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ONE PARAMETER BOUNDS FOR AN OPERATOR
ASSOCIATED TO HERMITE-HADAMARD INEQUALITY FOR
CONVEX FUNCTIONS

SILVESTRU SEVER DRAGOMIR?!:2

ABSTRACT. In this paper we establish one parameter bounds for the operator

! /:f(t)dt-l—ﬁ/:f(t)dt} » @ € (a,b)

T—a
in the case of convex functions f : [a,b] — R. Various weighted Hermite-
Hadamard type inequalities are also provided.

|

1. INTRODUCTION

The following integral inequality

b
(1) 1(50) <52, [ r@as KO0,

which holds for any convex function f : [a,b] — R, is well known in the literature
as the Hermite-Hadamard inequality.

There is an extensive amount of literature devoted to this simple and nice result
which has many applications in the Theory of Special Means and in Information
Theory for divergence measures, from which we would like to refer the reader to
the monograph [7], the recent survey paper [5], the research papers [1]-[2], [8]-[16]
and the references therein.

Assume that the function f : (a,b) — C is Lebesgue integrable on (a,b). We
introduce the following operator

T b
xia/ f(t)dt—i—ﬁ/ f(t)dt],xe(a,b).

We observe that if we take x = %‘H’, then we have

b
Dﬁ,bf(“jb) - [ rwa

Moreover, if f (a+) := lim,_,, f (z) exists and is finite, then we have

(12)  Devs fla):= [

f(a+)+b_1a/abf(t)dt]

. 1
xlgng Dap-f (@) = 2
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and if f (b—) := lim,_,_ f (x) exists and is finite, then we have

b
i Doy f () = 5 lf o)+ 5= [ 10 dt] .

So, if f : [a,b] — C is Lebesgue integrable on [a, b] and continuous at right in ¢ and
at left in b, then we can extend the operator on the whole interval by putting

Dy f @)= [f @+ [ 10 dt]

b
b)+ﬁ/ f(t)dt].

If we change the variable t = (1 — s) a + sz for = € (a,b) then we have

x—a/f t)dt = /f 1—s)a+ sx)ds

and if we change the variable ¢t = (1 — s) x + sb for = € (a,b), then we also have

1
b—x/x f(t)dt:/o f((1—=s)x+ sb)ds,

which gives the representation

1

1
(13) Dars /(@)= / [F (L= s)a+sa)+ f((1—s)a+sd)]ds, ¢ € (ab).

Using the representation (1.3), we observe that the operator Dgy p— is linear,
nonnegative and preserves the constant functions, namely

Doy p— (af +B9) = aDay p— (f) + BDay p— (9)

for any complex numbers «, 5 and integrable functions f, g. If f > 0 almost
everywhere on [a,b] and f is integrable, then D,y —f (z) > 0 for any x € (a,b).
Also, if f =k, a constant, then D,y y_k (z) = k for any z € (a,b) . If we define the
function 1 (t) =1, t € [a,b], then, obviously, Dg4 -1 = 1.

In this paper we establish one parameter bounds for the operator Dy »— f (x),
x € (a,b) in the case of convex functions f : [a,b] — R. Various weighted Hermite-
Hadamard type inequalities are also provided.

and

Dai s f (0) = 5

2. SOME BOUNDS FOR CONVEX FUNCTIONS

Suppose that I is an interval of real numbers with interior I and f:I—Ris
a convex function on I. Then f is continuous on I and has finite left and right
derivatives at each point of I. Moreover, if z, y € I and = < y, then f (z) <
Ji(x) < fL(y) < fy (y) which shows that both f’ and f! are nondecreasing
function on 1. It is also known that a convex function must be differentiable except
for at most countably many points.

For a convex function f : I — R, the subdifferential of f denoted by Jf is the

set of all functions ¢ : I — [—00, 00] such that ¢ (I) C R and

(2.1) F@) = fy) +(@—y)py) forany z, ye .
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It is also well known that if f is convex on I, then Jf is nonempty, f’, fi € 0f
and if ¢ € 3f, then

fl(z) <e(x) < fL(x) for any z € 1.

In particular, ¢ is a nondecreasing function.
If f is differentiable and convex on I, then df = {f'}.

Theorem 1. Assume that f : I — R is a convex function on the interval of real
numbers I and a,b real numbers such that [a,b] C I. Then for any x, y € (a,b) we
have

22 fw+e0 |5 (o+57) 1] < Ders-s @

r—y) (L -2 —a -
<y oD o L (U ).

Proof. From the gradient inequality we have

FO=2fy)+E-y) ey

for any t, y € I.
If we denote by e the identity function, namely e (¢) = ¢, we have in the function
order that

fz2FW1+ey)(e—yl)
for any fixed y € I.
If we take the operator D,y ;- to this inequality and use the facts that it is
linear, nonnegative and preserves the constant functions, then we get
Doyp-f2>2f (v) Dayp-1+¢ (v) (D(H,b,e —yDay p-1)
= W1+ ¢Y) (Dayp—e—yl)

for any fixed y € I.
This inequality can be written for any = € (a,b) as

(2.3) Doy p—f(z) > f(y) + ¢ W) (Darp-e(x) —y).

Since
1] 1 @ 1 b
Da+,b,e(a¢) = 2|fE—a/a tdt—f—ml tdt‘|

1[ 22 —a? b2 — 22 l1/x+a b+=x

= = + == +
2|2(zx—a) 2(b-2x) 2 2 2
1 a+b

BT

then by (2.3) we get the first inequality in (2.2).
From the gradient inequality we also have
t—y)e®)+f(y) =f()

for any t, y € I.
This can be writen in the function order as

(e—yleo+fyLl=f
for any fixed y € I.
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If we take the operator D,y ;— to this inequality, we also get

Doy p—(ep) =yDayp—0+ f(y)1 > Dayp f

for any fixed y € I.
This inequality can be written for any = € (a,b) as

(2.4) Doy - (€9) (x) = yDat p—¢ () + f (y) 2 Dayp—f (2) .

Since f is convex, then ¢ (¢t) = f' () for almost every ¢ € (a,b) and we have

Da+,b<w><w>=§[xla /;tf’(t)dtJrl /btf’(t)dt]
L[ [0
+b_1x<bf()—:vf() /mf()dtﬂ

_ % (xf(x) —af (a) N bf (b) —xf(x)> — Doy f(z)

T—a b—z
=3 |t [ wa s [ o]
-[fei@ o fe),

and

Da+b SD

l\')\»—~ l\')\)—l

Therefore, by (2.4) we get
1 (zf(z)—af(a)  bf(b)—=f(x)
:( " )

Tr—a b—=x
BAFCEVIOINUES oy M

> 2Da+,b—f($)
that is equivalent to

1 (a?f (z) —af(a)  bf(b) —af (w)>

T—a b—=x

_i {f(xx):i(a)+f(bl)):£($)}y+1f(y)

2
2 Da+,b—f (QT) .

(2.5)

W~ |

Now observe that

laf(x) —af(a) lf(w) f(a)

4 T —a Tr—a

Y

= o a @ el @)~ @)y f )]

SR Trem I CRUNCRFICIR)
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and

1bf(b) —xf(x) 1f(b)—f(x)
4 b—=z 4 b=z
:ﬁ[bf(b)—xf(x)—f(b)y+f($)y]

:ﬁ[f(b)(b—y)—f(fﬂ)(x—y)],

Y

and by (2.5) we get

Doyp—f(x) <

e PO 00 @) @ -)
_1 1(z—y) (3 —2) 1ly—a b—y
3 )+ 5 @)+ g [P @ )

which proves the second inequality in (2.2).

Corollary 1. With the assumptions of Theorem 1 we have that

(2.6)  f(z)+ %s&(z) <a;b —:r> < Dopp—f(2) < % (f(z) + W)
and
(2.7) f(a;b> +;¢<“;b> (x— “;Fb>
< Doy p—f ()
<31 (%5) 25 ata @

for any x € (a,b).

The proof follows by (2.2) on taking y = z and y = %*b, respectively.

Corollary 2. With the assumptions of Theorem 1 we have that

(2.8) f (; (x+ a;b)) < Duyy—f (2)

<3 (3 (-+3")) - ia it

+ fla)+

1
8 T—a b—=x

<;<x+a;b>—a b} (ot ot

o)
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and

2 [ a1 ST @ ) =

b—a
SDa+,b—f(x)
R 1 (o 22)”
§§bfa/a f(t>dt_§(zfa)(bfx)f(x)

Ly (o) @)t (b-a)f ()
Ty )( (c—a)(b—2) )

Proof. The inequality (2.8) follows by (2.2) on taking y =  (z + athy
If we take the integral mean in (2.2), then we get

(2.10) /f dy+7/ {( a+b>y}dy§Da+,b—f(I)

1 (5= [, vdy—a b— i [V ydy
+4<b T—a b—=x f(b)>
b x_@ a+b T
5=/ f<y>dy+§( ﬁa))Ebz) ) (a)
1 [ atb _ g4 _ atb
+4<; af()+ b ;f(b)
(z — 252
Qb—a/f a)(b—x)f(x)
Lo oy (=2 f(a)+(b—2)f(b)
*8(’) )( )

Using the integration by parts, we have

=—f(b) {b—é(@%—a;b)} - f(a) [; <x+a_2|—b> —a] +/abf(y)dy
)-

and by (2.10) we get the desired result (2.9
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3. SOME WEIGHTED INTEGRAL INEQUALITIES

We have

Theorem 2. Assume that f : I — R is a convex function on the interval of real
numbers I and a,b real numbers such that [a,b] C I, the interior of I. Then for any
y € (a,b) we have

b —a
(3.1) f<y>+w<y><“;b—y)s/1n< @_ba)(b_x))f(x)dx'

In particular, we have

(3.2) f<a;b> S/abhl< (x_ba)?b_x)>f(x)dx.

Proof. Taking the integral mean in the first inequality in (2.2) we have

(33 F)+e) [;bi/ (w‘jb)dx—y] <t [ Pass @

for any y € (a,b).
We observe that f is continuous on [a, b] . We claim that

b b —u
(3.4) / Doy p—f(z)de = / In ( = —ba) = m)) f (z)dz.

Observe that, integrating by parts, we have

/ab<wia/:f(t)dt>dx=/ab </jf(t)dt)d(ln(x—a))
= In(z —a) (/amf@)dt) ;_/:ln(x—a)f(:c)dm

=In(b-a) (/jf(t)dt)-zli% {ln(m—a) (/;f(t)dt)]—/abln(x—a)f(x)dx.

Since

i {ln(m—a) </axf(t)dtﬂ = lim, [(x—a)ln(m—a) (xia /:f(t)dtﬂ

= lim [(z—a)ln(z —a)] lim ( ! /:f(t)dt>=0f(a+)=o,

r—a+ r—a+ xTr—a

hence

/:(xla/:f(t)dt)d:czln(b—a) (/abf(t)dt> —/abln(w—a)f(@dx

:/a [m(b_a)_1n(x—a)]f(x)d:c:/ab1n<b_a>f(rc)dx

Tr—a
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Also, integrating by parts, we have

/:(b_lm/:f(t)dt)dﬂﬂ/ab</:f(t)dt>d(ln(bx))
1n(bm)</bf(t)dt> b+/bln<bx>d(/bf<t>dt>
=—xlig1_[ln(b—x)</:f dt) (b —@</f dt) /ab (b—2) f (2)do
oo ([ 1) - [ue-n s [n(i=) o

Therefore

/abDa+,bf($)d.’L':; [/@bln (2_2> f(x)dx+/(lb1n<2_2) f(a:)dxl

—1 bn —(b—a)2 T)dr = bn b-a r)ax
3/ [@—a)(b—x)]f”d -/ ( <xa>(bx>>f( .

and the equality (3.4) is obtained.

Since
I b
b—a/a <x+a—2’— )dxa+b,
then by (3.3) we get the desired result (3.1). O
We have:

Theorem 3. Assume that f : I — R is a convex function on the interval of real
numbers I and a,b real numbers such that [a,b] C I, the interior of I. Assume also

that w > 0 a.e. on [a, b andf t)dt > 0, then we have

5
1 1 ’ at+by , (f (@) w(a) + f (b)w (b)) (b —a)
2<M>dx/af<””>(x 7)ol e - 2 )
3
2

/bf(w)w(x)da:
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Proof. From (2.6) to get

38 f@ul) 5o (50— 0) @) < Do f (@0

<1(ﬂmw@w

-2

for a.e. = € [a,b].
Integrating this on [a, b] we get

b
< fbu%x)dxt/'1a+¢f(x)w(x)dw

1; ' Tr)w(xr)ar (
s2<ﬁw@M%Af<><>d+

Using the integration by parts formula, we have
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Therefore

/abf(ac)w(x)dx—&—;/abf'(x) (a;b—x>w(m)dx
b b
(

:/af(as)w(a:)da:+%/a (@) w (2) do

and by (3.7) we get (3.5). O

The following representation holds:

Lemma 1. Assume that the function f : (a,b) — C is Lebesque integrable on (a,b).
Then we have

b

(3.8) /ab@c—a)(b—x)Da+,b_f<x>dx=i | l@=ar+e=o7] s @a.

Proof. We have

b
(3.9) / (@ — ) (b—2) Dayy_f (2) da

:% Vab(b—m) (/:f(t)dt)dm—i—/ab(m—a) (/:f(t)dt> dm].

Using the integration by parts formula, we have

/;(b@(/jf(t)dt)dx

:_/ab (/:f(t)dt)d<<b_;)2>

BUACDESIRIAS S VRTD
a+t

1 2
:§L (b—2) f(x)dzx
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and
b b
/ (@ —a) (/ f(t)dt) do
b [ b _ )2
:/a (/x f(t)dt)d(m 5 ) )
b—
_ <$‘2“>2 Abf(t)dt _ ab (@—a?, </:f(t)dt>
b

_ ;/ (@ — a)? f (x) dz,

which, by (3.9) produces the desired result (3.8). O

Corollary 3. Assume that f : I — R is a convex function on the interval of real
numbers I and a,b real numbers such that [a,b] C I, the interior of I. Then

(3.10) /f (z —a) —x)dm—/f()( a;b>2d9&

_4/ {(x—a)2+(b—m)2]f(x)dx

g/ f(m)(x—a)(b—m)d:c—i—W(b—a)g.

Proof. If we take w (z) = (z —a) (b—z), x € [a,b] in (3.5), then we have

S Lo () ()

(z —
3 1
5f (x —a)(b—x) dx/f (@~ a)(b-z)de

A a)l(b —x)dz /a Datp-f () (z —a) (b~ 12)dz

1 ’ Vb2 dp o @0
_f;(x—a)(b—x)dx/af(z)(m ) Jdo + 2 ’

that is equaivalent to
b b 2
(3.11) g/ f(x)(x—a)(b—x)dac—/f(a:)(a:—a;_b) dz
a b a
< / Duro-f (@) (@ —a) (b— ) da

b b
§/ f(x)(x—a)(b—x)dx—&—w/ (z —a)(b—1z)dz,

N
_|_

Since f: (x—a)(b—a)ds =} (b— a)’ then by Lemma 1 and (3.11) we get (3.10).
t
We also have:
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Theorem 4. Assume that f : I — R is a convex function on the interval of real
numbers I and a,b real numbers such that [a,b] C I, the interior of I. Assume also

that w >0 a.e. on [a,b] and f;w (t) dt > 0, then we have

o (50) e () gt [ (55w

b
< [ Does f@)u (@) ds
1. fatby 1 1 ’ (x_a%bf w(x) f(z)dx
<3 (3 Qfabw(x)dx/a G-aboa @@

1 1 b(b—m)f(a)—f—(x_a)f(b)wx i
s f:w(fﬂ)dx/a (z—a)(b—x) (z) dz.

Proof. From the inequality (2.7) we have

f(a;b>w(x)+;¢<a;b> (x—a;b>w(x)

< Da+,b7f (ZC) w (‘T)

(w1 B

§2f< 2 ) @) 2(z—a)(b-x) () ]@)
1 (b—2)f(a) + (—a) f ()
*s(b“)[ C-at-n @

which by integration we get

() e () (25w

b
S/ Dot p—f (2)w (z) dw

<;f(“+b)/abw<x>dx—§/:("”‘Ww(xmx)dx

2 (x—a)(b—2)
Ly o [[C=2)f@+@—a)f@®) ..
O e e e e IO L
that is equivalent to (3.12). O

Remark 1. If w is symmetric, i.e. w(a+b—2x) = w(z) for any x € (a,b), then
the function g (z) := (x — GTH)) w (x) is assymetric and thus f;g (x)dz = 0. By the
first inequality in (3.12) we then get

(3.13) 1(50) < fbw;x) — [ Duss @@

‘We have:
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Corollary 4. Assume that f : I — R is a convex function on the interval of real
numbers I and a,b real numbers such that [a,b] C I, the interior of I. Then

(3.14) é(b—a)?’f(a;_b)Si/ab[(m—a)z—l—(b—x)ﬂf(x)dm
< (b-a) f(a;b>—;/ab (z—a;rb>2f(:z:)da:+;(b—a)3f(a);f(b)

<s-a) Bf(agb)+f(“);f(b)].

Proof. From the inequality (3.12) we have

(3.15)  f <a + b)

/b(m—a)(b—x)dm

a

2

b
< / Duv f (@) (= a) (b—2) da

f<a+b>/a (x—a)(b—m)da:—;/ﬂb(x—a;b)Qf(x)dx

b
+30-0) [16-2)f @+ @) f Bldn

and since
b
[ 6=+ @-asolar= 1 g2

then (3.15) is equivalent to

By making use of Lemma 1 we get the first two inequalities in (3.14).
By Fejér’s inequality

(3.16) h<“+b>/ dt</ h(t dm<h(a);—h(b)/abg(t)dt.

that holds for the convex function A : [a,b] — R and the positive symmetric function
g : [a,b] — R, we also have

[ s s () [ (-3

-5 =o' (*5)
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giving that

2 )
which proves the last part of (3.14). (]
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