper [20], which is a survey article devoted to
strongly convex functions and related classes of functions.

Denote by SC(C,c) the class of all functions ¢ : C' — R strongly convex with
modulus ¢ and by LC(C, ) the class of all functions ¢ : C — R that are i-lower
convex. It is known that [21], if X is an inner product space then SC(C, 3v) =
LC(C, ). A fortiori, if the function is defined on an interval of real numbers I, then
SC(I, %) = LC(I,) where the norm here is the modulus. However, in arbitrary
normed spaces the above classes differ in general [15].

If the function ¢ : I — R defined on an interval of real numbers I is twice
differentiable on the interior of I, denoted I , then the i-lower convexity is equivalent
to ¢" (t) >4 for any t € I while the W-upper convexity is equivalent to ¥ > ¢" (¢)
for any t € I.

Lemma 6. Let ¢: [m, M]C R — R and ¢, ¥ € R.
(i) If ¢ is W-lower convex on [m, M], then

(3.7) *77/1( —t)(t—m)

<000 < 01 -0 (¢ -m) | =0y
< 300 -0 —m) 4§ (o —mp? [SERZE ),
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(i) If ¢ is U-upper convex on [m, M], then

(3.8) %Q(M—t)(t,m),i(Mimf [q,¢_ (AX}:g(m)
< ¢*(]\Q:fj(m) —;\I/] (M —t) (t —m)
<@, (1) < ¥ (M 1) (t—m);

(i) If ¢ is(yp, ¥)-conver on [m, M] (with ¢ < W), then both inequalities (3.7) and
(3.8) hold simultaneously.
Proof. Observe that
M-t 5 t—m , 9
M—me (m) + M—mg (M) — 62 (t)
(M —t)ym? + (t —m) M? — (M —m)t?
M—m

Mm? —mM? + (M? —m?)t — (M —m)t?

_ i = (M~ ) (t—m)

(39) (I)gz (t) =

for any t € [m, M].
We also have , ,

2 2
(¢2)_ (M) = () (m)

M—-m
(i). If ¢ is Y-lower conver on [m, M], then the function Gy 1= — %@[182 is convex

on [m, M] and by (3.1) we get

< (M —1t)(t—m)

=2

(3.10) 0<®, (1) < e [#,_ (M) = 6 (m)]
< 3 O —m) [y () = ¢} (m)]
for any t € [m, M].
Since
D, (1) = By (1) — 50 (1) = B (1) — 50 (M — ) (¢ —m)
and
Gy (M) =y (m) _ 9 (M) = ¢! (m) _ 1 ()2 QD) = ()], (m)
M—-m M —m 2 M—m
_ ¢l (M) :;zj m)
then by (3.10) we get
(3.11) 0< By (t) — %1/) (M = t) (t —m)
<01 -0 (- | S0y

<

i(M_m)z V’ (Aj/\[;—m;(m) _w]

for any t € [m, M]. This inequality is of interest in itself.
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If we add 1¢ (M — t) (t —m) in all terms of (3.11) we get (3.7).
(ii). If ¢ is W-upper conver on [m, M], then the function ¢y := 1W(? — ¢ is
convex on [m, M| and by (3.1) we get

(3.12) 0< ®y, () < W (P4 (M) — ¢lyy (m)]
< O =) [dh_ (M) = G (m)]
for any t € [m, M].
Since
Do, (1) = 5P (1) — By (1) = 0 (M — 1) (1~ m) — B (1)
and

Oy (M) =gy (m) 1 () (M) — () (m) ¢ (M) - ¢, (m)

M—-—m :5\1} M—-—m M—-—m
L0 =, (m)
- M—-—m ’

then by (3.12) we get

—_

(3.13) 0< =0 (M —1t)(t—m)— By (1)

2

IN

(01 =) (¢ = m) [ - ==

< i(M_m)z [\If— ¢_ (]\Q:fj(m)]

for any t € [m,M]. This inequality is of interest in itself and is equivalent to
(3.8). O

Corollary 7. With the assumptions of Lemma 6 and if ¢ is ¥-lower convex on
[m, M], then

1 ¢ (m)+ ¢ (M) m+ M
G1a)  fer—mp? < 2T —¢( . )
§1<M—m>2[¢u‘f}:i*<m>—2w]-

If ¢ is U-upper convex on [m, M|, then

(3.15) i(M—m)Q [(b (]\]4\4):?; - ;\4
- ¢(m);¢(M) _¢(m;M> < éqf(M—mf,

If ¢ is(v, ¥)-convex on [m, M| (with ¢» < W), then both inequalities (3.14) and
(5.15) hold simultaneously.

‘We have:
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Theorem 7. Let ¢: [m, M]|CR >R, ¢, Ve R, f: E— [m, M] such that ¢ o f,
fe€Land A: L — R an isotonic linear and normalised functional on L.
(i) If ¢ is W-lower convex on [m, M], then

< A oy AT 0y~ (0 1)
< | =S L] alor - (7 - m)
< JUAIOE = 1) (7 =) + O —p? [ Z R0 ],

1 ¢_ (M) — ¢!, (m)
(3.17) SYAM = f)(f =m)] = 7 (M —m) [‘I’ M_m+ ]
oL (M) — ¢/ (m) 1
< | =S el agar - (-
_ M- (f A(f)—m

(11i) If ¢ is(), U)-convex on [m, M| (with ¢» < U), then both inequalities (3.16)
and (3.17) hold simultaneously.

Proof. Follows by making use of Lemma 6 and utilising the monotonicity, linearity
and normality of the functional A. We omit the details. O

Corollary 8. Let e : E — [m, M] with e, €2, poe € L. If A — R is an isotonic
linear and normalised functional with A (e) = ™M then

(3.18) %w B m? + M?) — (eQ)}
§¢( o (M) A(poe)
< [FRZ Al L] [ e+ ar2) - a()
ggM mms:( )= 6 (m)] + 50 [md — A ()]
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if ¢ is W-lower convex on [m, M] and

(3.19) E(M—m) (6" (M)fgbjr(m)]Jr%\Il[mM—A(eQ)}
" (M) — ¢ (m
<[¢> ) - )‘M B(m“Mz)‘A(ez)
< ()+2 (M) ~ A(oe)

< 5|30 ar) (@)

if ¢ is U-upper convex on [m, M].
If ¢ is(v, U)-convex on [m, M| (with ¢ < U), then both inequalities (3.18) and
(8.19) hold simultaneously.

Remark 4. Since the function g (t) :== (M —t) (t —m) is concave on [m, M], then
by using Jessen’s inequality for the concave function g we get

A[M =) (f =m)] < (M = A(f)) (A(f) —m).

If ¢ is -lower convex on [m, M| with 1) > 0, then by (3.16),

(3.20) 0<

IA

IN

(M = m)? V‘ (]\JQ — f;* m) _ M .

If ¢ = 0, namely ¢ is convex, then we obtain from (3.20) the following reverse of
Beesack-Pecarié¢ result established in [16]

(3.21) 0< Mo AW oy U= ()~ 40 1)
T )
< [EQD 2 6] (0 a4y At —m)
< 3 (M —m) [ (M) — &, (m)].

This inequality was obtained for the discrete case in 2008, see [10, Proposition 8.2].
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If ¢ is W-upper convex on [m, M| with ¥ > 0, then by (3.17),

s22)  MTADny  ADT Gy s )
< JUA[M — ) (f —m)] < ¥ (M~ A() (A(]) ~m)
< Ly r - mp2.
8

Moreover, if e : E — [m, M] with e, €2, $oe € L and A — R is an isotonic

linear and normalised functional with A (e) = ™M then by (3.20) we get

(323) 0 pAlM ) (e—m) < ZECOD 00
< |ESEe ™ L] ator- o - m)
1 60D~ & m) 1
< 1 —my? |SEE )

provided ¢ is P-lower convex on [m, M| with ¢ > 0, and by (3.22)

(3.24) M_A(me) < %\I’A[(M—e)(e—m)] <luor—my?,

| =

provided ¢ is VU-upper convex on [m, M| with ¥ > 0.

4. APPLICATIONS FOR JESSEN’S INEQUALITY

We have the following reverse of Jessen’s inequality:

Theorem 8. Assume that ¢ : [m, M| — R is convex and f : E — [m, M| such that
pof, feL. IfA:L— R isan isotonic linear and normalised functional, then

A(f) M
(41) 0<A(pof)—d(A(f) < (W) V () + <W> V @)
M A(f)

T O
[5 + ’W

(2720 4 (40=m)]? {(Vﬁmﬁ))q + (Vfﬁz(f’ﬁ))q] %

if p>1, 1+ 1=1;

| Vo (0

IA

1
q

LV (0) + 5 Vi (0) = Vi) (0)]-
Proof. By the inequality (1.2) we have

M- A(f)
M —

m M—m

(42) 0< A(dof) = (A(f) <
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If we write the inequality (2.10) for ¢t = A (f) € [m, M|, then we have

@3 Ay A )y (agpy)
< (M) Vo =g V @
m A(f)
[5 + ‘%H Vo (9):
[y () [+ ()
- 1fp>17%+%=1;
Lo @)+ 3 [Vl (6) = Vi) (0]
By making use of (4.2) and (4.3) we get (4.1). O

Corollary 9. Assume that ¢ : [m, M] — R is convex and e : E — [m, M] such

that poe, e € L. If A: L — R is an isotonic linear and normalised functional with
Al(e) = =M then

m+ M

LM
(4.4) O§A(q§oe)—¢( > §¥
We observe that if ¢ : [m, M] — R is convex and monotonic on [m, M], then by

(4.1) we have

(4.5) 0<A(gof)—o(A(Sf))

< (M ADY o a i - o+ (ALY piairy - o)
A2 1o () — 6 ()

b+ e
——

1
{(W(A(f)) ¢(M)|) (MJ(A(f)) ¢(M)|) }“

IN

M—m M—m

1
lfp>1,5 a—l,

Lo (M) = o (m)] + |6 (4 (1)) — 20 zelm)|

and by (4.4) we have

(16) 0= a(oe)— o EM) < Ll - o(m).
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Using the inequality (3.1) for t = A(f) € [m, M], we have
(4.7 M AU oy + AT () — g )
< WZAUNAD =) 11 a1y — g, ()]

< 3 (M —m) [ (M) — 6, (m)] .

This inequality together with (4.2) provides the following reverse of Jessen’s in-
equality established in [16]

(18 0<A@of) oAl < MAUNEIZM 1 4y gy )

< 3 (M —m) [6 (M) — &, (m)]

The integral version of this inequality was obtained in 2011 in [11].

If ¢ : [m, M] — R is convex and e : E — [m, M] such that ¢ oe, e € L, then for

A: L — R an isotonic linear and normalised functional with A (e) = 2EM

49 0 a@oe-o("5H) < LOr-m) o () - L ()]

Theorem 9. Let ¢ : [m,M] C R - R, ¢, UV € R, f: E — [m, M] be such that

oo f, feL and A: L — R an isotonic linear and normalised functional on L.
(i) If ¢ is w-lower convex on [m, M| with v > 0, then

(10) o< v (A(P) - ()
<A(po f)—o(A(S))
< (- A A -m) | S0y

(M —m)? [(bl (A_]Q — fj m) _ ;w} ;

1
— 4
(i) If ¢ is conver and U-upper convex on [m, M|, then

(411) 0< A(60 )~ 6 (A () < 5% (M~ A(F) (A(F) ~m) <

(i) If ¢ is(yp, ¥)-convex on [m, M] with 0 < ¢ < WU, then both inequalities (4.10)
and (4.11) hold simultaneously.

Proof. (i) If we take in the second inequality of (3.7) t = A(f) € [m, M], then we
get
/ M o /
By (A(F) < (M = A7) (A () —m) [FED =0 ]

which together with (4.2) produces the first two inequalities in (4.10). The last
part follows by the fact that

(M = A(f) (A(f) —m) <

(M —m)>.

AMH
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Now, since ¢,, 1= ¢ — %1/)62 is convex, then by Jessen’s inequality for ¢,, we get

0< 4(by0 1) — 6, (ALF)
—a(v0f-gur) - (oA (D) - yra()?)

= A0 )~ 6 (AU — 3o (A7)~ (AD)),

which proves the first part of (4.10).
(ii) If we take in the last inequality in (3.8) t = A (f) € [m, M], then we also get

1
04 (A(f)) < ¥ (M =~ A())(A(f) —m),
which together with (4.2) proves the second inequality in (4.11). O

We have the following results related to the Hermite-Hadamard inequalities:

Corollary 10. Let ¢ : [m,M] C R - R, ¢, U € R, e : E — [m, M] be such
that poe, e € L and A: L — R an isotonic linear and normalised functional with
A (6) — m-iQ—M .

(i) If ¢ is w-lower convex on [m, M| with v > 0, then

(4.12) OS;z/}(A(e?)<mJ;M>2>§A(¢Oe)¢<m+M>

<i(M—m)2[¢/_(M)_¢/+(m)—114; 2

- M—-m 2
(i) If ¢ is convex and V-upper conver on [m, M|, then
M 1
(4.13) OSA(QZ)O@)—QS(m_; )§8\I/(M—m)2.

5. INEQUALITIES FOR LOGARITHM

In order to compare the various upper bounds in the Hermite-Hadamard inequal-
ities for general isotonic functionals obtained above we consider the case of loga-
rithmic function ¢ : [m, M] C (0,00) — R, ¢ (t) = —Int¢. For this function we have
¢’ (t) = —1 and ¢" (t) = . Therefore ¢’ (t) € [-L1, -] and ¢" (t) € [1}z, 2]
for t € [m, M].

Let g : E — [m, M] be such that ¢og, g € L and A: L — R an isotonic linear
and normalised functional with A (g) = ™52, From (2.25) we get

(5.1) OSA(lng)—lnG(m,M)g;m(%),
from (3.17)
(52) 0< A(lng) ~InG (m, M) < = A[(M —g) (g —m)] < 7 (M —m)?,

from (3.23) we have

(53) 0< QMQA[(M*Q)(Q*TTL)]SA(]ng)flnG(m,M)
< 2;\7/7[17];[2114[(M—g)(g—m)] < %(M—mf
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and from (3.24) we have
1 1
(54) 0< A(lng) ~InG (m, M) < o A[(M ~g) (g —m)] < £ (M —m)”.
Also, from (4.4) we have

(5.5) ogm(m;M>—Am@§;m<Z),
from (4.9)
(5.6) ogm<m;M>Ammglwm17m{
from (4.12)
(5.7) 2]\142 (A(gZ)— (m—;M) ) <In (m_;M>—A(lng)
2M —m 2
< Sz M- m)
and from (4.13)
(5.8) Ogln(m;M>A(lng)§8;2(Mm)2.

We observe that if 0 < m < M < oo, then

1 2M —m 1>0
AdmM  8mM?2 — 8M?

and
1 2M —m (M — m)? 0
Sm2  SmMZ  SmeM?
which show that the upper bound in (5.3) is better than either of the upper bounds
from (5.2) and (5.4). Also, the upper bound in (5.7) is better than either of the
upper bounds from (5.6) and (5.8).

If we consider the difference

M> 2M

1
D(m,M):=-In | —)_-=2"T
(m, M) 2 " ( 8mM?

m
on the domain A := {(m,M)| 0.1 <m < M <1}, then the 3D plot D (m, M)
shows that it takes both positive and negative values, meaning that neither of the
bounds (5.1) or (5.3) is always best. The same conclusion applies for (5.5) and
(5.7).
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