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Abstract. In this paper, with a new approach, a new fractional Hermite-Hadamard type inequality for convex
functions is obtained by using only the left Riemann-Liouville fractional integral. Also, to have new fractional
trapezoid and midpoint type inequalities for the di¤erentiable convex functions, two new equalities are proved.
Our results generalise the studies [1, 4, 6]. We expect that this study will be lead to the new fractional integration
studies for Hermite-Hadamard type inequalities.

1. Introduction

Let f : I � R! R be a convex function de�ned on the interval I of real numbers and a; b 2 I with a < b.
The inequality

(1.1) f

�
a+ b

2

�
� 1

b� a

Z b

a

f(x)dx � f(a) + f(b)

2

is well known in the literature as Hermite-Hadamard�s inequality [2, 3].
In [1, 6], the authors used the following equality to obtain trapezoid type inequalities and some applications:

Lemma 1. Let a; b 2 I with a < b and f : I� ! R is a di¤erentiable mapping (I� is the interior of I). If
f 0 2 L [a; b], then we have

(1.2)
f (a) + f (b)

2
� 1

b� a

Z b

a

f (u) du =
b� a
2

Z 1

0

(1� 2t) f 0 (ta+ (1� t) b) dt:

In [4], K¬rmac¬used the following equality to obtain midpoint type inequalities and some applications:

Lemma 2. Let a; b 2 I with a < b and f : I� ! R is a di¤erentiable mapping (I� the interior of I). If
f 0 2 L [a; b], then we have

(1.3)
1

b� a

Z b

a

f (u) du� f
�
a+ b

2

�
= (b� a)

Z 1=2

0

tf 0 (ta+ (1� t) b) dt+
Z 1

1=2

(t� 1) f 0 (ta+ (1� t) b) dt:

De�nition 1. [7, page 12]. A function f de�ned on I has a support at x0 2 I if there exists an a¢ ne functions
A (x) = f (x0) +m (x� x0) such that A (x) � f (x) for all x 2 I. The graph of the support function A is called
a line of support for f at x0.

Theorem 1. [7, page 12] f : (a; b)! R is a convex function if and only if there is at least one line of support
for f at each x0 2 (a; b).

Following de�nitions of the left and right side Riemann-Liouville fractional integrals are well known in the
literature.

De�nition 2. Let a; b 2 R with a < b and f 2 L [a; b]. The left and right Riemann-Liouville fractional integrals
J�a+f and J

�
b�f of order � > 0 are de�ned by

J�a+f(x) =
1

�(�)

Z x

a

(x� t)��1 f(t)dt; x > a

and

J�b�f(x) =
1

�(�)

Z b

x

(t� x)��1 f(t)dt; x < b

respectively, where �(�) is the Gamma function de�ned by �(�) =
1R
0

e�tt��1dt (see [5, page 69] and [9, page

4]).

In [8], Sar¬kaya et al. proved the following Hermite-Hadamard type fractional integral inequality:
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Theorem 2. Let f : [a; b]! R be a positive function with 0 � a < b and f 2 L[a; b]. If f is a convex function
on [a; b], then the following inequality for fractional integrals hold:

(1.4) f

�
a+ b

2

�
� � (�+ 1)

2 (b� a)�
�
J�a+f(b) + J

�
b�f(a)

�
� f(a) + f(b)

2

with � > 0.

Remark 1. In Theorem 2, it is not necessary supposing that f be a positive function and a; b are positive real
numbers. From the De�nition 2, it is clear that a; b are any real numbers such as a < b.

In literature, there are hundreds studies for Hermite-Hadamard type inequality by using the left and right
fractional integrals (such as Riemann-Liouville fractional integrals, Hadamard fractional integrals, Conformable
fractional integrals etc.). In all of them, the left and right fractional integrals are used together. As much as we
know, there is not any study for Hermite-Hadamard type inequality by using only the left fractional integrals
or the right fractional integrals.
In this paper, our aim is obtaining new fractional Hermite-Hadamard type inequality by using only the left

Riemann-Liouville fractional integral for convex functions. Also we desire proving new equalities to have new
fractional trapezoid and midpoint type inequalities for the di¤erentiable convex functions. This study will be
fundamental to the new fractional integration studies for Hermite-Hadamard type inequalities.

2. The Left Fractional Hermite Hadamard Inequality

Theorem 3. Let a; b 2 R with a < b and f : [a; b]! R be a convex function. If f 2 L [a; b], then the following
inequality for the left Riemann-Liouville fractional integral holds:

(2.1) f

�
�a+ b

�+ 1

�
� � (�+ 1)

(b� a)� J
�
a+f(b) �

�f(a) + f(b)

�+ 1

with � > 0.

Proof. Let � > 0. Since f is convex on [a; b], using Theorem 1, there is at least one line of support

(2.2) A (x) = f

�
�a+ b

�+ 1

�
+m

�
x� �a+ b

�+ 1

�
� f (x)

for all x 2 [a; b]. From (2:2), we have

(2.3) A (ta+ (1� t) b) = f
�
�a+ b

�+ 1

�
+m

�
ta+ (1� t) b� �a+ b

�+ 1

�
� f (ta+ (1� t) b)

for all t 2 [0; 1]. Multiplying both sides of (2:3) with �t��1 and integrating over [0; 1] respect to t, we have

(2.4) �

Z 1

0

t��1A (ta+ (1� t) b) dt = �
Z 1

0

t��1
�
f

�
�a+ b

�+ 1

�
+m

�
ta+ (1� t) b� �a+ b

�+ 1

��
dt

= �f

�
�a+ b

�+ 1

�Z 1

0

t��1dt+m

�Z 1

0

�
�
t�a+

�
t��1 � t�

�
b
�
dt� �a+ b

�+ 1
�

Z 1

0

t��1dt

�
= f

�
�a+ b

�+ 1

�
+m

�
�a+ b

�+ 1
� �a+ b
�+ 1

�
= f

�
�a+ b

�+ 1

�

� �
Z 1

0

t��1f (ta+ (1� t) b) dt = �

(b� a)�
Z b

a

(b� t)��1 f(t)dt = � (�+ 1)

(b� a)� J
�
a+f(b):

On the other hand, using the convexity of f on [a; b], we have

(2.5) f (ta+ (1� t) b) � tf (a) + (1� t) f (b)

for all t 2 [0; 1]. Multiplying both sides of (2:5) with �t��1 and integrating over [0; 1] respect to t, we have

(2.6) �

Z 1

0

t��1f (ta+ (1� t) b) dt = �

(b� a)�
Z b

a

(b� t)��1 f(t)dt = � (�+ 1)

(b� a)� J
�
a+f(b)

� �f (a)
Z 1

0

t�dt+ �f (b)

Z 1

0

�
t��1 � t�

�
dt =

�f(a) + f(b)

�+ 1
:

By using (2:4) and (2:6), we have (2:1). This completes the proof. �

Remark 2. In Theorem 3, if one takes � = 1, one has (1:1) (Hermite-Hadamard inequality).
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3. Lemmas

In this section we will prove the main equalities related to Lemma 1 and Lemma 2.

Lemma 3. Let a; b 2 R with a < b and f : [a; b]! R be a di¤erentiable function on (a; b). If f 0 2 L[a; b], then
the following equality for the left Riemann-Liouville fractional integrals holds:

(3.1)
�f(a) + f(b)

�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b) =

b� a
�+ 1

Z 1

0

[1� (�+ 1) t�] f 0 (ta+ (1� t) b) dt

with � > 0.

Proof. If we apply the partial integration to the right hand side of the equation (3:1), we have

b� a
�+ 1

Z 1

0

[1� (�+ 1) t�] f 0 (ta+ (1� t) b) dt

= (b� a)
�

1

�+ 1

Z 1

0

f 0 (ta+ (1� t) b) dt�
Z 1

0

t�f 0 (ta+ (1� t) b) dt
�

= (b� a)
"

1

�+ 1

f (ta+ (1� t) b)
a� b

����1
0

�
 
t�
f (ta+ (1� t) b)

a� b

����1
0

� �
Z 1

0

t��1
f (ta+ (1� t) b)

a� b dt

!#

=

�
f (b)� f (a)
�+ 1

+ f (a)� �
Z 1

0

t��1f (ta+ (1� t) b) dt
�

=
�f(a) + f(b)

�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b):

This completes the proof. �

Remark 3. In Lemma 3, if one takes � = 1, one has the Lemma 1.

Lemma 4. Let a; b 2 R with a < b and f : [a; b]! R be a di¤erentiable function on (a; b). If f 0 2 L[a; b], then
the following equality for the left Riemann-Liouville fractional integrals holds:

(3.2)
� (�+ 1)

(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�

= (b� a)
"Z �

�+1

0

t�f 0 (ta+ (1� t) b) dt+
Z 1

�
�+1

(t� � 1) f 0 (ta+ (1� t) b) dt
#

with � > 0.

Proof. If we apply the partial integration to the right hand side of the equation (3:2), we have

(b� a)
"Z �

�+1

0

t�f 0 (ta+ (1� t) b) dt+
Z 1

�
�+1

(t� � 1) f 0 (ta+ (1� t) b) dt
#

= (b� a)
"Z 1

0

t�f 0 (ta+ (1� t) b) dt�
Z 1

�
�+1

f 0 (ta+ (1� t) b) dt
#

= (b� a)
" 
t�
f (ta+ (1� t) b)

a� b

����1
0

� �
Z 1

0

t��1
f (ta+ (1� t) b)

a� b dt

!
�
 
f (ta+ (1� t) b)

a� b

����1
�

�+1

!#

=

��
�f (a) + �

Z 1

0

t��1f (ta+ (1� t) b) dt
�
+

�
f (a)� f

�
�a+ b

�+ 1

���

=
� (�+ 1)

(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�
:

This completes the proof. �

Remark 4. In Lemma 4, if one takes � = 1, one has the Lemma 2.
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4. The Left Fractional Trapezoid and Midpoint Type Inequalities

In this section we will obtain some new left Riemann-Liouville fractional trapezoid and midpoint type in-
equalities by using Lemma 3 and Lemma 4.

Theorem 4. Let a; b 2 R with a < b and f : [a; b] ! R be a di¤erentiable function on (a; b). If jf 0j is convex
on [a; b], then the following left Riemann-Liouville fractional integral inequality holds:

(4.1)

�����f(a) + f(b)�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b)

���� � b� a
�+ 1

�
T1 (�) jf 0 (a)j+ T2 (�) jf 0 (b)j
+T3 (�) jf 0 (a)j+ T4 (�) jf 0 (b)j

�
where

T1 (�) =

Z 1
�p�+1

0

(1� (�+ 1) t�) tdt = �

2 (�+ 2) (�+ 1)
2
�

;

T2 (�) =

Z 1
�p�+1

0

(1� (�+ 1) t�) (1� t) dt =
�
�
2 (�+ 2) (�+ 1)

1
��1 � 1

�
2 (�+ 2) (�+ 1)

2
�

;

T3 (�) =

Z 1

1
�p�+1

((�+ 1) t� � 1) tdt =
�
�
1 + (�+ 1)

2
�

�
2 (�+ 2) (�+ 1)

2
�

;

T4 (�) =

Z 1

1
�p�+1

((�+ 1) t� � 1) (1� t) dt =
�
�
2 (�+ 2) (�+ 1)

1
��1 � 1� (�+ 1)

2
�

�
2 (�+ 2) (�+ 1)

2
�

;

with � > 0.

Proof. Using Lemma 3 and the convexity of jf 0j, we have�����f(a) + f(b)�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b)

����
� b� a
�+ 1

Z 1

0

j1� (�+ 1) t�j jf 0 (ta+ (1� t) b)j dt

� b� a
�+ 1

24 R 1
�p�+1
0 (1� (�+ 1) t�) [t jf 0 (a)j+ (1� t) jf 0 (b)j] dt

+
R 1

1
�p�+1

((�+ 1) t� � 1) [t jf 0 (a)j+ (1� t) jf 0 (b)j] dt

35

� b� a
�+ 1

2664
�

2(�+2)(�+1)
2
�
jf 0 (a)j+

�
�
2(�+2)(�+1)

1
�
�1�1

�
2(�+2)(�+1)

2
�

jf 0 (b)j

+
�
�
1+(�+1)

2
�

�
2(�+2)(�+1)

2
�
jf 0 (a)j+

�
�
2(�+2)(�+1)

1
�
�1�1�(�+1)

2
�

�
2(�+2)(�+1)

2
�

jf 0 (b)j

3775 :
This completes the proof. �

Remark 5. In Theorem 4, if one takes � = 1, one has the inequality proved in [1, Theorem 2.2].

Theorem 5. Let a; b 2 R with a < b and f : [a; b]! R be a di¤erentiable function on (a; b). If jf 0jq is convex
on [a; b] for q � 1, then the following left Riemann-Liouville fractional integral inequality holds:

(4.2)

�����f(a) + f(b)�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b)

����
� b� a
�+ 1

 
2�

(�+ 1)
1+ 1

�

!1� 1
q �

T1 (�) jf 0 (a)jq + T2 (�) jf 0 (b)jq
+T3 (�) jf 0 (a)jq + T4 (�) jf 0 (b)jq

� 1
q

where T1 (�)-T4 (�) are the same as in Theorem 4 and � > 0.

Proof. Using Lemma 3, power mean inequality and the convexity of jf 0jq, we have�����f(a) + f(b)�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b)

����
� b� a
�+ 1

Z 1

0

j1� (�+ 1) t�j jf 0 (ta+ (1� t) b)j dt

� b� a
�+ 1

"�Z 1

0

j1� (�+ 1) t�j dt
�1� 1

q
�Z 1

0

j1� (�+ 1) t�j jf 0 (ta+ (1� t) b)jq dt
� 1

q

#



5

� b� a
�+ 1

2666664
�R 1

�p�+1
0 (1� (�+ 1) t�) dt+

R 1
1

�p�+1
((�+ 1) t� � 1) dt

�1� 1
q

�

0@ R 1
�p�+1
0 (1� (�+ 1) t�)

�
t jf 0 (a)jq + (1� t) jf 0 (b)jq

�
dt

+
R 1

1
�p�+1

((�+ 1) t� � 1)
�
t jf 0 (a)jq + (1� t) jf 0 (b)jq

�
dt

1A 1
q

3777775

� b� a
�+ 1

 
2�

(�+ 1)
1+ 1

�

!1� 1
q �

T1 (�) jf 0 (a)jq + T2 (�) jf 0 (b)jq
+T3 (�) jf 0 (a)jq + T4 (�) jf 0 (b)jq

� 1
q

:

This completes the proof. �

Remark 6. In Theorem 5, if one takes � = 1, one has the inequality proved in [6, Theorem 1].

Theorem 6. Let a; b 2 R with a < b and f : [a; b]! R be a di¤erentiable function on (a; b). If jf 0jq is convex
on [a; b] for q > 1, then the following left Riemann-Liouville fractional integral inequality holds:

(4.3)

�����f(a) + f(b)�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b)

����
� b� a
�+ 1

(T5 (�; p) + T6 (�; p))
1
p

�
jf 0 (a)jq + jf 0 (b)jq

2

� 1
q

where

T5 (�; p) =

Z 1
�p�+1

0

(1� (�+ 1) t�)p dt;

T6 (�; p) =

Z 1

1
�p�+1

((�+ 1) t� � 1)p dt;

with 1
p +

1
q = 1 and � > 0.

Proof. Using Lemma 3, Hölder inequality and the convexity of jf 0jq, we have�����f(a) + f(b)�+ 1
� � (�+ 1)
(b� a)� J

�
a+f(b)

����
� b� a
�+ 1

Z 1

0

j1� (�+ 1) t�j jf 0 (ta+ (1� t) b)j dt

� b� a
�+ 1

"�Z 1

0

j1� (�+ 1) t�jp dt
� 1

p
�Z 1

0

jf 0 (ta+ (1� t) b)jq dt
� 1

q

#

� b� a
�+ 1

2664
�R 1

�p�+1
0 (1� (�+ 1) t�)p dt+

R 1
1

�p�+1
((�+ 1) t� � 1)p dt

� 1
p

�
�R 1

0

�
t jf 0 (a)jq + (1� t) jf 0 (b)jq

�
dt
� 1
q

3775

� b� a
�+ 1

"
(T5 (�; p) + T6 (�; p))

1
p

�
jf 0 (a)jq + jf 0 (b)jq

2

� 1
q

#
:

This completes the proof. �

Remark 7. In Theorem 6, if one takes � = 1, one has the inequality proved in [1, Theorem 2.3].

Theorem 7. Let a; b 2 R with a < b and f : [a; b] ! R be a di¤erentiable function on (a; b). If jf 0j is convex
on [a; b], then the following left Riemann-Liouville fractional integral inequality holds:

(4.4)

����� (�+ 1)(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�����
� (b� a)

�
T7 (�) jf 0 (a)j+ T8 (�) jf 0 (b)j
+T9 (�) jf 0 (a)j+ T10 (�) jf 0 (b)j

�
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where

T7 (�) =

Z �
�+1

0

t�+1dt =
�
�

�
�+1

��+1
(�+ 1) (�+ 2)

;

T8 (�) =

Z �
�+1

0

t� � t�+1dt =
2
�

�
�+1

��+1
(�+ 1) (�+ 2)

;

T9 (�) =

Z 1

�
�+1

t� t�+1dt = � (2�� + (�+ 1)
�
)

2 (�+ 1)
�+2

(�+ 2)
;

T10 (�) =

Z 1

�
�+1

(1� t�) (1� t) dt = 4��+1 � � (�+ 1)�

2 (�+ 1)
�+2

(�+ 2)
;

with � > 0.

Proof. Using Lemma 4 and the convexity of jf 0j, we have����� (�+ 1)(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�����
� (b� a)

"Z �
�+1

0

t� jf 0 (ta+ (1� t) b)j dt+
Z 1

�
�+1

(1� t�) jf 0 (ta+ (1� t) b)j dt
#

� (b� a)
" R �

�+1

0 t� [t jf 0 (a)j+ (1� t) jf 0 (b)j] dt
+
R 1

�
�+1

(1� t�) [t jf 0 (a)j+ (1� t) jf 0 (b)j] dt

#

� (b� a)

24 �( �
�+1 )

�+1

(�+1)(�+2) jf
0 (a)j+ 2( �

�+1 )
�+1

(�+1)(�+2) jf
0 (b)j

+ �(2��+(�+1)�)

2(�+1)�+2(�+2)
jf 0 (a)j+ 4��+1��(�+1)�

2(�+1)�+2(�+2)
jf 0 (b)j

35 :
This completes the proof. �

Remark 8. In Theorem 7, if one takes � = 1, one has the inequality proved in [4, Theorem 2.2].

Theorem 8. Let a; b 2 R with a < b and f : [a; b]! R be a di¤erentiable function on (a; b). If jf 0jq is convex
on [a; b] for q � 1, then the following left Riemann-Liouville fractional integral inequality holds:

(4.5)

����� (�+ 1)(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�����
� (b� a)

 
��+1

(�+ 1)
�+2

!1� 1
q
" �

T7 (�) jf 0 (a)jq + T8 (�) jf 0 (b)jq
� 1
q

+
�
T9 (�) jf 0 (a)jq + T10 (�) jf 0 (b)jq

� 1
q

#
:

where T7 (�)-T10 (�) are the same as in Theorem 7 and � > 0.

Proof. Using Lemma 4, power mean inequality and the convexity of jf 0jq, we have����� (�+ 1)(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�����
� (b� a)

"Z �
�+1

0

t� jf 0 (ta+ (1� t) b)j dt+
Z 1

�
�+1

(1� t�) jf 0 (ta+ (1� t) b)j dt
#

� (b� a)

264
�R �

�+1

0 t�dt
�1� 1

q
�R �

�+1

0 t� jf 0 (ta+ (1� t) b)jq dt
� 1
q

+
�R 1

�
�+1

(1� t�) dt
�1� 1

q
�R 1

�
�+1

(1� t�) jf 0 (ta+ (1� t) b)jq dt
� 1
q

375

� (b� a)
 

��+1

(�+ 1)
�+2

!1� 1
q

264
�R �

�+1

0 t�
�
t jf 0 (a)jq + (1� t) jf 0 (b)jq

�
dt
� 1
q

+
�R 1

�
�+1

(1� t�)
�
t jf 0 (a)jq + (1� t) jf 0 (b)jq

�
dt
� 1
q

375

� (b� a)
 

��+1

(�+ 1)
�+2

!1� 1
q

2664
�
�( �

�+1 )
�+1

(�+1)(�+2) jf
0 (a)jq + 2( �

�+1 )
�+1

(�+1)(�+2) jf
0 (b)jq

� 1
q

+
�
�(2��+(�+1)�)

2(�+1)�+2(�+2)
jf 0 (a)jq + 4��+1��(�+1)�

2(�+1)�+2(�+2)
jf 0 (b)jq

� 1
q

3775 :
This completes the proof. �
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Remark 9. In Theorem 8, if one takes � = 1, one has the following midpoint type inequality

(4.6)

����� 1

b� a

Z b

a

f (u) du� f
�
a+ b

2

������ � b� a
8

"�
jf 0 (a)jq + 2 jf 0 (b)jq

3

� 1
q

+

�
2 jf 0 (a)jq + jf 0 (b)jq

3

� 1
q

#
Theorem 9. Let a; b 2 R with a < b and f : [a; b]! R be a di¤erentiable function on (a; b). If jf 0jq is convex
on [a; b] for q > 1, then the following left Riemann-Liouville fractional integral inequality holds:

(4.7)

����� (�+ 1)(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�����
� (b� a)

264 T
1
p

11 (�; p)
�

�2

2(�+1)2
jf 0 (a)jq + �2+2�

2(�+1)2
jf 0 (b)jq

� 1
q

+T
1
p

12 (�; p)
�

2�+1
2(�+1)2

jf 0 (a)jq + 1
2(�+1)2

jf 0 (b)jq
� 1
q

375
where

T11 (�; p) =

Z �
�+1

0

t�pdt;

T12 (�; p) =

Z 1

�
�+1

(1� t�)p dt;

with 1
p +

1
q = 1 and � > 0.

Proof. Using Lemma 4, Hölder inequality and the convexity of jf 0jq, we have����� (�+ 1)(b� a)� J
�
a+f(b)� f

�
�a+ b

�+ 1

�����
� (b� a)

"Z �
�+1

0

t� jf 0 (ta+ (1� t) b)j dt+
Z 1

�
�+1

(1� t�) jf 0 (ta+ (1� t) b)j dt
#

� (b� a)

264
�R �

�+1

0 t�pdt
� 1
p
�R �

�+1

0 jf 0 (ta+ (1� t) b)jq dt
� 1
q

+
�R 1

�
�+1

(1� t�)p dt
� 1
p
�R 1

�
�+1

jf 0 (ta+ (1� t) b)jq dt
� 1
q

375
� (b� a)

264
�R �

�+1

0 t�pdt
� 1
p
�R �

�+1

0

�
t jf 0 (a)jq + (1� t) jf 0 (b)jq

�
dt
� 1
q

+
�R 1

�
�+1

(1� t�)p dt
� 1
p
�R 1

�
�+1

�
t jf 0 (a)jq + (1� t) jf 0 (b)jq

�
dt
� 1
q

375
� (b� a)

264 T
1
p

11 (�; p)
�

�2

2(�+1)2
jf 0 (a)jq + �2+2�

2(�+1)2
jf 0 (b)jq

� 1
q

+T
1
p

12 (�; p)
�

2�+1
2(�+1)2

jf 0 (a)jq + 1
2(�+1)2

jf 0 (b)jq
� 1
q

375 :
This completes the proof. �

Remark 10. In Theorem 9, if one takes � = 1, one has the inequality proved in [4, Theorem 2.3].
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