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PERTURBED TRAPEZOID TYPE INEQUALITIES FOR
ISOTONIC FUNCTIONALS AND FUNCTIONS OF BOUNDED
VARIATION WITH APPLICATIONS

S. S. DRAGOMIR!:2

ABSTRACT. In this paper we obtain some perturbed trapezoid inequality for
normalized isotonic linear functionals and various classes of functions such as:
functions of bounded variation, (§, A)-Lipschitzian functions and convex func-
tions. Applications for some particular functions of interest are also provided.

1. INTRODUCTION

Let L be a linear class of real-valued functions g : £ — R having the properties

(L1) f, g € L imply (af + Bg) € L for all a, 5 € R;
(L2) 1€ L, ie., if fo () = 1, ¢ € E then fo € L.

An isotonic linear functional A : L — R is a functional satisfying

(Al) A(af+Bg9) =aA(f)+PBA(g) forall f, g€ L and o, B € R.
(A2) If f € L and f >0, then A(f) > 0.
The mapping A is said to be normalised if

(A3) A(1)=1.

Isotonic, that is, order-preserving, linear functionals are natural objects in analy-
sis which enjoy a number of convenient properties. Thus, they provide, for example,
Jessen’s inequality, which is a functional form of Jensen’s inequality (see [2], [22]
and [23]). For other inequalities for isotonic functionals see [1], [3]-[19] and [24]-[26].

We note that common examples of such isotonic linear functionals A are given
by

A(g) = / gdpor A(g) = prgr,
2 keE
where p is a positive measure on E in the first case and E is a subset of the natural

numbers N, in the second (px > 0,k € E).
For a function ¢ : [m, M] C R — R of bounded variation and f : E — [m, M],

we define
f f(s)
\/ () (s) := \/ (¢) for s € E.

In the recent paper [14], we obtained the following trapezoid type inequality for
functions of bounded variation and isotonic functionals:
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Theorem 1. Let ¢ : [m,M] C R — R be a function of bounded variation and
f ! M
[+ E — [m,M] such that ¢ o f, f, \V(¢), (M = f)V (), (f—m)\f/(qﬁ) €L If

m m
A: L — R is an isotonic linear and normalised functional, then

(1) M om + AL () - aoo 1)
U0 (o) A5 (o)
m !
3+ |22 [V ),
M A(f P (A)-m\P1MP
[(Mmf Wan IR
< A ¥ > (\f/(¢))

M—m M—m

ifp,q>1with%+%:1,

o) (1)

Let ¢ : [m, M] C R — R be a function of bounded variation and e : E — [m, M]
e e M
such that ¢goe, e, \/(¢), M —e)\V(d), (e—m)\(p) € L. f A: L - Ris an

m e
isotonic linear and normalised functional with A (e) = mJgM , then

él%w

m

M

1
<5 V(@©@.

m

(1.2) ‘W—A(qﬁoe)

The constant % in the right hand side of (1.2) is best possible.
The following lemma may be stated (see also [9]).

Lemma 1. Letu: [m, M] — R and §, A € R with A > 8. The following statements
are equivalent:

(i) The function u— 520, where £ (t) =t,t € [m, M] is 3 (® — §)-Lipschitzian;
(ii) We have the inequality:

(1.3) 0 < M <A foreach t, s€[m,M]| with t+#s.
—s

(iii) We have the inequality:
(14) 6(t—s)<u(t)—u(s) <A(t—s) foreach t, s€[m,M] with t> s.
Following [21], we can introduce the concept:

Definition 1. The function u : [m, M] — R that satisfies one of the equivalent
conditions (i) — (i) is said to be (0, A)-Lipschitzian on [m, M].
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Notice that in [21], the definition was introduced on utilising the statement (iii)
and only the equivalence "(i)<=>(iii)" was considered.

Utilising Lagrange’s mean value theorem, we can state the following result that
provides practical examples of (J, A)-Lipschitzian functions:

Proposition 1. Let u: [m, M] — R be continuous on [m, M| and differentiable on
m, M) If

—c0<d= inf W' (t), sup o (t)=A < oo,
te(m,M) ®) te(m,M) ®)

then u is (A, 0)-Lipschitzian on [m, M].
We have the following result for (A, ¢)-Lipschitzian functions on [m, M], [14]:

Corollary 1. Assume that ¢ : [m, M] — R is (A,d)-Lipschitzian on [m, M| for
some 6, A € R with A > §. Then

a5 Ay ATy ago )
) ¢4
< TP AL = ) (- m)] S 5 (M= AP (A() m)
< 1O —m) (@~ 5),

4

If e : E — [m, M] is such that ¢oe, e, e? € L and A : L — R is an isotonic linear
and normalised functional with A (e) = 2+ then

& (m) + 6 (M) )
T Aled sy

(1.6)

IA

A[(M —e) (e —m)]

1
SZ(Mfm)(q)i(s)a

provided that ¢ : [m, M] — R is (A, J)-Lipschitzian on [m, M| for some §, A € R
with A > 4.

If ¢ : [m,M] — R is convex and ¢, (m), ¢_ (M) are finite, then by (1.5) we
obtain the following reverse of Beesack-Pecari¢ result established in [18]

(1.7 0< XAy AV ) 4 (g0 )
< D=0y a1y (5 - )
< D20 A (A m)
< 3 (M = m) (o_ (M) = 6, (m)

provided that A : L — R is an isotonic linear and normalised functional and f,
f?, ¢ o f € L. This inequality was obtained for the discrete case in 2008, see [10,
Proposition 8.2].

2. SOME PRELIMINARY FACTS

We start with the following representation result:
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Lemma 2. Let ¢ : [m,M] — R be a function of bounded variation on [m, M].
Then for any x € [m, M| and X\ € R, §, v € R we have

(2.1) ¢(x) = (1 =X ¢ (m)+ A (M) +(1=X)(z—m)d = A(M —x)~y

+RA (‘T7m7M;6a7)7

where the remainder Ry (x,m, M;3§,7) is given by

M
(2.2) Ry (z,m,M;d,v):=(1—-A / d(o(s)— (s / d(vl(s)— ¢ (s)),
while € is the identity function on [m, M|, namely £ (s) = s, s € [m, M].

Proof. Since ¢ : [m, M] — R is a function of bounded variation on [m, M], then
for any x € [m, M] the Riemann-Stieltjes integrals

[ ) =5t and [ ares) - o(s)

m xT

exist and we have
/z d(¢(s) =6l (s)) = ¢ (x) — ol (z) — [¢ (m) — 6L (m)]
and
M
[ a0 = 0(5) = 1000 = 9(01) - [ (@) - 6 (2)].
Therefore
(2.3) Ry (x,m,M;d,)

T M
(-3 [ d@ -8+ [ a0t -66)
)

(1 =) (¢ () = 0l (x) = [¢ (m) — 6€(m)])

Al (M) = ¢ (M) = [y () = ¢ (2)])

(1= (0 (z) =¢(m) =d(z =m)) + A(y (M —z) = ¢ (M) + 6 (z))
=1=N¢@)-(A=A)¢(m)—(1=A)(z—-m)é

— A0 (M) + Ao (2) + A (M —z) 7y

=¢@) =1 =N d(m) = (M) - (1 =) (x —=m)d+ A (M — )7,

which is clearly equivalent to (2.1). O

A

1—
1—

i+

Corollary 2. Let ¢ : [m, M] — R be a function of bounded variation on [m, M].
Then for any x € [m, M| and §, v € R we have

(2.4) ¢(2) = 3y~ (M —2) ¢ (m) + (z —m) ¢ (M)]
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where the remainder Ry (x,m, M;0,7) is given by

(2.5) Ry (w,m, M;6,7) o= 31— /Id(qﬁ(s) —50(s))

o [ e - o).

Alternatively, we have

1
(26)  ¢(2) = gl —m)é(m) + (M —2) ¢ (M)]
g [ m)5 — (M = 2)*5] + Ry (w,m. M:6.),
where the remainder Ry (x,m, M;0,7) is given by
(2.7 R (o M369) = 2= [ a(6(5) - 61(5)

i | et o).

Proof. Follows by Lemma 2 on taking A = 7= and A = 1\1\44:;1’ respectively. [

+

The following particular case is of interest as well:

Corollary 3. Let ¢ : [m, M] — R be a function of bounded variation on [m,M].
Then for any X € [0,1] and §, v € R we have

(28) o(I=A)m+AM)=1-XN)p(m)+ Ao (M)+ (1 =X XM —m)(6—")

+ Rl,)\ (mv M7 5,’7) 5
where the remainder Ry x (m, M;d,v) is given by
(2.9) R (m, M;6,7)
(1=XN)m+AM M
- d(0(s) =) + A AL () = 6(5)).
m (1=X)ym+AM
Alternatively, we have

(2.10) ¢ (Am+ (1= A) M) = (1= N\) ¢ (m) + Ad (M)
(M =m) [(1= X 8= A% + Ra (m, M 6,7),

where the remainder Ro x (m, M;d,7) is given by

AmE(1=A)M
(211)  Ra (m, M;6,7) = (1 — A)/ d(6(s) — 66(s))

M
oy A ()~ 0(5)).
AmA(1-A)M
Remark 1. Let ¢ be as in Lemma 2, then for any A € R, §, v € R we have
m+ M 1
212) o ("5 ) = (=N olm) + 36 () + 3 (M —m) (1= 25 - ]

+ R)\ (m7 M; 5’ 7)7
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where the remainder Ry (m, M;4,v) is given by
mM
(2.13) Ry (m, M;6,y) :=(1—=X) d(¢(s) —dl(s))
o m
i [ a6t -o0).

m+ M

2

The case 6 = v = 0 in (2.1) produces the following simple identities for each
x € [m,M]and A € R

(2.14) ¢ (x) = (1=X) ¢ (m) + A (M) + Ry (x,m, M),
where the remainder Ry (z,m, M) is given by
T M
(2.15) Ry (x,m,M) := (1—/\)/ deo (s) f)\/ do (s) .
We then have for each z € [m, M] that
(216) o) = g (M~ 2) ¢ (m) + (& —m) 6 (M)] + U (&, m, M),
where
o T . M
(2.17) U (2, m, M) = j\\j_;/ do (s) — ]\2”4_’;’;/ do (s)
and
(218) o) = s [ —m) & (m) + (M — )6 (M)] + V (,m, M),
where
_ T M — M
(2.19) Vieg,m,M) = Liﬂ;/ de(s) — Mf:; de(s).
We also have
(2.20) P(L=XA)m+AM)=(1—-X)¢(m)+Ap (M) +Ux(m, M),
where the remainder Uy (m, M) is given by
(1= A\)m+AM M
(2.21) Ux(m,M):=(1- /\)/ de (s) — )\/ deo (s)
m (1=A\)m+AM
and
(2.22) d(L=X)M+xm)=(1-=X)¢(m)+Ap (M) + Vy(m, M),
where the remainder V) (m, M) is given by
(I=XN)M+Xm M
(2.23)  Va(m, M) = (1—\) / do (s) — A / do (s).
m (1=XN)M+xIm
Moreover, if we take in (2.14) z = W then for each A € R, we have
@20 o ™M) = (1= N6 )+ A0 () + 85 (m. M),

where the remainder Sy (m, M) is given by

m#Q»JW M
(2.25) Sy (m, M) = (1= \) / do (s) — A / do ().
m+

m 5
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In particular, for A = § we have

(2.26) (b(m;M) z(b(m)—;(b(M)—i-S(m,M),
where

1 M
(2.27) S(m,M) = 3 (/ do (s) — /M do (s)>

The following estimate result holds:

Lemma 3. Let ¢ : [m,M] — R be a function of bounded variation on [m, M].
Then for any x € [m, M] and A € R, §, v € R we have

(2.28) I(L=X) ¢ (m) +Ap (M) + (1 =X) (z —m)d = A(M —z)7 — ¢ (z)|

IN

x M
1= A\ (¢ =60+ A\ (v¢ - ¢)

T M
max {|1 — A|,|Al} (\/ (¢ — 00) +\x/(’Y€— ¢)> ;

m

1/q

q+ <§(7€—¢)>q> :

M
(11— A+ |A|>max{¥<¢—6e>,y<ve—¢>}.

IN

(1= A+ A1) ((X (6~ d0)

1 1 _
p7q>1a 5—’—5_1’

N———

Proof. We use the fact that for p : [o, 8] — R continuous and v : [, 8] — R of
bounded variation the Riemann-Stieltjes integral ff p(t) dv (t) exists and

(229) [ p@ao|< s POV ).
@ _tE[a,[i] a

Using the identity (2.1) and the property (2.29) we have

[(L=XA) ¢ (m) +A¢ (M) + (1= X)(z —m)d = A(M —z)7 - ¢ ()|
M

(17A>/$d<¢<s>756<s>>ﬂ/ (4L (s) — 6 (5))

m x
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M
/ (4 () — 6 (5))

+ A

<= al| [t - 0o

<=M\ (6—350)+ A\ (v ¢)

ma {1~ AL A} (v (6 0) +\Z<w¢>) ,

m

(= (Vo -a0) + (Ve - ¢>)q)w,

m
pg>1, o+ 5 =1

IN

(11— A+ A|>max{v<¢>—5e>,

m

3]s

(7€—¢)}~

The last part is obvious by Hélder’s inequality

max {c,u} (d+ v)
cd +uv <
=1

(e +ur)' /P (d1 4+ v p g > 1, L4

For any x € [m, M] and A € R, § € R we have

(2.30) [(1=XN)p(m)+Ap(M)+ [z —(1=X)m—AM]§ — ¢ ()
x M
<=2\ (6= + A (¢—60)
m M xr
max {|1 = AL}V (6 - 00).

1/q

(11— AP + A7) ((\n{ (6~ M))q (V- M))q) ,

1 1 _
p7q>17 5+E_1a

IN

x

(11— A+ |A|>max{v<¢— 5.V (6 - M)}.

m
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Taking into (2.30) A € [0, 1], then we get

(231) (L= N @ (m) +Ad (M) + [z — (1= X)m — AM] - ¢ (z)|
T M
I EPAVICER HEPAVACERD)

(=1 (Veo-an).

m

IN

(=747 ((Vio- M))q +(Vee- 5e>)q> "

m x

1 1 _
p7q>1a ;—"_6_17

%W(ﬂﬁ—éﬁw‘\Z(qb—m—\?w—az)”.

m

Moreover, if we take in (2.31) § = 0, then we get

IA
—
|
N’
Sl
_l’_
>
S|
\-/H
~
)
= N
Y
I<]s
S
~——
LS
_l’_
7N
<=
S
——
2
N~
=
e
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If x € [m, M] and if we take A = == in (2.32), then we get

—m

o[z (3 >¢M
s< i < e

IN
N
N
<K
e
N—
]
+
/N
i
|
33
N—
N—
=
=
~/
/
Rz <
i =
~
[te)
+
/
Sle<z
i =
~_—
[t=)
~
=
[}

which was obtained in [11, Theorem 3.2].
For other related results, see [11] and [12].

Corollary 4. Assume that ¢ : [m, M] — R is (A,§)-Lipschitzian on [m, M| for
some 6, A € R with A > §. Then
I+ A

(2.34) ‘(1—)\)¢(m)+)\¢(M)+[x—(l—A)m )\M]T—¢( )’

< 5 (A=8)[1=A (@ —m)+ N (M ~ 2]
for any x € [m, M] and X € R.

Proof. We have by (2.30), for any = € [m, M| and A € R, that

(1= X6 0m) + 26 00) + o= (1= Nym =24 52 - o)

x M
<i-alV (o= 520wV (o= 2520)

1= AJ(A = 6) (& —m) + 1 ]\ (A~ ) (M —2)

<

>—~[\.’>\>—~

5 (A =0)[1=Al(z = m) + A (M — )],
which proves (2.34). O

Corollary 5. Assume that ¢ : [m, M] — R is convex and ¢, (m), ¢_ (M) are
finite, then

(2.35)  |[(1=X)¢(m)+ Ao (M) + % [x— (1=X)m—AM] [¢, (m)+¢_ (M)]
~6(@)|
5 (6= (M) = 6, (m)) 11 = Al (2 = m) +[X] (M — )]

<
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for any x € [m, M] and X € R.

If follows by Corollary 4 for § = ¢, (m) and A = ¢_ (M), since by the gradient
inequality we have

¢i(m)(t—5) <P, (s)(t—5) <P(t) = d(s) <o_ (1) (=) <d_ (M) (t - )

for each ¢, s € (m, M) with t > s.
We have:

Corollary 6. With the assumptions of Lemma 3 for the function ¢, we have for
any A € [0, 1] that

(2.36)  |(L=A) & (m) + A (M) + (1 = N A (M —m) (6 =)
—¢ (1= A)m+ M)

(I=N)m+AM M
<-»n 'V (@-0+x \/ (-9
m (A=N)m+IM

(1= N)m+AM M
<;+|A—;>>( VM st wz—q»),

m (I=XN)ym+AM
+ )\P)l/P
(1 )\)m+)\M 1 M o\ 1/a
1 1 (1=A)ym+AM
b, q 17 5 E =

m (1=A\)ym+AM

(1=X)ym+AM M
max { \ (¢ — L), V (v¢ — ¢)}

for any 8, v € R.
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In particular,

(237 [A=X)¢(m)+ (M) = ¢ ((1—A)m+AM)|

(1=XN)m+AM M
<=3 'V (@-+x \/ (-6
m (1=XN)ym+AM

(%+|Af%!)5<¢—w>,

(1= A7+ 277

(1-M\)ym+AM a M a\ 1/
<4 X Vo (e=d0)) + V  (¢9—4d0) ;
m (1=XN)m+AM
pg>1, p+o=1,
(1=A)ym+AM M
max{ \  (6-00), V  (6-60)},
m (1=XN)ym+AM
for any § € R.

We observe that, with the assumptions of Corollary 6 we have from (2.38) that

(2.38) [(1=A)¢(m)+Ap (M) — ¢ ((1 = A)m+ AM)|

(1=A)m+AM M
<a-» V @+x V(@
m (1=X)ym+AM
(E+P-)V @),

IN

e [ (05 A)m+AM q M aqt/a
(T =27+ A7) + V (9 :
(I=XN)ym—+A\M

p,q > 1, l—i— =1,

(1=XN)m+AM M
max { Vo @), V (¢)} -

m (1=N)m4+AM

If ¢ is convex on [m, M], then from (2.38) we get

(2.39) 0<A=XNod(m)+ Ao (M) —((1—=X)m+ AM)
(1=XN)ym+AM M
<a-» V @+x V (@
m (I=X)m+AM

for any X € [0,1].
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Also, if ¢ : [m, M] — R is (A, §)-Lipschitzian on [m, M| for some ¢, A € R with
A > ¢, then by (2.34) we get
(2.40) [(L=A) ¢ (m) + Ap (M) = ¢ ((1 = A)m + AM)|
<(A-8)(1=N)AM —m)

for any A € [0,1].
Moreover, if ¢ is convex on [m, M], then by (2.35) we get

(2.41) 0< (1= N ¢ (m)+ b (M) — ¢ ((1— X m+ AM)
< (o= (M) =4 (m)) (1 = A) A (M —m)

(60— (M) = by (m)) (M —m)

—~

<

B~ =

for any X € [0,1].

Remark 2. If there exists the constants §, A € R such that

M
(2.42) \/<¢_5+2Az> §%|A—6|(M—m),
then by (2.30) for x € [m, M]
(2.43) ‘(1 —AN)o(m)+Xp(M)+ [z — (1 —X)m— AM] # —qﬁ(x)‘

§ S+ A M S+ A
<|1—)\\/<¢——;€>+|A|\/<¢——;£>

<%|A—6|max{|1—)\\,|)\|}(Mfm).

In particular, if X € [0,1], then

(2.44) [(L=X) ¢ (m) + A (M) — ¢ ((1 = X)m + AM))
1

1 1
< — — — — — —
_2|A 5|(2+‘>\ 2D(M m),

gwing that

(2.45)

‘¢(m)+2-¢>(M) ¢<m;M

)‘ghAa(Mm).

We observe that if ¢ : [m, M] — R is a absolutely continuous function on [m, M|

then we have
M

V(e-2520)= [0

If ¢ satisfies the condition k < ¢' (s) < K, for a.e. t € I and for some real constants
k, K, then we have that

V(o- 5 < /"

m

_+a

5 ds.

¢ (s)

1

_ kK ds < 5 (K — k) (M = m).

¢’ (s)

This provides many examples of functions satisfying the condition (2.42).
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3. INEQUALITIES FOR FUNCTIONALS

For a function ¢ : [m, M] C R — R of bounded variation and f : E — [m, M],
we define

f f(s)
\/ (®) (s) := \/ (¢) for s € E.

Theorem 2. Let ¢ : [m, M] C R — R be a function of bounded variation, &, v € R
f M

and f : E — [m, M| such that o f, f, \/ (6 —3860),\/ (4 —p) e L. fA:L—R
f

m
is an isotonic linear and normalised functional, then

B.1) 1 =X ¢ (m)+ (M) + (1 =A)(A(f) —m)d = A(M - A(f))y
A(go f)l

f M
s|1—AA<\/ ¢— 6£>+|A|A(\/<w—¢>)

f

~

for any A € R,
In particular, if d € R, ¢po f, f, \/ (¢ — &0) € L, then for any A € R

m

(3-2) (L= ¢ (m) +Ap (M) +[A(f) = (1 = A)m = AM]5 — A(¢o f)|

<1—>\|A<\f/(¢—5€>+|)\A(\? ¢ — M)

< max {|1 —A|7\A|}\/<<z>—6f)-

Proof. We have from (2.28) in the order of L that

f M
(3.3) —(1—A|\/<¢—6é>+|x|\/(w—¢))
<S(L=XNpm) +Ap(M)+ (L =N (f—m)d—A(M—f)y—gof

f M
<|1—>\|\/ ¢ —60) + A\ (v - )
f

where f: E — [m, M] is such that ¢ o f, f, \f/(¢) elL.

m

If we take the functional A in (3.3) and use its properties, we get the desired
result (3.1).
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‘We have

f M
1—)A (\/(g;_(se)) + A\ A (\/((;5—66))

m !

m f

L Ny
< max {|1 - A|, ||} A(\/(¢—6£))+A(\/(¢—6€))]
- f o
=max{|1 - A[,|A]} |A (\/ ¢—o0)+\/ (¢ - 66)]
L m f
=max{|1 — \|, |} A(\/(¢—5€)>

m

M
= max {|1 = A, [A[} \/ (¢ - 60)
and the inequality (3.2) is proved. O

Corollary 7. Let ¢ : [m,M] C R — R be a function of bounded variation and
f
f+E — [m,M] such that o f, f, \/ (¢) € L. If A: L — R is an isotonic linear

and normalised functional, then
(3.4) |(L=A)¢(m) +Ap (M) — A(go f)|

f M M
<1-)\A (\/ (¢)> + [\ A (\/ (¢)) < max {[1 = A[, A}/ (¢)

m !

for any A € R.
If X €]0,1], then

(3.5) [(1=X) ¢ (m

We have the following result:

Theorem 3. Assume that ¢ : [m, M] — R is (A, d)-Lipschitzian on [m, M) for
some §, A € R with A > 6. Let f : E — [m,M] such that ¢ o f, f € L. If
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A: L — R is an isotonic linear and normalised functional, then

(36) |(1-260m) +ro (0 +[A(F) ~ (1 - Nm A 22 Ao )

%(A 8)[I1 = AL (A(f) —m) + A (M — A(f))]
max {1 = A|, ]Al} (M —m),
1 (|1 = A"+ A >”q[< <> m)? + (M — A(f))")7,
SQ(A_(S) zfp,q>1wzth +f=
(1= AL+ [A]) [& (M —m) + |A(f) — mEM|],
for any A € R.

Proof. From the inequality (2.34) we have, for f : E — [m, M] such that ¢ o f,
f € L in the order of L, that

(B7) 5 (A=) 1= A —m)+ (M - )]
<=0 6(m) M)+ [~ (1= Nym -] 52 ()
< S (A8 L= A (F —m)+ X (M — )]

for any A € R.

If we take the functional A in (3.7) and use its properties, we get the first
inequality in (3.6).

The last part is obvious by Holder’s inequality

max {c,u} (d+v),
cd+uv <
(& +u?)" /P (@ + 09, pog>1, Lyl=1,
{ (5 (c+d)+ 5 lc—dl] (d+0),
(@ +ur) P (@1 + ) pg>1, Ll =1

Remark 3. If A € [0,1], then the inequality (3.6) can be written simpler as

d+A

(38)  |@X=A)¢(m) + 2 (M) +[A(f) = (1 = A)ym = AM] —— — A(¢o f)

(A=0)[(1=N) (A(f) =m) + A (M = A(f))]
[+ =2l (M =m),

l\D\H

<<17A>+AQ>“‘1[< A(f) —m)’ + (M — A ()",
(A=9) zfp,q>1wzth +* 1,

[\D\»—t

[5 (M —m) +[A(f) - =52 ]
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In particular, for A = % we get

(3.9) M + <A(f) -

gi(A—é)(M—m).

m+M) 0+ A

5 T—A(fﬁ f)

Corollary 8. Assume that ¢ : [m,M] — R is convex and ¢, (m), ¢_ (M) are
finite. Let f: E — [m,M] such that po f, f € L. If A: L — R is an isotonic
linear and normalised functional, then

(3.10) (1—A)q&(m)—f—)@(M)—&-%[A(f)—(l—A)m—AM]

x oy (m) +o_ (M)] = A(do f)|

S%(¢7(M)—¢+(m))[|1—A\(A(f)—m)+|)\|(M—A(f))}
<5 (6~ () — 6, (m)
max {1 = A[,[A[} (M —m),
L Q=N DA ()~ m)? 4 = A
pr,q>1wzth + 3 L1,
(1= A+ [AD [5 (M —m) +[A(f) — =E4]],
for any A € R.

Remark 4. If A € [0,1], then the inequality (3.10) can be written simpler as

(3.11) (1—)\)¢(m)+)\¢(M)+%[A(f)—(1—)\)m—>\M]

x [¢y (m) +o_ (M)] — A(¢o f)|
m)) (1= A) (A(f) =m) + A (M — A(f))]

) =N XY TIA) = m)P (M= A
if p, q>1wzth% %:17
[5 (M —m) +]A(f) - =5 ]],

and, in particular

(312 |2 o@D (A(f)_ m+M) ) + 6 (M)

: : ~ 460 1)

<

(60— (M) = ¢y (m)) (M —m).

=
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4. SOME EXAMPLES

Assume that ¢ : [m, M| — R is a function of bounded variation and let f : E —
[m, M] such that ¢o f, f € L. If A: L — R is an isotonic linear and normalised
functional, then from (3.5), we have

(4.1) |(1—A>¢(m)+A¢(M>—A<¢°f)|S[;+‘“1H

for any A € [0,1]. In particular,

M
(1.2 22 e0D awon|< 3V @,

Assume that [m, M] C (0,00). If we take in (4.1) the function ¢ (¢) = Int and
assume that f: E — [m,M], f, In f € L, then we get
2 m

(1= NInm +AInM — A(Inf)] < [;-1-‘)\— 1H In (M)

and in particular

(4.3)

M
Inm+InM 1 M
- - < — — .
5 A(lnf)‘Q\n{ln(m)

Consider the function g (t) = tInt, ¢t > 0. We have ¢’ (t) =Int + 1, t > 0, which
shows that the function g is strictly decreasing on (O, e‘l) and strictly increasing
on (e‘l, oo) . Therefore

M In (257) if0<m < M <e?,
\/(g)= In (m™M™M) +2e71if0<m<e ! <M< oo,
m In (%—:) ife7l<m< M < oo.

If we take in (4.1) the function ¢ (t) = g (t) = tlnt and assume that f : £ —
[m, M], f, fIn f € L, then we have

(4.4)  |(1=XNmlnm+AMInM — A(fIn f)|

In(257) f0<m< M <e,
<[1+’)\_1‘] In (m™M™M) +2e71if0<m<e ' <M< oo,
2 2 ln(%> ife7l<m< M < oo.

for any A € [0, 1]. In particular,

mlnm + M In M
(45) - ~ Ay
In (25 ) if0<m< M <el,
<1 hl(mmMM)+2671if()<m§e’1§M<oo7
-2

1n(%—:> ifeml<m< M < oo

Consider the function  (¢) = (¢t — 1)Int, t > 0. We have i/ (t) =Int+1— 1 and
R'(t) = 1+ L, ¢t >0, which shows that the function & is strictly decreasing on
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(0,1), strictly increasing on (1, 00) and strictly convex on (0, 00) . Therefore

" ln% ifo<m<M<1,
\/(h): In (m™ PMM=1) if 0 <m <1< M < oo,
m ln<%) fl<m< M < o0.

If we take in (4.1) the function ¢ (¢) = h(t) = (¢t —1)Int¢ and assume that
f:E—[mM], f,(f —1)Inf € L, then we have

(4.6) (1=X)(m—1)Inm+X(M—-1)InM - A((f —1)Inf)|
m(%‘_ﬂ if0<m<M<1,

1
< [24—‘)\—2” In (m™=LMM=1) if 0 <m <1< M < o0,
m(M) ifl<m<M< oo

mm—1

for any A € [0,1]. In particular,

(47) ’(m—l)lnm—i—(M—l)lnM_

A((f=1Dnf)

2
X In (B ) if0<m< M <1,
<3 In (m™ PMM=1) if 0 <m <1< M < oo,

1H(M) if1<m<M < oo.

mm—1

Moreover, if we write the inequalities (3.11) and (3.12) for the convex function
¢ (t) = —Int, t € [m, M] C (0,00) and assume that f : E — [m,M], f,Inf € L,
then we get

(4.8) ‘A (Inf) —In (m" M) — ”;L\Jy [A(f) — (1= A)m — AM]
< B A (AL —m) + A — A ()]

A= =m),

cMom f (=N AT —m) + (M= A7

= 2mM | ifp,g>1with 41

[5 (M —m) +[A(f) - =5 ],

for any A € [0,1], and, in particular

m+ M <A(f)m+M)‘§ (Mfm)z'

(4.9) 'A(lnf)ln (\/W)* 2mM
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If we write the inequalities (3.11) and (3.12) for the convex function ¢ (t) = tInt,
t € [m, M] C (0,00) and assume that f: F — [m,M], f, fIn f € L, then we get

(4.10) ‘m (mO=2m MM n (eV/Mim) [A(f) = (1= \)m — AM] — A(f1n f)
1
2

<-In (J‘W{) [(L=X)(A(f) =m)+ X (M — A(f))]

=3 =m),

<§m(M) (1= N7+ M) I (A(f) =m)? + (M = A

) —
m ifp,q>1with%+%:1
[5 (M —m) +[A(f) — m£]],

for any A € [0, 1], and, in particular
In (Vo M) +1n (ev/Mm) <A(f)m;M>A(flnf)‘
1 M

41( )(M m).

Consider the function ¢ : [m, M] C (0,00) — (0,00), ¢ (t) = t?, p # 0. Then by
(4.1) we have

(4.11)

(412) (1= A)mP + AMP — A(f7)| < [1+ ‘A !
2 2 JP—
M—Pm~—Pp

1H (MP —mP) if p >0,
if p<0
for A € [0, 1] and provided that f : E — [m, M], f, fP € L. In particular,

mP 4 MP {(Mp—mp) if p>0,

(4.13)

l\.’)\r—l

—A(M)] <

M P—m™P
M—Pm~—p

if p<O.

If we write the inequalities (3.11) and (3.12) for the convex function ¢ (t) = 7,
te€m,M]C (0,00),p€ (—00,0) UL, 00)

mp=1 4 Mp-1

(4.14) ‘(1—A)m”+)\M” —|—p( 5

)mm—&wwm—mw>

< Sp (7 ) (LX) (A(F) —m) + A (M~ A(f))]
[3+]A=3]] (M —m),

(1= )7 4 A7)
p(MP~h—mPh) X [(A () = m)” + (M M- A7,

1
2
1fp,q>1w1th +7:1

[5 (M —m) + |A(f) - =],
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where Ay (m, M) := (1—X)m + AM is the weighted arithmetic mean, and, in

particular
mP 4+ MP 1 3 _ m+ M
(4.15) T‘f‘??(mp t+ M) (A(f)—Q)—A(fp)
1
< 1P (MP=—mP™1) (M —m).
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